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PREFACE. 


Ill preparing the present hook it has b(‘(*n our aim to 
atlord bogiimors a thorough grounding in those parts of 
Dynamics and Statics which can be treated witliont assuming 
a previous knowledge of Trigonoim^try. One of the eliiof 
reasons why so many candidates fail to pass tlie London 
Matriculation and kindred examinations in these subjects is 
undoubtedly the diflicnlty of fully grasping the fundamental 
princi])les. In order to emphasize these more fully, we have, 
as far as possible, avoided introducing mathematical fqrmitiuB, 
except where they form an essential feature of the subject 
(as, for example, in the serious dealing with uniformly 
accelerated motion). For the same reason, the first ten 
chapters <leal exclusively witli Ihe relations betwi‘CTi velocity, 
acceleration, rtias.s, and force as applied to motion in a straight 
liiii'. TJie rarallelograra Law and its important corollaHes 
are then extended from velocities to forces, and Sjatiijs 
begins when* Dynamics ends. 

Acting on the advice of many experienced teachers, we 
have deduced the relation between force, mass, and accelera- 
tion from the axiom that force is i)roj)ortional to rate (»f 
change of nion^cntum ; a plan which has the advantage of 
not introducing the notion of impulse to the beginner at the 
outset, and which, if it docs not represent exactly what 
Nowtf)n luoaiit, is nevertheless well recognised. Jii deciding 
to treat Statics without any Trigonometry at all in this book, 
we have been guided by two reasons Tliii solution of most 
simple illustrative problems involving angles depends on the 
properties of particular triangles^ whereas, if trigono- 
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metrical notation is introduced, the “ ratios ” of three angles, 
as well as the fundamental definitions and properties, have 
to he known. A more inipoitant advantage of the present 
treatment is that it encourages the beginner to represent 
forces grapliically by drawing the Triangle of Forces instead 
of a])plying formulae to tlie solution of problems. 

We have given special attention to the Principle of 
Moments and its clementarj' applications to the equilibrium 
of beams and rods under ]'iirallel for(‘es ; also to the deter- 
mination of centres of gravity of ‘‘compound*' rectilinear 
and other figures. 

Advantage Las heen takt*n of the resources of typography, 
and the same general rules have been observed as in several 
other b"xt-books of this scries. The larger sized typ^ has 
been used for bookwork, the smaller size for notes, explana- 
tions, and examples both illustrative and otherwise. The 
more important pieces of bookwork aro distinguished by 
having llicjir section niimbei’s as well as their headings 
printed in dark type (thus, 136 ). In the letterpress, letters 
denoting points in figures are printed thus— P, Q ; those 
representing algebraic magnitudes, such as tho*measurc of a 
force, in ordinary italics, thusr— i', Q. 1 n the figures, this 
rule has intentionally heen deported from, in order not to make 
the student too dependent on a notation 'which, though very 
convenient, 'will not be found in other books and examination 
papers. For the same reason we have purposely retained 
the term “pressure** in many of the examples, to denote 
what we fttrongly recommend the student aKv’ays to call a 
“ thrust ** or “ force of pressure.** ^ 

In the present impression certain sections, added in 
recent issues, have heen moved to their logical positions 
in the text, and the pagination has been adjusted accord- 
ingly. 
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MECHANICS. 


INTRODUCTION. 


UNITS. 

]. Mechanics defined, — Branches of Mechanics. - 

Tlio iiatiio Mechanics waH orii^inally used to designate 
the science of making macLiiies. It is now, however, 
verv generally applied to the whole theory which deals 
with motion and with bodies acted on hv forces. 

The subject Median ics^' is generally divided into two 
parts — 

(1) Dynamics, which treats oi* moving bodies ; 

(2) Statics, which treats of Ixidies kept at rest 
under the aedion of forces. 

2. By force * is m eant ‘‘any cause which changes oi- 
jtends to change a bo^’s state of rest or niotTon7*^”^ii 
olfTuT words, whatever is capable of setting things in 
motion or stopping them when they are in motion,* or 
altering the way in which they are moviner, is called 
“force.” 

Noting that force is defined by means of motion, it is 
neccsKJiry, before considering the properties of force, to 
consider the proportii'S of motion itself. This branch of 
the subject is called Kinematics. 

Vf'e then inve.-itigaie the properties of force as deduced 
from the pi*opevt.ies of motion ; tliis branch is c.alled 
Kinetics. 

* There is ii little diversity of u]iniioii as to the iibc of the names M'-chanies aii.1 
Dynatiiics. Some writers iiicliuh' StaOes in l>ynaiiu<*.s, thus usiuff the name 
nyuaiiiics for what wc liavu calh'd .Mechanics. 

£L. MECU. 1 
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to u certain extent, arbitrary. Certain definite units are very generally 
adopted, and to thosic diflbrimt names have been given. 

The measure f or number whivh measures any quantity, depends on 
the unit taken. Thus, 24 ponce and 2 shillings represent the same sum 
oC momjy ; when a penny is taken as the unit, the number measurisr^ 
it is 24, and when a shilling is taken as the unit, the same aum is 
measured by 2. On the other hand, 2 shillings is not the same us 
2 ponce. Hence, in specifying a definite quantity of anything (tf.y., 

2 shillings) ^ wo must give two data - 

(1) The name of the nnit chosen (in this case shillings). 

(2) The number of units in the quantity measured 

(in this case 2). 

If we left out the word “ shillings’* and s'jid siinidy “ 2,’’ wc should 
leave it quite vague whether wo luuaiit 2 shillings, 2 pence, or 
2 pounds. 

By change of units is meant the samo thing as ** reduction ” iTi 
Aritlimctic. When wo rediujo from yards to feet, wo arc given that 
a length contains (say) 2 >ards, and we have to find its measure in 
feet (viz. 6). This process we shall call changing the unit of length 
from a yard to a foot. 

The foot -pound -second system; or English 
system. — Tho most convenient nnit of length in common 
iiso in England is tlio foot (ft.). A foot is one-tbird of a 
yard, tins yard being defined as the distance between two 
marks on a certain bar of bronze kept at the offices of tho 
Excheipier in London, at a temperature of 62°Fahr.^ 

Other lengths, such as an inch, a mile, &c., are sometimes taken as 
units ; but in Mechanics it is generally bust to measure all lengths 
in foot. 

"The nnit of time is tho mean solar second, tbe 

duration of which is derived from tbe average lengtii of 
tbe solar day (1 day = 24 x GO x 60 seconds). 

Here, again, we may occasionally use minutes or .hours with 
advantage. 

Tlio ETiglisli nnit of mass is the pound avoirdupois 
(lb.), and is the mass of a piece of platinum which is 
pi’eserved in the Exchequer offices. The mass ot any 
other body is one pound if that body will balance the 
standard mass when placed in a pair of scales. 

In some special cases, the ton or ounce avoirdupois, or the Troy 
grain, may bo used. For instance, a cubiq foot ot water is 8.'iid to 
conliiin 1 000 ounces, and a French gramme'tontains 15*432 grains, ^ 
of which 7000 make 1 pound avoirdupois. 
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The system of units based ou taking the foot, pound, 
and seeond, as units of length, mass, and time, respec- 
tively, will bo spoken of as the foot-pound-second or 
*!B. F. S. system. 

9. The Metric and C.G.S. systems. — The system 
of weights and measures in common use in France and 
certain other countries is called the metric system. 

The metric unit of length is the metre. It was 

originally defined as the ten-millionth part of the length 
of a q uadra nt of the Earth’s circumference m(.‘asiircd from 
the North Pole to the Equator. Thus the whole cirenrn- 
ferenre of Ihc Earth is 40,000 .00() or 4 x 10^ metres. 

Tlic ffuhmultiple and multiple units of length are formed 
by repeatedly dividing or multiplying the metre by 10, as 
tollows, the most important being printed in dark type: — 


A metre = 1000 millimetres (mm.). 
„ ■= 100 centimetres (cm.). 

„ ;■= 10 (l-eciyitefres 


10 meti'es = 
100 „ 

1000 „ 

10,000 „ = 


1 decametre, 

1 hectortieire. 

I kilometre (km.). 

1 myriametre. 


For scientific purposes the unit of length generally 
adopted is the centimetre, or hundredth of a Tnctre. 

The unit of mass is the gramme, or gram (gm.;, and 
wac originally defined Jis the mass of a cubic centimetre 
of distilled water at the temperature 4® Centigrade. 

Thus, if a small cubical box he made, having its length, 
breadth, and depth (inside measurement) each one centi- 
metre, and if this bpx bo filled with pure w'ater at the 
right temperature, the mass of this quantity of water is a 
gramme. 
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The submultiple and multiple units derived from the 
gramme by dividing or multiplying by ten are indicated 
by the same prefixes as in the case of the metre ; thus 

A gramme = lOOO milligrammes (mgrn,). 

„ = lt)0 centigrammes. 

„ = 10 decigrammes. 

10 grammes “ 1 decagramme, 

100 = 1 hectogramme, 

1000 „ = I kilogramme (kilog. or kgm.). 

10,000 „ ■-= 1 myriagrammf\ 

The unit of time is the same in France as in England. 
The system of units based on the ceiitirnotro as unit of 
length, the gramme as unit of mass, and the sec^)nd as 
unit of time, is called the ceutimetre-gramme>second 
system, or the C. G. S. system, and is used extensively in 
all countries for mechanical physical, and electrical 
measurements. 

10. Advantages of the Metric System.— From the 
above description it will bo seen that the metric system 
possesses the following advantages : — 

(i.) Each unit is exactly ten times the next smaller unit 
of the same kind, and therefore in changing the unit 
there is not the tedious multiplication or division required 
to reduce from one unit to another in the English system 
-e.g,, from feet to inches or from ounces to ponnUs. 

(ii.) The units of length, volume, and mass are con- 
veniently related. Thus wo can write down at once the 
volume of a quantity of water in cubic centimetres if wo 
know its mass in grammes, and vice versa. 

11. Diagram of the Metric System. — The large 
diagram represents a cube whose side is one d«-cimetrc, 
the lengths on its front face being drawn to scale. The 
large cube would hold a kilogramme of water, while the 
small cube at the left-hand top comer would hold a^ 
gramme of water. 







TABLKS. 

(Not to be committed to memory.) 

1. Metric TJnith op Lbnoth. 

1 centimetre = 0*3937079 inches. 

1 metre — 39*37079 

= 3*2808991 feet. 

1 kilometre - 3280*8991 „ 

-- 1093*6330 yards 
0*6213 miles. 

2. Metric Units op Mass. 

1 millitpramiiie *01643*23488 grains. 

1 gramme — 15*4323488 ,, 

•0363739 oz. 

1 kilogramme = 2*20402 lbs. 

3. Velocities. 

Velocity of sound in air -= 1,120 feet per second. 

,, light - ^ 186,330 miles per second. 

=» 299,860 kilometre's per see. 

,, Martini-IIenri rifle bullet = 1,330 feet per second. 

4. Intensity op Gravity. 

(The numbers represent, in feet and centimetres, ticice the distance 
dropped by a falling body during the first second of its motion, at 
difffi-cnt jdaoes at the sea-level.) 


PUtee. 

pi, pfr sec. per sec. C 

'm. per sec. per sec. 

'frio Equator 

32 091 

978*10 

London 

32*191 

981*17 

Edinburgh 

32 203 

981*51 

The North Pole 

32*256 

983*11 

6. Densities (ApruoxiMATK.). 


Mass of cubic foot in oz . 3fass of cubic cm . in gms. 

Water 

1000 

1*0 

Atmospheric air 

1 

•001 

Mercury 

13568 

I3*5t8 * 


G. Power. 

due horse powtr = 650 foot-pounds per second 

‘ 7 460,000,000 ergs per second (roughly). 



DYNAMICS. 


PART I. 

VELOGITIES AND ACCELERATIONS. 


CHAPTER 1. 


VELOCITY. 

12. By Sinematics is meant the study of motion as 
motion only. Considerations of wliat is raovinj^ or what 
produces the motion do not enter this branch of the 
subject. 

Wlnm a body continues to occupy the same ])Osifcion for 
any length of time, it is said to be at rest. When its 
position varies, it is said to be in motion. Thus motion 
is change of position. 

y'^'t^FlNiTiON. — ^Velocitj is rate of change of position. ^ 

vl3. Uniform and variable velocity. — The velocity 
of a moving point or body is said to be uniform when 
the -distances which it traverses in equal intervals of 
time arc equal, however short these equal intervals 
• ma/ bo. 

In other cases the \ elocity is said to be mriable. 

When velocity is uniform, it is measured by the distance 
•traversed in a unit of time. 

The word “ per ” is used in speaking of a rate. Thus 
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wc may restate tlie above delinitioii of the measure of 
velocity in the following form; — 

Velocity is measured by the distance traversed per unit time. 

unit of velocity is the velocity nf a body which* 
moves over a unit of lenurth per unit of time. * 

T!u! F.P.S. unit of velocity is a velocity of one foot per 
siJCOTul, and this is now often written in the abbreviated 

form, 1 ft.i'aec., or 1 or 1 f.s, 
sec. 

The e.G.S. unit of velocity is a velocity of one centi- 
metre per second, in the new notation 1 cm./sec. 

14. To find the distance traversed in any interval 
of time by a body moving uniformly. ^ 

Let V be the velocity of the body ; then, by definition, v 
is the distance travtirsed in each successive unit of time. 

So, in 2 units of time the total distance traversed is 2t;, 
in 3 units of time lb is 3i?, and so on ; 
and ill t units of time it is tv. 

Hence, if s denote the distance traversed in the interval 
of time whose measure is t, wc have ^ 

•V = vf (1), 

thal is, distance traversed = velocity x time. 

HxampIvH. — (1) If the; velocity is 88 foot per second, tho distance 
traversed in 25 seconds - 88 x 25 = 2200 feet. 

(2) If the v( lo(jity is 600 c-entimetres per second, thQ distance 
traversed in a minute (60 seconds) is 60 x 600 or 30,000 centimetres. 

(3) To find the number of miles travidlcd in five minutes with a 

velocity of 88 feet per second. We cannot put v = 88 and t = o and 
say *< •= vt ==. 88 x 5,’* for tho velocity 88 is measured in feel? per 

second and the time 6 is moasured in mitvUes. Tho formula =: vii is 
not true nnl(;ss everythiner is reduced to one system of units. we 
use the foot-second system we must take the time t not as o minutes 
but as 300 seconds. We then have 

distance traversed — 88 x 300 = 26,400 feet, 
because we have taken a foot as our unit of length. Reducing this, 
to miles, we find distance traversed 6 miles. 
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15. J^’rom (1) we have by division 



hence the velocity of a hody may he found hy dividing the 
disShnce traversed hy the time taken in traversing it. 

Example. — A cyclist ri^ios from one milestone to the next in 
4 J minutes. To find his velocity in feet per second. 

The distance traversed is one mile or 5280 feet, and the time taken 
is 4^ X CO or 270 seconds ; therefore in one second the distiince traversed 
in feet =* 5280 -r 270 =» 19*5; 

required velocity - 19*6 feet per second. 


16. Change of emits. — When a pven velocity is 
expresi^d in terms of any given units of length and time, 
tlie same velocity may be referred to any other system of 
units by using the method illuslrated in the following 
examples : — 

Examples. — (I) To oxj)rt*ss a velocity of («) one mile jjer hour, (/;) 60 
miles per hour, in feet ptjr second. 

(a) A mile contains 5280 feet and an hour contains 8600 seconds, 
llcnce with velocity of one mile per hour 

in 3000 i^conds the distance traversed is 5280 feet; 
iu 1 second „ ,, „ .yj.® feet. 

Therefore the velocity is represented iu feet jier second by ■gg-fJJJ, i.e. ^-g. 

(A) A velocity of 60 miles an hour is 60 times as great, and it is 
therefore represented iu feet per second by x CO or 88. 

(2) When a foot and a second arc the units of length and 
time, the measure of a certain velocity is 27. What is its measure 
when a yard and a minute arc the units ? 

With a velocitv of 27 ft. per stjc., 27 ft. are passed over in a second, 
and, therefore, 27 x 60 ft. arc passed over in a minute ; 
i.e.f 27 X 20 >urds arc passed over in a minute ; 

. *. a velocity of 27 ft. per sec. = a velocity of 540 yards per minute ; 
.*. the measure of the velocity is 540 when estimated in terms of the 
new flints. 

OnsERVATiox. — The student will find it useful to 
remember the relation 

60 miles an hour = 88 feet per second ...... (2). 
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17. Positive and negative velocities. — Where wc 

are dealinf^: with a number of motions in a straight line, 
some of which motions are in the reverse direction to^ 
others, it is convenient to regard velocities in one direction,* 
as positive and velocities in the opposite direction as nega- 
tive, the measures of the latter velocities being negat\vo 
quantities. A similar convention is also made with refer- 
ence to the distance traversed, which is considei’ed positive 
if a body has moved in one direction, and negative if it 
has moved in the reverse direction, the positive direction 
being the direction in which it would move with the 
positive velocity. With these conventions the equation 
s =s vt always holds true. 

The velocity of a body is always to be taken as defining 
both tlie rate at which it is t.i*a.vclling and the direction in ' 
which it is going. ^ 

The tei*m speed is, however, often used to denote rate 
of motion considered without Tt^forenco to direction. 

Thus if wo take the positive direction io he from left to right, the 
velocity of a body mo\ ing from left to right at the speed of 3 feet per 
second will he reprosouted by 3, but the velocity of a body moving 
from right to left at the same Bi)eed will be leproscnted by —3. 

Again, if the body has moved 5 feet from loft to right the distance 
traversed will ho represented by 6, if it has moved 2 feet to the left 
the distance IvavtTScd will Ikj represented hy —2. ^ 

18. Itepresentation of direction by the order of 
letters. — In future, when we speak of “the straight line 

we shall imply that the line is drawn from A io B, 
not from B to A. If we use the signs 4- and — to denotu 
dircctions, as in § 17, the distance W 5 is considercd.positive 
if we have to go in the positive direction io got from A to 
Bi negative if we have to go in the reverse direction. 

Relative velocity. — Definition. — By the velocity 
of one body relative to another is meant tlie rate nt Yyhich 
the first body is changing its position with respect to the' 
second. 

The meaning and importance of relative velocity will be 
best understood from the following simple illustrations.—- ■' 
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(1) Sapposo that a man on board a larfi^e steamer is walking along 
the deck. Wo naturally say that he is in motion, because ho is 
walking. But this motion along the deck is only a relative motion, 
•4nd is not the true motion which ho possesses, for he is also at the 
same time being carried forward by tho motion of the steamer. 
^ And df the man remains standing in the same part of tho dock wo 
know that he is not really at rest, but that he is moving with tho 
^ ^eame.r. 

If a fast train overtakes and passes a slow train, a passenger in 
the former will obtain tho impicssion that the latter is going back- 
w’ards, bocause ho is going faster and loaves it behind. This apparent 
backward vch-city is the relative velocity cf thes slow train with respect 
to the fast. Tho slow train is really moving forwards all the time, 
hut as it is not going fast enough to keep up with the fast ono, it 
appears to go in tho opposite direction to the latter. 


*20. l^otion relative to the Earth. — Wc are accustomed to 
consider tho Earth as fixed, hceaiirio w(‘ sec on it trees, houses, hills, 
and other ohjoets which always appear to retain tho same relative 
])OsitioTis. And so in measuring veloeitii's vre naturally refer them to 
the Earth. We observe tliat the Sun, Moon, and slurs rise in the 
east, and set in the west. At first wt should naturally say the stars 
are moving, and that we are at rest. But it is much easier to believe 
that the Earth (even though it bo 8,000 miles in diameter) is moving 
as a whole, than that tho stars, which are separate and distinct bodies, 
enormously larger than the Earth, and at distances of many billions 
of miles ajKirt, a^all revolving together about the Earth once in a 
<lay, so as to always reiiiaiu in the same configurations. This and 
other reasons force upon us the fact that it is tho Earth which rotates 
once a day, ami not the stars that move. Further, wo aro taught 
that tho Eatlh travels round Iho Sun, describing, roughly, a circle oi 
radius 92 million miles in the course of tho year, ' 

^ In most cases wo do not have to tako account of tho motions of the 
Earth. Tho rolativo motions can ho w’orkod out just as if tho Earth 
were fixed. In fact, most of our ideas of inolitm are based on experi- 
ments made with moving hcMics on the Earth, and th(’y rol'er quit(j 
as much to relativo nLotion as to actual motion. 

Properties of relative velocity. — From tho 
arguments and examples of the last paragraphs, the follow- 
ing^properties will be evident. 

When two bodies, A and B, aro moving in any manner, 
tho velocity of B relative to A is the velocity with which 
mB would appear to move if the observer were moving with 
the body A. 
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If the bodies are moving in the same straight line, the , 
rate at which the faster body overtakes and passes the 
slower one is the relative velocity of the former w'itl^ 
respect to tlie latter, and is the ahjehraic difference of theil** 
velocities (taken with proper signs, as in § 17). 

Lot A and B bo trains moving with velocities dO and 30 iiiilcs^per 
hour, respectively, in tho sime direction. A*b velocity relative to ® 
is 20 (miles j>or hour), while ^’s velocity relative to A is —20. Bui 
if they urc moving in opposite directions, their velocities relative to 
one anotlier are ±80. 

Since 80 — 50 — ( — 30), this relative velocity is the algebraic dil- 
ferenco of 50 and -30, the velocities of tho trains. 


22. Composition of velocities in one straight line. 

— From the consideration of relative velocities wo natu- 
rally pass on to cases where the velocity of a body is due 
to a nmnber of independent relative motions. Wo may 
take tho following in illustration of such motions: — 

Example,- A rivet is flowing at the rate of 1 mile an hour, and 
a man can row a boat through still water at 4 miles an hour. To 
iiiid hi^ rate of progress (i.) down strcjim, (ii.) up stream. 

Let B^AB be the direction of the river, 0 tho man’s starting-point. 
Then in one hour the water that was at 0 will have flowed to a point 
A one mil>! from Ot and if thf) man hud allowed his boat to drift it 
would have reached A. 


B' 

L 


0 A 

1 I 



B 

J 


Fig. 2. 

But tho man has pulled his boat 4 miles relative to the water. 
Hence, if ho is pulling down stream, his action in rowing during 
the hour w'ill have tikf n the boat to a point B four miles below A. 

The whole space is » 4 + I » 5 miles ; hence tho man’s rate of 
progress down stream » 5 miles an hour. 

Blit if the man pulls up stream, the action of his oars during the 
hour will take him 4 miles through the water to a point B* four miles 
above A. 

In tliis case tho whole space OB' (measured np stream) » 4 — 1 » 3^ 
miles ; hence tho man’s rate of progress up stream — 3 miles an hour. 
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y 28. Component and resultant Telocities. — If tbe 

motion of a body is due to S(^v<*i-al siinultaiieous indepen- 
dent causes, its actual velocity (or chanire of position per 
•second) is called its resultant velocity, tlie velocities due 
to the sepnrate constituent causes being called Cf^niponent 
veh/cities. 

Thus, in tho oxamplo »Love, the rate of flow of the stream and 
trie rate at which the man rows, relative to the water, are tho com- 
ponents of the velocity of the boa^, while his actual rate of progress 
(rehitivG to a fixed point on the bank) is tho rc8uU.'ini vclocit}'. 

The process of finding tho resultant velocity from the 
components is called compounding velocities. To com- 
pound several velocities in the same straight line, we add 
them! together, giving regard to tlicir algebraic signs, as 
explained in § 17. 

• 

24. Variable velocity. — This may be measured in 
two ways — 

(i.) By the average velocity in any given interval ; 
(ii.) By tho velocity at any given instant. ^ 


' ‘ 25. Average velocity. — Definition. — Tho average 
velocity of a nrtftving body in any given interval of time 
is the velocity with which a body would have to move 
uniformly in order to trav8r.se the same distance in the 
same time. In otlior word 3,4|h e ave rage velocity of a 
movinffbody is the wliole distance described by the body 
dTvidooTjy the whole time of its description.^ Thus, if v 
denotes the average velocity of a body moving anyhow 
over a spaeo s in a timo t^ the formula s = vt^ or v = s/f^ 
holds good just as for a uniform vtdocity. 

• 

26. Velocity at any instant. — Definition. — Tho 
velocjity of a body at any instant is measured by the rate 
per second at which distance is being traversed during a 
small interval of timo containing that instant. 

When a very small interval is taken, there is no iime 
"Tor any appreciable change of velocity during the interval, 
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SO that the velocity may be considered constant through- 
out the interval, and the formula v = *- again applies. 

t • 

Thus, the speed of a railway train may vary considerably in tlftT 
course of 5 minutes, but in so short an interval, say, as one-toiUh of 
a hocond there can be no appreciable alteration of its rate. \ • 

Hence the term “velocity at any instant” must be. 
regarded as a convenient abbreviation for average 

velocity daring a very smStl interval of time including 
the given instant.” 

EXAMPLES 1. 

1. Find the measures of the following velocities, a fool and a 
second being the units of length and time : — 

(i.) Ninety miles per hour ; 

(ii.) Twenty yards per minute ; 

(iii.) Two furlongs per half-hour. 

2. Find the measures of the following velocities, a yard and a 
minute being the units of length and time : — 

(i.) Thirty miles per hour; 

(ii.) Twenty feet per second , 

(iii.) Three hundi'od and sixty feet per hour. 

.‘1. Find the measures of the following vclociti(lE,' when a mile and 
an hour are the units of length and time: — 

(i.) Five and a half feet per second ; 

(ii.) F.leven yards i)er niitiuto ; 

(iii.) One-tenth of a mile per second. 

> i. A body has a uniform velocity of 10 feet per second ; ho^ far 
will it go in 10 seconds ? 

/5. How far will a train, travelling at the uniform rate of 25 miles 
an hour, go in half a minute ? 

6. A body moves with uniform velocity, whose measure is 30 if & 
yard and a minute be the units of length and time, respectively. 
How far will it go in 24 seconds ? 

A train moves with uniform velocity, whose measure is 45 if a 
mile and' an hour be the units of length and time, respectively. How 
far will it travel in 10 seconds? 
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f A body moves uniibiTuly with a velocity of 30 yards per miuato. 
Find how long it will take to travel 24 feet. 

j A train moves uniformly through a distance of 11 feet in 
ll^econds. Find its velocity in miles per hour. 

10.*Find, in feet per second, tlie average velocity of a bicyclist 
'who rides a mile in 3 minutes 18 seconds. 

'41. A three-mile race was run in 15 minutes 24 seconds. Find the 
average velocity of the winner. 

12.^ Find the relative velocity of two railway tiaiiis, travelliug at 
the rates of 30 miles an hour and 60 feet per second, respectively, 
when they are moving (1.) in the same direction, (ii.) in opposite 
directions. 

/IS. A man rows a boat at the uniform rate of 5 milos an liour on 
'.a stream \^ich is flowing at the rate of 1 mile an hour. How long 
Vill it take him to row 12 miles up-stream, and back P 
} 14. Two trains, 210 yards and 230 yards long, respectively, aie 
travelling in opposite directions, the former at the rale of 25 miles 
per hour, and the latter at the rate of 35 miles per hour. Find how 
long it takes them to pass each other. 

15. If It be the measure of a velocit} in yard-minute units, what 
is its measure in foot- second units P 

10. Find the mon^^rcs of the following velocities, a metre and a 
minute being the units of length and time : — 

(i.) Five centimetres per second ; 

(ii.) Twenty-five kilometres per hou.^. • 

17. Find the measures of the following velocities, if a kilometre 
and an hour arc the units of length and time : — 

(i.) TJiirty centimetres per second; 

(ii.) Five hundred metres per minute. 

18. A man walks at the uniform rate of 6 kilometres per hour. 

How far will he walk in 15 seconds P 

^ • 

A body moves with uniform velocity, whose measure is 120 if 
a metro^ and a minute are the units of length and time. How fur 
will it go in 5 seconds P 

0 20, Compare the velocities of two bodies, one of which moves 
thp rate cf m feet in » seconds, and the other at the rale of p inih'S in 
2 b&ars. 

BL. MECH. 2 
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ACOELERA.TTON. 

27. Having? defined the velocity of a body at any 
instant in § 26, this will always in future be taken as th(j 
measure of a variable velocity (unless averajjc velocity is 
expressly specified). We shall now consider tlio rate at 
which this velocity varies from one iusiant to another. 

^^EFINITION. — ^Acceleration is rate of change of velocity. 

Strictly speaking:, the word “ cluingo” may innly an alteration in 
direction as well us in magnitude or speed ; but in the first two parts 
of this book wo shall be concerned jentiroly with motion in u straight 
line, and change of motion in the same straight line. Thus we may 
say that acceleration is the rate of increase of velocity. When there 
is a retardatim or decrease of velocity, this is spoken of as a negauive 
acceleration. (Sec also J IS7, forward.) 

28 . Uniform and variable acceleration. — Accelera- 
tion is said to be uniform w’beii the velocity increases 
by equal amounts iu equal intervals of time, however 
small. In other cases it is said to bo varinhle. 

With this latter kind we shall have nothing to do. 

Uniform acceleration is measured by the amount 
which the velocity increases per unit of time, or, practically 
f acceleration = velocity added on per second. 
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The unit of acceleration is the acceleration of a 
body which moves so that the measure of its velocity 
i^tireases by unity in a unit of time. 

In> the F.P.S. system of uniis, where the unit of 
Velocity is a velocity of one foot per second, the unit of 
aciseleration is the acceleration which in one second 
increases the velocity by one foot per second, and tin's is 
call^i an acceleration of “ one foot pt r second p(!r second,” 
written, in the new notation, 1 ft./soe.^ or sometimes 1 f.s.s. 

Similarly, the C.G.S. unit of acceleration is an accelera- 
tion of “ one centimetre per second per second ” ; in the 
new notation, 1 cm./sec.®. 

OiiSEUYATioN.~The words “per 8<K.ond** must bo repeated because 
. tho unit of time is involved twuic, firstly in mtjasuring tlie velocity or 
change of velocity, and secondly in measuring tho interval in which 
‘ this change of velocity takes place. 

Examples, — (1) If a body is moving at tho rate of 5 feet p<^r second 
'^ at any instant, and its velocity one socund later is 7 foot per second, 
tho increase of velocity in one second is 2 feet per second, and there- 
fore the acceleration is 2 feet per second per second. 

(2) If in ono second the velocity changes from 10 fect pur second to 
8 feet per second, t® increase of velocity is = 8—10 « -2 fect per 
second, and the acceleration is —2 feet per second per second. 

(3) Simihirly, if tho velocities at intervals of one second are ''>•>, oO, 
65, ... centinictros per second, the acceleration is 6 centimetres ]ur 
second per second. 

f 29.(To find the velocity acquired iu any interval 
of time by a body moving with uniform acceleration. 

Let / be the given acceleration, and let it be required 
to find the velocity acquired after t units of time have 
elapsed, since the cummoncemeut of its action^ 

Suppose that the moving body starts "from rest. 
Xfien the velocity acquired in 1 unit of time = /, 
tho velocity acquired in 2 units of time =■ 2/,'^ . 

and the velocity acquired in t units of time = ij. 
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Hence, if v denote the required velocity, 

t>=/e (1). 

(ii.) Suppose that the body starts with initial velocity 
r' Then, as before, the amount by which the velocity 
increases in t units of time =// ; 
the velocity at the end of tlie interval = « .r//; 


in this case v = ( 2 ). 

Cor. — Since v — m ^'"<5 see that y 


increase of velocity = acceleration x time, j 

Examples. — (1) A train acquires a velocity of 60 miles an hour in 
two iniuuteu. To find its acceleration in F.T.S. units. 

In 2 min. (—120 sees.) the velocity increases by CO miles per hour 
= 88 feet per second ; 

in one second the velocity increases foot per second. 
Therefore the given acceleration is or ’73 foot per sec. per sec. 

(2) If the acceleration is 32 feet per second per second, and the 
body starts with the vi locity 100 feet per second, the velocity after 
ten Hoconda sx « + = 100 + 32 x 10 « 4*20 foot per second, 

30. Change of units. — ^When an acceleration is ex- 
pre.sscd in terms of one system of units, wo may reduce it 
to any other system of units, by adopting the method 
illustrated in the following examples; — 

Examples. — (1) To express an acceleration of 32 feet per second per 
second in yards per minute per minute. 

Here wc are given that llio increase of velocity in one second is. 
32 feet per second. In order to change to the new units wo mtlst 

(1) find the increase of velocity acquired in one minute; 

(2) express this inerf aso of velocity in yards per miniito. 

We ac(5ordingly proceed as follows; — 

In 1 sec. total increase of velocity = 32 feet per second ; 
in 1 minute (60 secs.) the total increase of velocity 
-> 32 X GO — 1920 feet per second 
" 1920 X 60 feet per minute 

1^9 X j »0 pgy miHUtO 

3 

38400 yards per minute. 

given acceleration 38400 yards per minute per minute. 



ACCELERATION. 


(2) A body is moving with an acceleration of 54000 miles per hour 
per hour. Express this in foet pcT second per second. 

A velocity of 54000 miles per hr. = a vel. of ft. p#'r sec. 

— a vel. of 1800 x 44 ft. per sec. 

Thill velocity is gained every hour; 

the gain per second is ~ 22 ft. per sec. ; 

therefore an acceleration of ^40QP,miles per hour per hour 
= an acceleration of 22 ft. per see. per sec. 

Retardation. — When the speed of a body is de- 
cr’eastng', the motion is said to be retarded. As said 
before (§ 27), a retardation of a positive velocity is re- 
garded as a negative acceleration. 

More generally, if a motion, ornhange of motion, in one 
direction be taken as positive, then any motion or change 
in the opposite direction is considered negative. 

(A negative acceleration does not always retard. When a stone is 
thrown upwards, we take the upward direction as positive, and the 
acceleration of gravity (see § 52) is negative, and at first retards 
the speed of Uio stone, hut after it has reached the highc^st point, 
the same acceleration of gravity incretises the speed.) 

A body starts with velocity 144 feet per second, and 
is subject to a rehirdation of 32 feet per second per second. To find 
its velocity after 5 seconds. 

Hero It — 144, / = - 32, i — 5 ; whence, substituting in the 
formula v ^ n \ wo have 

r = 144 + (-32) X 5 = 144-160 - 16. 

Hence the body is moving with speed 16 feet per second in the 
oppoxitr direction to that in which it started 

(2) Tf a railway train moving at 60 miles an hour (88 foot per 
second) is brought to rest in one minu<o (60 8ec.s.), and we consider the 
original velocity positive, the acceleration /= (v—u)lt 

= (0 — 8rt)/60 = —88/60 = —22/15 feet per sec. per sec., 
and is negative. If this acceleration were continued for another 
minute, the train would acquire a velocity of — 88 feet per second, that 
is, its briginal velocity w'ould be exactly reversed. 

Variable acceleration is measured in a very 
suHflar way to variable velocity. It. may be measured 
'either 

(i.) By the average acceleration in any given interval ; 

(ii.) By the acceleration at any given instant. 
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EXAMPLES II. 

1. How is tho meiisure of an acceleration chtinged if 

(i.) the unit of length bo changed from a foot to a yard, 

(ii.) the unit of time be changed from a second to a minute ? 

2. If tho measure of the acceleration due to gravity he 32 wlfen a 
foot and a second are tho units of length and time, what w^il it 
be when the units are 

(i.) a yard and a minute, 

(ii.) a mile and an hour ? 

3. If an acceleration be expressed by 480 when a yard and a minute 
are the units of length and time, find its measure when a foot and 
a second are the units. 

4. If 110 be Die measure of an acceleration when a yard and a 
second are the units of length and time, find its measure when a mile 
and a minute are tho units. 

^ 5. A train which is uniformly accelerated starts from lest, and at 
the find of 3 seconds has a velocity with which it would travel through 
a mile in the next 5 minutes. Find the acceleration. 

v> 

G. How long will it take a body, moving from rest, to uequire 
a velocity of 400 feet per second^ if it be uniformly accelerated at the 
i-ftte of 25 feet per second per second ? 

7. A body moves from rest with uniform acceleration, and its 
velocity at tho end of 3 seconds is 21 foot per second. Find its 
velocity at tho end of 8 seconds. 

^/8. A body moves at one instant with a velocity of 20 feet per 
second, and, G seconds after, it is moving with a velocity of ‘oO foot 
per second. Find the acceleration, supposing it to be uniform. 

9. What is the velocity of a body wliich began to move wt'^ji a 
velocity of 100 fe.et per second, and has continued in motion T6^^ 
G seconds, the velocity regularly diminishing at the rate of 10 foot 
per second pch second ? 
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i^O. A body, which is uniformly accelerated, starts with a velocity 
of 40 feet per second, and 8 seconds later is moving with a velocity 
which would carry it through 60 miles in the next hour. Find its 
fldlcrfWation. 

11. A point moves from rest with uniform acceleration, and the 
velocity at the end of 3^ minutes is 70 feet per second. Find the 
acceleration. 

%/ 12^ A body sUirta with a velocity of 150 feet per second, and at the V 
end oAeach second it instantaneously loses ^ of its original velocity. 
WhatBpace will it describe before coming to rest? 


A body is moving with a velocity of 30 milos an hour, and, 
5 minutes after, it is moving with a velocity of 8 yards per second. 
Find the acceleration, supposed uniform. 

«i 

14. Express the C.G.S. unit of acceleration, and the acceleration of 
gravity (980 cm. per sec. jKjr see.), 

(i.) in metres per minute per minute, 

(ii.) in kilometres per Lour per hour. ‘ 

^15. If the measure of an acceleration be 60 when a mile and an 
hour are the units of length and time, find its measure when a 
centimetre and a sei^nd are the units. (Take 1 ft. == 30 cm.) 

16, In half a minute the velocity of a lx>dy increases uniformly 
from 10 centimetres per second to 36 kilometres per hour. Find the 
acceleration. • 


17. A body is moving at a certain instant with a velocity of 
1-8 kilometres per hour, and its velocity is uniformly diminishing 
i(t tbc rate of 5 ccntimctres/second^ After how many seconds will 
the velocity of the body be 15 metres per minute V 
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EXAMINATION PAPER I. 

1. Oistingnisb between variable and unifortn velocity. Explain 
how thoy are measured. 

‘2. Explain what is meant by tbe aceelcrathn of a point moving'in a 
straight line. ^ 

;{. If 15 be the measure of a velocity wbon a mile and an b< nr arc 
the units of length and time, find its measure when the unit« are a 
yard and a minute. 

i. Compare the velocities of two points whioh move uniformly, one 
through 900 feet in one minute and the other through ‘2*2 J miles in 
one hour. 

V 5. A mill-sail is 1 1 feet long aiid revolves uniformly 1*2 times in 
' minute. Find the veh eity of the extremity of the sail. 

0. Give a short account of the French system of weights and 
measures. 

7. The measure of an acceleration is 40,500 whfui a mile and an 
hour are the units of length and time. Find^its mea'^uro when a 
foot and a second are the units. 

8. A bedy is moving Jit a certain instant with a velocity of 40 yards 
per minute, and 10 seconds later it is moving with a velocity of 
2*2 feet per second. Find th«) acceleration. 

9. If the acceleration due to gravity he ii2 when a foot a ltd a second 
are the units of length and time, find its measure when a kilometre 
and a minute are the units. (Take 1 kilometre -- ?J280 feet ajiprox.) 

10. The velo<;ity of a train diminishes uniformly from 60 mi cs an 
hour at 12 o’clock to 10 miles an hour at 25 minutes past 12. What 
wrts its velocity at 15 minutes past 12 ? 
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UNUrORMLY ACCELKRATKD MOTION. 

33. Preliminary observations. - - In Chapter 1. wc 
have shown that, for motion with timfnrm velocity 
^ s = vt ; 

and in Chapter II. wo have shown that, for motion under 
nnifo'm acceleration/, the velocity at aiiy instant is given b)" 
V = n-\-/t. 

Wo have now to find cxpres.si(»ns for the distance tra- 
versed in any time-interval t by a body moving with 
uniform acceleration. For, in accelerated motion, the 
velocity ir variayo, and = ?’/ does not liold good. 

llhdtlnitioH, — If ii mil way Imin atuits hom rest with uniform 
acoeleratioii, and at the end of ouo minute it has ficrpiirocl a velocity 
of a mile a minute, the train has not traveMcd a ,nUe in that minute. 
For to do so it would have to go at lull speed tlie whole lime, but in 
Toality the train never .acquires this speed till the end of the minute ; 
at the beginning of the minute it is not moving at all. 

At the middle of the interval, or half 'a-ininuto from stJirtir.H:, the 
velocity is ^ a mile per minute, and in oficli s»Tond it increases by 
of a mile per minute. One second liefore the middle of the interval 
the velocity is of a mile per minute less than at the middle, and 
one second after the middle it is of a mile per minute greater. 
And geherally, the velocity t seconds before the miilillc of the interval 
is as miieh below J a mile per minute as the velocity t socomla after is 
above. Hence we are led to as-sume I h.at tlie average velocity is J- a mile 
'‘{^t r ptihute, and that the distance travt^rsed in the mmute is a mile. 
T!Le distance traversed in the first half-minuto is, of course, leas than 

of half a mile, and the distance traversed in the second half-minute 
is more than ^ of half-a-milo by an equal amount ; but the two 
together make up exactly one half-mile. 



26 


DYNAMICS. 


34. To find the space described, under a uniform 
acceleration /, in a time-interval t seconds. 

I Let u be the velocity at the beginning of the intcrva^r«* 
0 the velocity at the end. • 

Divide the time t into n equal parts, each of length V 
where w is a large even number Wo thus have 

t = ni, or i = fjn. ^ 

By making n very laige, the intervals i will be /very 
small, so that the velocity in one of these will haqe no 
time to alter appreciably, and we may cjmsider the 
velocity at the beginning or the end of an interval to 
represent the velocity throughout that inlerval. Thus 
we have 

velocity at beginning of 1st interval = w, 

„ ‘2n(l „ = 

,, Ol*d y, = 2ji^ 

d:c., i^E'C. 

Also velocity at end of last interval = r, 

„ ,, last but 1 — //, 

„ ,, last but 2 = - 2/t, 

The distance traversed in any interval is found by 
multiplying the corresponding velocity by ?. Now take 
the small intervals in pairs, and combine the first interval 
with the lastj the second with the last hut one, and so on, the 
(m + l)th interval being combined wdth the last but w. 

Then sum of distances traversed 
in 1st and last intervals = {u-{-v)i, 

in 2nd and last but 1 = (n+fi+v^J'i) t = 

in 3rd and last but 2 = (w + 2/i + v— - 2 / 1 ) i = (u'\-r)if 

in (r/i + 1 ) th and last but m — (n -f 7nf i + v — m/i)i =:(u-h v)i» 
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Therefore ihe distance traversed in each pair of in- 
tervals % is (tt + t') V, and is the same as if the velocity in 
nair were (w+v). And, since this is true of every 
pair, ihe whole distance traversed is the same as if the 
vajof^ity were i (m + v) throughout the wliole of the time t, 
ere fore distance traversed = 

Tills the distance traversed under uniform acceleration is 
the vrodnei of the time info half the sum of the initial and 
final v\docities. 

CoK. Hence average velocity = sjt = 

35. Alternative proof.- -Let u and f bo ihe first and last f*eloci- 
ticB, / seconds the time of motion. Divide the time into a number w 
of very intervals, each equal to i. If » is very gfreat, the 

velocity during any ono of these intervals iiisiy he considt red con- 
stant. Owing to the unifurmity of the accel(Tali«>n, the siicc^sBive 
velocities in these intervals l(»rm a scricjs in Arithmetical Progression, 
and so do tlic small 8pa(;c8 (i«‘, &c.) described in them. Now, by ihe 
formula for the sum of an A.P., 

K -- t /), 

where a, I arc the first and last terms. 

Putting rt = ~ t'i, we have for the sum of the spaces described 

in all the intervals (i.c., the whole space) 

A V= -o w (tti + vi) = ^ (« + r) i X « 

^ „ -j- r ^ . 

Example. — A train. bUiriing fioin rest, acquires a velocity of 48 miles 
an lionr in 2.V minutes ; to find the distance run in that time. * 

. Here ih(^ initial velocity is zero, and the final velocity is J mile per 
minute. Therefore the average velocity is mile per minute, and 
the distance run in the 2^ minutes 

— X — 1 mile. 

sfae. Uniformly accelerated motion from rest. 

The •formula) for uniformly accelerated motion, which 
wo shall now deduce, are very important. 

Let f be the uniform acceleration, 

t the time, measured from the instant of rest, 

7’ the velocity acquired at the end of the time f, 
b' the distance traversed iu the time t. 
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Putting u = 0 in the two formnlio 

V = w and 5 = i (« + i;) 

we have v := ft (1), 

s == Ivt (2). 

Eliminating v from these by multiplying them togeV'dr, 
N = (3). 

Again, eliminating t from (1) and (2) by division, we 
get t^=^2fs ! (4). 

Formulre (1), (2), (3), (4) are sufficient to work out 
any problem relating to uniformly accelerated motion 
from rest. 

<!»- 

37. Uniformly accelerated motion with an initial 


velocity. — We luive proved, in § 29, that 

V— It = ft, or V = /f +// (5) ; 

and, in § 34, that 

( 6 ); 


and from these two equations we find a relation 
between any four of the quantities w, r\ /, f, a. Thus, 
eliminating r, we have - 

= i (u+it+ZO U 

or s = ( 7 ), 

giving the distance traversed in terms of the time, the 
initial velocity, and the given acceleration. 

liustly, on eliminating t by multiplying (5) and (6) 
across, we have 

(v—u)x}i(v+u)=fs. Of 

or <;’—«* = 2ft>, or v* = u^+2/s ... (8), 

.V 

"a relation between the di.stance traversed and the initial 
and final velocities. 
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The average velocity in any interval = 

= velocity at time \t 
= vel. at middle of interval. 


SS.^The signs of the letters should never be changed in tho 

formula 3 , even when we arc dealing with a retardation. Jn sneh a 
ease, the value of / is a negntiee quantity, but the formula (7) must 
still be written e = and not a = J//2. . 

The following examples will show how the formula) may be applied 
to retarded motion : — 

Examples. — (1) If a steamer starts from rest with an acceleration of 
100 yards pdr minute per minute, it will at tho end of live minutes 
have attained 

a velocity equal to 100 x 5 yards per minute. 

0) - (/) X (0 

(|L liTow suppose that, vrhen the steamer is going at the rate of 
oOC^kW.H per minute, the engiiies are revcTsed, so as to produr'O a 
haekfvard acceh-ration of lliO yards per minuie i)er minute, and let it 
be required to find out how far the steamer will go in 3 minutes. 

Wo must DDw put.j[J=a — 100 ; and therefore 
our formula « ss t/r + 

gives us s = 500 x 3 + i ( — 1 00) x 3- ; 

i.e., s =s 1500 —450, 

or distiinee traversed ~ 1050 yards. 

(3) If a train, when going at ^0 miles an hour, can be puUed 
up in 48 seconds, find at what point tho brakes must be applied. 

When tho train is being pulled up, the initial velocity is j mile per 
minute, and the final velocity is zero. Also the time taken in pulling 
up equals f of a minute. 

Therefore tho distance run when the brakes are on 
J (m + i>) ^ X -{- s=- J of a mile. 

Hence the brakes must be applied when the train is^ of a mile from 
the station. 

•c.. 

(These examples show that it is not always necessary reduce to'- 
feet and seconds.) 
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39. To find the distance traversed in the nth 
second of a body’s motion. 

With the usual notatioa, taking the second as the np^t 
of time, 

velocity at end of — 1 seconds = 1), 

velocity at end of n seconds = n-\-fn ; 

.*. average velocity during wth second 

= I {«+/(«— !)+«+/«] = « + J (2»- 1)/; 

and, since the measnre of a second is unity, the distance 
traversed in the nth second 

= {«+^(2»-l)/}jyl = «+i(2»-l)/. 

It is better, liowever, to remember tlie metho^ by which 
this formula is obtained, and ndt the formula itself. 


40. To find the accelomtion of a uioving body by 
observation, it is only necessary to observe the distam'os 
traversed in two successive seconds of the nK'tion. 

'^Examples. — (1) If the distances tiaversed in two Buccessivc seconds 
are 10 feet and 42 feet, to find the acceleration/ supposing it uniform. 

Here vel. at mid. of 1st sec. = av. vel. in let sec. = 10 ft. per sec., 
„ „ 2ndsec, = „ ,, 2ndsec, = 42 ft. per sec. 

Therefore, from luiddlo of lat to middle of 2nd second of time, 
velocity increases from 10 to 42 feet j)er second ; 

increase of velocity in 1 sec. — 02 ft. pcjr sec. ; 
acceleration = 32 ft. per sec. per sec. • 

(2) A body traverses altogether 66 feet in the fifth, sixth, and 
seventh seconds of its motion from rest under uniform acceleration. 
To find the value of this acceleration. 

The average velocity in the three seconds 
« itf =. 22 ft. per sec. 

This is tho velocity in the middle of tho interval; 5.^ seconds 
after starting ; 

• 

the acceleration = — - 4 ft. per sec. per sec. 
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41. Grapliic representation of Tariable Telocity. — We 

shall now show how motion with variable velocity can be fully 
represented by drawing a curve which serves as a sort of map or 
«^liagram of the velocity (Fig. .*)). 

Take a straight line OX (which vre will Bii]>pose horizontal), and, 
having selected any point 0 on it, measure a length OM, suck that 
the number of units of length in OM is equal to the number of units 
ol^ Ume (say seconds) that have elaj^sed since the beginning of the 
inalion : thus, if OM contains t units of length, the point M will 
lepreseiit the time t The points a, b, c, distant respectively 
1, 2, 3 uhits of length from 0, will represent the times 1, 2, H 
seconds after the beginning of the motion, respectively. 



Through M draw a line MP perpendicular to OM, and let the 
number of units of length in MP be equal to the number of units of 
velocity in the velocity of the moving point at the instant icprc- 
seiitcd by M. I^et similar perpendiculars be ei*ected at every point 
on OX, so that (for example) a4, b8, cG, , , . are to be taken pro- 
portional to the velocities at the limes 1, 2, soeotuls, respec- 

tively. Then the extremities of these per[)endiculMrs will be found 
t(‘ lie along a certain straight or curved line ABCP, This line may 
1)c called tlie Telocity graph of the motion. 

I. When the motion is uniform, the velocity graph is a 
straight line parallel to OX ; for, if the velocity is ?t, all the ’‘ordi- 
nates,’* such as MP, are u units long, and therelore the points on 
the \selocity graph are at the same distanc'’.4”om OX, In this case, 
if t be the time UM (Fig. 3a), we have 

distance traversed = = MP x OM = area of rectangle OP. 

42. We shall now extend this result to variable velocities by 
showing that— 

II. The distance traTersed in any interval of time is 
represented by means of the area contained by the Teloq|^ 
graph and the two bounding ordinates. 
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Let OM represent tlie given interval, OP tlie velocity graph (Fig. 3) ; - 
then it is retiuircd to show that the area OQPM represents the dis- 
tance traversed. 

Divide OM into any number of intervals at the points a, b, c, and ^ 
draw the ordinates a>i, 65, cC to meet tiie velocity graph in A, B, 0, 
so that OQ, aA, bB, c(7, MP represent the veloc'ties at the instants 
of time represented by 0, a, b, c, M. 

If the velocity during each of the intervals Oa, ab, be, cM wBce 
uniform and equal to tlie actual velocity at the beginning of tfiat 
interval, the distance traversed in the intervals would be OQ. Oa, 
a A . ab, bB . be, etc., and would be represented by the measures of 
the areiiA of tlie rectangles Qa, Ab, Be, etc., and the whole distance 
traversed would be represented by the sum of the measures of 
these rectangles ; that is, by the area of the inscribed figure 
OQDAEBFGGMO. 

Ill like manner, if tlio velocity^hroughoiit each interval were 
otpial to the actual velocity at » end, the distance traversed 
Avoiild be represented by the areS. ’of the circumscribing figure 
OdAeBfCgPMO. V 

Now however small may be the distancop Oa, ab, be, , , , into which 
OM is divided the above arguiiient still holds. Moreover, wliciij, 
tlie'^e ili.staiieca are very small tlio inscribed an<( ciroiimscribccf ’ 
ligures aro both practically equal to the figure OQPMO. This area 
may therefore be taken to represent the actual space described. 

111. To prove graphically the forinutj^ for uniformly 
accelerated motion, s = id + ^/t^. 

If the velocity graph (Fig. 3) is a straight line, and if Oa, ab, 
bo be etjual, it is evident that OA ^ EB = f? . . . Hence the 
velocity increases by equal amounts (DA, EB, FC . , .) in equal times 
(Ga, ab, be That is to say the acceh ration is uniform. 

Couuerndg it can be proved that if the acceleration is uniform 
the velocity curve is a straight line. 

Let OQ denote the initial velocity u, OM the time t, and MP the 
fin il velocity u + ft, 

'Piien MH = OQ ^ u, 

and thci efore HP = ft ; and we have 

distance travelled — area OMPQ = root. OMHQ -f A QHP 
— reel. OMHQ + J reot. QHPN 
^ 0Q,0M ^IHP,0M 
= u,t + hfi-t ^ ut-\- \ft\ 

Example^ — A body, starting from rest, 1 ravels north for 6 s-oords. 
The velocities at the end of successive seconds are as fol'ows : — 
After 1 second, 30 fb./seo. ; after 2 secs., 65 ft. /sec. ; after 3 secs., 
05 ft./sec. ; «fter 4 secs., 55 ft. /sec. ; after 6 secs., 30 ft./8ec. ; after 
(» secs., 7.eroI, If the'obange of velocity is at no time abrupt, deter- 
mine roughly its ultimate distance from the starting point. 
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[Note that this is not a case of uniform acoeleratioa or retardation.] 
* We must first draw the velocity curve ; it will be convenient to 
use squared paper (Fig. 4). 

To obtain a good figure we must be careful in our choice of the 
fldhles of representation. Distances measured along OK represent 
times ; let us take each division of the paper to represent } second. 
Distances measured perpendicular to OX represent velocities; let 
us ^eke each division of the paper to repre.sent 5 ft. /sec. 

V* e can now plot the points 0, A, B, C, D, E, F \xi represent the 
velociities at the end of 0, 1, 2, 3, etc. . . . seconds. Thus ON (a 12 
horizontal divisions) represents 4 seconds ; ND 11 vertical divi- 
sions) represents ft. /sec., which is the velocity after 4 seconds. 



If w'e now draw by hand a curve through these points, we may 
assume that this curve represents fairly accurately the successive 
veU)cities of the body. [Thus since OM represents seconds, and 
NIP represents 16 ft. /sec., the velocity after 5^ seconds is probably 
16 ft. /sec.] 

Hence, by § 41, the area OBDF represents the distance travelled. 

We may estimate this area fairly accurately by counting the 
number of squares which it includes. Portions of squares should 
be counted as whole squares when greater than lialf a square, and 
omitted from the counting when less than half a square; they 
should be counted as halves when they appear to be so. 

Counting in this way we estimate the area OBDF as equivalent to 
144 squares. Now each square represents the distsinoe travelled 
<11 I second when the velocity is 5 ft. /sec., i.e. represents a 'distance 
of f feet. For the horizontal side of the square represents a time 
of 4 second, and the vertical side a velocity of ,'i ft. /sec. 

Hence the 144 squares represent a distance of 144 x | or 240 feet. 

Note. — T he curve starts at 0 , because the initial velodity is zero- 
EL. MECH. 3 
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EXAMPLES 111. 


body starts with a velocity of lj )Q Q feet per minute and loses 
uniformly ^ of its velocity in each minute. Find how far it will 
move before it comes to rest. 


\^' The speed of a railway train increases uniformly for thS first 
three minutes after starting, and during this time it travels r mile. 
AYhat speed ^in miles per hour) has it now gained and what distance 
did it travel in the first two minutes ? 

^ Find the acceleration of a body which moves from rest through 
40^ feet In 4^ seconds. 

A body doscribes fi04 feet from rest in 12 seconds; find the 
velocity at the end of that time. 


6. A body lias described 54 feet from rest, with uniform accelera- 
tion, in 3 seconds ; how long will it take to move over the next 
210 feet? 


G. A body moving from rest is observed to pass over 44 feci and 
52 feet respectively in two consecutive seconds. Find the accelera- 
tion. 

^' 7. A body moves over 25 foot during the 3rd second and 55 feet 
daring the Gtb second of its 'motion. Find the whole space passed 
«o\'or in 8 seconds. 

8. The acceleraliim of a body is expressed by 150 when the units of 
length and time are a yard and a minute respectively. What 8pa-.}e 
wilf;the body descifte from rest in 16 seconds ? 

A body starts from rest and moves with uniform acceleration 
18 (fe^/second*). Find the time required by it to traverse the first, 
second, and third feet respectively. . 

lO. fk body moves from rest with an acceleration of lu,feet py 
seconji tex second. How long will it take to travel 8000 feet ? 

/ 

A-^hody, hoB an acceleration of 25 feet per second per second. 
Find the'^SjoCity acquired while it travels 20,000 feet from rest. 
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What is the accderation (supposed uniform) of a body which 
jesciibes 126 feet in the 4th second of its motion from rest ? 

body, moving from rest with a uniform acceleration, passes 
through 10 feet in the first two seconds. How far will it be from the 
starting point at the end of the 3rd second ? 

14. Employ the graphical method to find tho distance traversed in 
10 minutes by a train which starts with a velocity of 20 miles an 
hour, and ^s its speed diminished at a uniform rate to 5 miles 
an j 

body begins to move with a velocity of 12 feet a second, 
which increases uniformly at the rate of 14 foot per second in each 
second.y How far will it move in 5 seconds F 
/ 

A parj^cle passes over 5G0 feet in 10 seconds, and its velocity 
at the end of that time is 90 feet per second. Find the initial velocity 
and ^e accelenition. 

particle passes over 10 metres in 10 seconds under a uniform 
acceleration of 10 C.G.8. units. Find the initial and final velocities 
of the paj:ticle. 

body has its velocity uniformly increased from 10 feet per 
second to 20 feet per eecoiid while passing over 50 feet Find the 
accehtralion. 


19. Two bodies uniformly accelerated have their velocities increased, 
from u to V, and from U to V respectively, while passing over Ahe 
, BflCtne space. Compare the accelerations and the times of describing 
the spaces. 

body moves over 15 feet in the 1st second of its motion, over 
Ou feet in the 3rd second, and over 111 feet in the 5th second. . Is 
this consiq[ent with the supposition of uniform accelotation ? Ji. 

A train proceeding at tho uniform rate of 1200 yards per q^nutel 
is^SO yands behind another, which is just starting from rest^ith a 
uniform acceleration of 1 yard per second per second. In h<t^ many 
seconds will there be a collision ? 



CHAPTER IV, 


GRAVITY.— MOTION OF BODIFS FALLING 
VERTICALLY. 

^ '"43. -)Vlieii a heavy body is unsupported, ifc is a matter 
of everyday observation that it falls to the ground, and 
with a continual increase of speed. More sti*ictly, it falls 
towards the centre of the earth, vertically, i.e., in the 
direction of a plumb-line, and with a constant, or uniform, 
acceleration. This tendency to fall is an illustration of 
Newton’s Law of Univei'sal Gravitation, in virtue of 
which the Earth’s mass attracts every mass placed in its 
neighbourhood. This attractive force of the Earth is 
called gratify f and the acceleration* pioducod by it is 
called “ the acceleration due to gi’avity ” or “ the accelera- 
tion of gravity.” It is always denoiod by the letter g, ^ 

^44. The acceleration of gravity is the same for 
all bodies. If we allow a coin and a sheet of paper or^ 
feather to drop freely frf>m rest, both will be aocelerated 
downwaixls, but tbo coin will reach the grmnd quicker 
than the paper ; while a balloon will rise in the air instead 
of lalling. From this it might be supposed that diHereut 
bodies are differently accelerated by the action of gnivil^ 
the (ijoin being more accelerated than the paper. But ^ 
mns^not forget that air itself has weight, and, moreover, 
a body falling through the air has to set in motion the 
partimes of air which it displaces in its descent. Hence 
a light body of large size encounters more resistance 
than a body of smaller size, but of, the same weight. 

36 
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But if different bodies be allowed to fall in a tall jar 
which has beeu exhausted of air by mcaiiR of an air-pump, 
they will all reach the bottom at tlie same instant, 
thus showing that all bodies are equally accelerated 
by gravity. 

45 . The same thing can be shown more simply without 
an air-pump by the following experiment, which should 
be performed by the student before proceeding further. 

Experiment I. — Take a penny or other large coin and 
cut a round disc of paper slightly smaller than the coin. 
Lay the paper on the top of the ct)in, and carefully let the 
latter drop. Although the paper is uppermost, it will 
remain on the coin, and both will fall together. 

Here th^^coin, by going in front of the paper, overcomes 
the resistance of the air, which would otherwise retard tho 
motion of the disc. 

The acceleration of gravity is uniform. 

For wo find, by experiment, that tbe spaces described 
by a falling body are [)roportional to the squares of the 
times of fall, which fact agrees with equation ( 3 ) of § tSfi, 
which liolds for nrfiformly accelerated motion. 

Experiment 11. — If a stone be allowed to drop from a 
height of 4 feet, it will reach the ground in half a second. 
Tf it be allowed to fall througli 16 feet, it will take 1 second.* 
H dropped through 61 feet, it will take 2 seconds. 

Now iff he the acceleration, the formula s = tal^cii 
in conjunction with these observations, gives 

4 = ^/.(5)’. IG =’/.!>, . 

whence ^ / = 32, in every case. 

Hence we CAjnclude that a falling body descends a 
uniform acceleration of about 32 feet per second per s^nd, 

* • 'i 

Obbeuvation. — ^T his experiment is, of course, only * a rough 
one, because it is veiy^ difficult to estimate times with -sufficient 
accuracy. 

For more exact exx)crimont8 it is necessary to use Atwc od’s^nachiiio, 
to be described in Chap. IZ., or Morin’s Kxxieriment (bhp. 2, f 321). 
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47. The Intensity of Gravity. — The above and other 
experiments show that the acceleration of an unresisted 
falling body is uniform, and, since it is the same for 
different bodies, its magnitude at any place must be" a 
definite quantity. 

This quantity varies slightly in different parts of the 
lilarth. It is least at the Equattir, where it amounts to only 
32*091 F.P.S., or 978-10 C.G.S. units ; and it is greatest 
at the North and South Poles, where it is estimated to be 
.33*255 F.P.S., or 9}^311 C.G.S. units. It also depends on 
the altitude ; it diminishes slightly when we go up a high 
mountain and increases down a deep mine. At London, 
at the sea level, 

7 = 32 191 ft. per sec. per sec. = 98 1 *17 cm. per sec. per sec. 

IN.B. — ^Tlie above nunibers are not to be committed to mcmory.l 

.. For rough purposes it is usual to take 

s 32 feet per second per second (1), 

ff =s 981 centimetres per second per second (2), 

These numbers must be remembered, as they ai’c con- 
stantly required. The more accurate value, g = 3*2*2 ft. 
per sec. per sec., should also bo remembered, although 
it is less often used. 

The vertical at any place may be de/ined as the direc- 
tion in which a body falling freely at that place is accele- 
rated by gravity, or the direction of a plumb-line. 

Observation. — It must be carefully borne in mind 
that g is an acceleration, not a velocity A body falls 
to the gronnd with uniform acceleration but with ever 
increasing velocity, 

48. Motion from rest nnder gravity. — If we neglect 
the^^sistance of the air, a stone or other body di-oppod 
frornja height will fall freely with a uniform acceleration 
7 , or<^2 ft. per sec. per sec. The distance fallen s and 
ac(]ni^ velocity v at the end of t secs, will be given ib 
feet anddfeet per sec. respectively by the formnlse 

t V gt = 32i, s = Igi^ = 16/*, 
obtainetl by patting f =z g in § 36. 
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The diagram given on page 38 serves to illustrate the 
motion. The round dots on the vertical line show the 
relative positions of the body at intervals of one second, 
each of the smaller divisions being supposed to represent 
16 feet. The velocities at each second also are stated on 
the diagram. 

If the line AB be held in a horizontal position, it will 
represent the motion of a body moving from rest in a 
horizontal line with acceleration /, if the smaller divisions 
be taken io represent each j-f units of length. 

49. Distance fallen in the nth second. 

It will be noticed that tlio distances traversed in the 
indivvlual seconds are 1, 3, 5, 7, 9, 11 ... times 16 feet 
respectively ; and we should infer that the distance fallen 
in the nth second is Ig (2m— 1) or 16 (2»— 1) feet. 

This may be shown as in § 39, or as follows : — 

The distance fallen in the nth second is the difference 
of the total distances fallen in n and 7/ — 1 seconds respect- 
ively, and is thei efore 

= Ig . 74** — Ig (n— 1)“ 

= i9 {«>-(«-!)*} = -Ig (2»-l) (3). 

• 

Ohkervations. — I t is better not to remombiT (3), but to o)>tain it 
in one or other of the above methods when required. 

We notice that in each second the stone falls 32 more feet than in 
the precedini' second. This follows from the fact [bat in each secoiAl 
.the velocity increases by 32 feet per second. 

- * 50. If a stone is dropped from a given heigh! h, 

the time taken in falling and the velocity on striking-tho 
ground may easily be got by substituting h for s a&d g 
for /i& formulae s = o® = 2fs, 

which thus become \gt^ = A, v* = 2gh. 

whence t = v— y/2gh; • 

V 9 

[Or, if h be measured in feet, and g = 32, ^ 

t = i^/h seconds, v = 8 \/h ft. per seei^ 
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Motion tuoM Ue.st t:nI)i:ii 

/-=f/ = 32. 

(i RAVITY. 

Time elapsed 

Velocity acquired 

Distance fallen 

ill seconds. 

in feet per second. 

measured in feet. 

/ 

v = txf 

s = y’xt- 

0 

3 2 X 0 --- 0 

1 . x U2 0 

1 

32 X 1 32 

i.32xl-= 16 

2 

32 X 2 ^ 64 

' 

i . 32 X 2= « 64 “ 

3 

32 X 3 == 96 

32x3=^144 




4 

32x4^^128 1 

ft 

1 _J . 32 X 4- - 256 “ 

5 

1 

1 

32x5 160 

t . 32 X 6= -- 400 " 




IJNirouM Acceleuatiok ln a Stkai'jht Link. 


if the^ line AB be placed horizontally, it illustrates the motion of 
a body moving with uniform arc<‘leration in a slrnis'ht line. 

A \ B 

T I 1*' f I t I I f I I i i I T"? n i“ 1 ^T” T"”! “ irf 

H-=V.hJ 2-.^./ 3-.U 4-.i/ B 
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Examples . — (1) To find the depth of a well, when a stono takes 
seconds to micli the bottom. 

Tho distance is given by 

• X =r IG X (-5)i 3G fcc.t, 

which is, therefore, the depth of the well. 

(2) If a brick drops off tho top of a cliimney 100 feet high, S/ 
in what time will it strike the ground, and with what velocity P 

Here wo have to find t and r, and we have given s ^ 100, and we 
know - 32. 

Now t is connected with s and fhy tlie equation # - J/f-, and so 
by substitution we get 100 — IG x ; 

or /-= 2i. 

Siniilarly, v is connected with / and s by tlie formula r- = 2fs ; 

2x32x100; 
r - SxlO =r HI), 

Therefore the brick will strike the ground in 8(*conds, with a 
velocity of 80 feet per second. 


/si. Bodies projected downwards, — If a. body bo 
projected downwards with inirial velocity ?«, w^e merely 
have to write g fm*/ in the formulas of § ,‘>7 to obtain the 
relations between the time #, final veli»ciry v, and distance 


fallen s. We thus have 

v = u-\-gt ( 4 ), 

s = -J- (w + r) f = J;//- f 5), 

— u^^2gs ( 6 ). 


Examples. — (1) To find the velocity of projection, if the body 
descends 2000 feet in 1 0 seconds. 

Let the required velocity bo u feet per second. Putting i ~ lo, 
H ~ 2000, g = 32, in the formula 

wo have 2000 = 10« + 1000 ; 

.*. 10/< = 400, « 40. 

Ilciicii the body must bo projected with a velocity of feet per 
second. 
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(2) A body ia projoct«*d downwards with a vtdocity of 600 centi- 
mctrcR ppr second ; to find (i.) the volooity acquired, and (ii.j the 
time olapscd, when it has fallen 60 centimetres. 


Let the acquired velocity be v centimetres per second. Then, usin^ 
the O.G.S. units, wo have a = 60, u = 500, y » 981; whence the 
formula = «- 2ys 


gives = (500)= + 2 . 981 . 50 250000 + 98100 = 348100; 


V — 590 centimetres per second. 


The increase of velocity during the interval is therefore 90 centi- 
metres per second, and this increase = 98 If, where f « time 
taken in falling ; 


required time f = ~ = = ‘091 secs, (approximately). 


Or, fiom n= + ^0 ?fct 50 = ^(500 4 590) f, whence f is 

easily found. 


52. Bodies projected upwards. — When a body is 
projected with a given upward velocity n, it is usually con- 
venient to take the npicard direction as positive. With this 
convention, « will always represent the height of the body 
above the point of [)rojoction ; v will be positive when tlt>o 
body is rising and negative when the body is falling. Since 
acceleration due to gravity takes place in a downward 
direction, wc innst substitute —y for f in our lormul®, 
which now become 

v = u-fjt (7), 

s = I ( m + v ) / = ( 8 ), 

n* = %*— 2f7.9 (9). 

For the upward motion, u is positive, and v, which is 
equal to at starting, becomes loss and less; for the 
fori&ila v^u—gt slums that v decreases as t increases, 
untiF^ = wh(!n v becomes = 0. At this instSnt the 
bodywmains stationary for an instant and then begins its 
dowiilpj'd course', which (as we shall prove iri. § 56) 
occupn exactly the same time as the ascent. 

Whi^^the body returns to tho point of projection, s 
vanish& j and if the body goes on below the point of 
projectmt^ $ is negative. 
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"" 63. To find the time during which the body rises. V 

Since the body ceases rising, and begins falling, when 
^ V = 0, it follows from the equation v = u — gt, that the 
time of upward motion is given by 0 = u^gf, 

whence f = — ( 10 ). 

9 


" 54. To find the greatest height to which the body 
rises. 


The height is greatest when the body just ceases rising. 
We must therefore put r = 0 in the equation 
V® = 2gs. 

This ^ivcs ns s, or (11)- 

^9 


J This height, i® sonjotiinos spoken of as tho height dw to a 

ocity u. Conversely, if a body falls from a height //, and thus 
acquires a volocity this is said to he tho velocity due to tho 

height //.] 


Examples. — (1) A stone is thrown upwards with a velocity of 
48 feet por second. To find the greatest height, and the time taken 
in reaching it. 

When the stone is at its greatest hoight, its velocity is zero, and 
the time is therefore given by 

0 = 48-(7^ ■= 48-32^; 

^ = -JS = IJsccB. 

The height is given hy 

s » «7LV = 4878* ^ 6* = 30 ; 
greatest hoight = 36 feet. 

(2) To find the greatest height attained hy a body which i«:^^UK>wn 
verticaUy upwards with a velocity of 100 ft. per sec. 

The velocity at any height s is given by 

- «* - 2g8 = 1002- 2 . 3 > . s = 10000-64^. 

But, when the height is greatest, v » 0, and therefore 
10000-64* = 0; 

greatest height * = ® 156 J feet. 
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>5. To find the whole time of fiight. — After reaching 
^ its greatest height the body will begin to fall ; its height 
will then decrease, and when this height becomes zero^ 
the body will have returned to the point of projection. 
Hence the time of flight t is found by putting/ = — gr, and 
5 = 0, in s =^ut + Ift'. 

Wo therefore have = 0 ; 

whencje, discarding the solution t = 0, 


>ve get 


n = Igt, i.e. 



( 12 ). 


56. Observations. — Comparing (10) and (12), see that 
the body rises during half the time of flight. It therefore 
falls duiing the other half; hence the time tahin in rising 
to the highest point is equal to the time taken in returning to 
the point of projection. 

More generally, the time taken by the body in rising 
after passing any given point is equal to the time taken 
in again falling to that point ; for, as w^e are not concerned 
with the motion before first reaching the point, we may 
treat that point as the point of projection. 

From the formula v^==u^ — 2gh, by taking the square 
root, we get 2^A), which shows that the 

velocities of passing and repassing any point at a height h 
above tin? start are arithmetically the same, tliough 
diflering in sign. Hence the whole downward flight is an 
exact reversed copy of the upward flight. 

'^.Example, — A ball is thrown up, and caught again in (i seconds. 
To find the velocity of projection, and the greatest height. 

Let u he the required velocity. Putting « = 0, ^ == G, ^ — 32 m 
s-nt—yt\ 

we have '• 0 = Gw— 16-6*; 

whence * w — IG x 6 = 9G feet per second, 

and greatest height — I*- — =144 feet. 

2y 2 X J2 
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57. To find the time taken to reach a given height. 

First Method, — We may use the equation (8), viz., 

where s the given height, n the initial velocity, and g ilio 
intciiisity of gravity, are supposed known. Wo want to 
find the time t ; accordingly we must regard the equation 
as a quadratic in which t is the unknown quantity, and 
solve it to find t. 

Now a quadratic equation lias in gcMieral two solutions, 
and those determine tlie two instants at which the body 
is at the given height, when it is rising and falling 
respectively. 

Second Method. — Instead of finding the time at once, 
we may find tlic velocity v from f9) 

and no may then find the time from (7) 

V = n-‘gt or / = (n— v ) -f- g. 

Examples. — (1) If the vclofity of projiiction is 80 feet per second, 
the time of flight is given by the equation 

0 = if = ut-\gfi ^ S0<- i- . 32 . t^. 
llcjcctiLg the factor ^ = 0, this gives 

t 5 secs. 

'v(2) A body is projected upwards with a velocity of 96 feet 
per second ; to find when it will bo 80 feet above the point of 
projection . 

We shall employ tho above second method ; accordingly we have 
to find the velocity v from the equation 

2gs ^ 902-2 . 32 . «. 

At height 80 feet, 

= 962-64 X 80 = 962-82 x 4= x 5 - 322 ^ (9-5) -= 32= x 4 ; 

.’. V 64, or —64, 
according as tho body is rising or falling. 

Hence the corresponding times t arc given by , 

I =r. — p I SOCOlld (X-isillg), 

o. ^ 1 96 + « ^ ^ 5 

g g S2 \ a. 
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58. Belative motion of two falling bodies. — Since 
the acceleration of {rravity is the same for all bodies, the 
relative acceleration of two hodieft inider gravity (being the 
difference of their actual accelerafionK) is zero. 

Therefore their relative veloritij is constant. 

This principle is of great use in finding when and 
whei-e two bodies projecteil in the same vertical lino will 
meet. 

Example. — A stone is dropptsd from the top of a tower 100 feet 
and at the same instant anotlirr stone is projected from the foot 
with a velocity of 80 feet per second ; lind when and where they 
moot. 

Initially the velocities of the two stones are 0 and 80 ; hence the 
lower one approaches the upper with r(‘l:itivo velodiy 80 feet per 
second. And, sirico both have the same acceleration (viz., that due 
to ^^\ity), this relative velocity remains constant. 

But their original distance apart is 100 feet. Hence will be 
together in seconds ; that is, in 1 J seconds. 

In this time the upper stone will have falh'ii through a distance 
« ^ . 32 . (5)3 « 25 feet. 

Hence the stones meet 25 feet below the top, and 75 foot above the 
bottom of the tower. 

' 59. Bodies dropped from a moving balloon. — If 

bodies be let fall from the car of a balloon in motion, they 
do not start from actual rest but from rcitt relative to the 
balloon. They therefore have initlalln the same velocity as the 
balloon. The same is true when bodies are di*opped from 
a lift or cage which is g«»ing up or down a mine. 

Exmnph — A stone is dro])prd from a balloon at a height of 400 feet 
above the grouml, and it roaches the ground in 6 seconds. To find 
the velocity with which the balloon was rising. 

Lot the upward velocity of the l»alloor. be « feet per second. Then 
the stone starts with an upward velocity and in G s^^conds it is at a 
distance 400 feet below the point of projection. Therefore from 
s = + 

-400 32.63; 

6w = 676-400 « 176; 

Mb 29|- feet per second. 

Note that the jininuB sign is given to g and < in this problrni because they uxv 
measured downteOrdSt and the pi.fitive sign to u becaum; it is upward velocity. If 
Uie answer had come out nef^tivo, it would have indicated a downward fnllial 
velocity of the balloon. 
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59a. Slope and Gradient. — A curYod graph slopes more 
and less steeply at different points. Thus in Fig. 4, p. 315, 
the curve slopes more steeply at A than at B, while at C 
*there is no slope. A straight line, however, slopes equally 
at all points (see the straight graphs in Fig. 4a). The 
slope of a straight-line graph could be measured by the 
angle which it makes with the axis OX or with any line 
parallel to 0/. It is often more convenient to measure 
slope by means of the gradient. 

TMie gradients of a railway line are usually painted on 
little posts at intervals along the side of the line for the 
information of the engine-drivers. If a driver reads that 
he IS travelling up a gradient of 1 in 73, he knows that his 
engine is rising I foot for every 73 feet that it travels. 
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P to travel aloug the line from A to i?. As it travels its 
ordinate and abscissa both increase in magnitude, and it 
is easy to see from the hgure that whenever the abscissa 
increases by one inch the ordinate increases by *4 inch. * * 

For example, as P tiuvels from H to K its abscissa 
increases by FQ or HL which is 1 inch, and its ordinate 
increases by LK which is *4 inch. 

It is also evident that if the line sloped more steeply 
the ordinate would increiise more rapidly; and if less 
sttjoply, less rapidly. Hence we see that the rate of in- 
crease of the ordimte serves to indicate the slope of the line. 

Consider next the line TV (Fig. 4a). If a point travels 
along this line from left to riglit, whenever the absenssa 
increases by one iiudi the ordinate decreases by '6" — e.g. 
in passing from R to S. 

In mathematical language ineniases and decreases are 
both described as increments, an inci*ease l^ing a positive 
increment, and a decrease a negative increment. 

JlBiaNiTioN. — 'Uhe gradient of a straight line is the 
ratio of the increment of the ordiimte to the increment of the 
abscissa, the increment being found by comparing any two 
points. 

The gradient is positive when the lm§ slopes upward to 
tlie right, and negative when it slopes downward to the 
right. The gradient may be calculated from an}' two 
positions on the line. 

The gradient of a straight lino is the same at all points, 
since all parts of the line point in the same d irection. 

The gradient at any point of a curved graph is equal to 
the gradient of the tangent at that point. We shall assume 
this without further discussion; but at any rate it is 
obvious that the portion of the curve near the point of 
contact roughly coincides with the tangent. 

Calculate the gradient of tho line AB in Fig. 4rt 

If in this figure a point truvelo from ^ to 

ircreraent of ordinate = 1*95" — *75" = 1-2", 
increment of absciasa = 3" - 0" = 3". 

Thus gradient = increment of ordinate per unit incremeti of 
ahscisBE = 1*2 -r 3 = *4. 
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596. Applications of Chradients. — (a) Tke Time- 
Distance Graph. Suppose that Pig 46 is a graph repre- 
sentiug the motion ot‘ a body: and that abscissae \e.g. 
9Hf OK) represent times and ordinates {e.g. HP, KQ) 



Fig. Ah. 

represent distances travelled during these times. This is 
called a time-distance graph. (It is not necessarily straight); 
Then comparing the coordinates of P and Q\ — 
increment of abscissa OK — OH = PL 
increment of ordinate = QK — PH = LQ, 

■ hence gradient = = velocity. 

PL time 

Thus if the time-distance graph be corrently drawn the 
velocity can be determined from the gradient. 

(6) The Time-Velocity Graph . — Again suppose that the 
absciss^ as before represent times but the ordinates 
represent velocities. Then as before — 

- . increment of abscissa = PL 

increment of ordinate =^LQ, 

hence gradient = ^ vdocity _ acceleration. 

PL time 


EL. MEGH. 
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Thus if the thiie- velocity graph be correctly drawn the 
iicceleration can be determine from the gradient. 

Example. —The following table gives the distances (incasurod froin 
the starting point) through which a stone has fallen at the end of 
the given times. 

Time from the start in seconds 101112! i 4 | 5 


Distance from the start in feet | 0 | 10 | 64 | 144 | 266 | 400 
Determine from a graph the velocity at the end of oacli second. 


■■■■■■■■■■I 








BBSBBI 


Time in seconds. 

Fig, 4c. 


The accompanying diagram shows the graph. 

To determine the velocity at the end of the third s«?cond 
draw the tangent at Pt viz. QPR. Then the velocity at 
this instant is the same as the uniform velocity revresented 
by the straight graph QR, 

This straight graph indicates a distance represented by 
KR, travelled in a time represented by QK. 
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In the graph QR : — 

increment of ordinate ^ KR, 
increment of abscissa = QK, 


velocity = gradient = ; 


in creme nt of ordinate _ 
increment of abscissa 

= = 96 (ft. per sec). 

aO 


QK 


In the same way by drawing tangents at the points 
H, K, Ly My we should find that the velocities at the end 
of the Ist, 2nd, 4th, and 5th seconds are respectively 32, 
64, 128, 160 ft./sec. In practice only appr<*5cimato\y 
accurate results can be expected. 

Note. — This process could be continued as follows : — 
We have ob^adned a set of velocities corresponding to a 
set of times and could therefore draw a time-velocity graph. 

The gradients of this graph would, as shown above, give 
the accelerations at the corresponding times. 


EXAMPLES IV. 

In tho following examplos, the value of g is taken to be 32 feet 
per second per second, unless the more acenrato value, 32*2 feet, is 
expressly mention(Hi. 

1. Find the distances traversed in feet, and the velocities actiuircd 
in feet per second, hy a body falling from rest for (i.) 5 secouds, 
(ii.) 1 minute, (iii.) half an hour, (iv.) second. 

Obtain the corresponding results in centiiucti'cs andcentiiiietros 
per s^ond, taking g — 9S0. 

2. Find tho velocities acquired and the times taken in falling 

freely tkiough (i.) 400 feet, (ii.) 300 yards, (iii.) 3 inches, (iv.) 1000 
centimetres. ’ 

3. Find what space is described in tho 2nd, Gth, and 7th seconds 
respectively by a body hilling freely under the action of gravity. 
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4. A stone, after falling for 2 scooiids, strikes a pane of glass, in 
breaking through which it loses ^ of its velocity. How far will it 
fall in the next second P 

A stone dropped over a cliff strikes the ground in S seconds. 
How high is the cliff, and where was the stone when half the time 
had elapsed P 

G. A stone dropped into a well roaches ihe water with a velocity of 
80 feet per second, and the sound of its striking the water is heard 
seconds after it is let fall. Find the depth of the well and the 
velocity of sound in air. 

'sjl, A hcUvy particle is dropped from a given point, and, after it has 
fallen for seconds, another particle is dropped from the same point. 
What is the distance between them when the first has been moving 
for 4 seconds P ,_i^‘ 

8. A particle, falling freely, passes through 266 foot in ihe last 
second of its motion. Find the height from which it fell. 

9. A body is> thrown upwards with a velocity of 1 1 2^feet per second. 
Determine its velocity at the end of 3 BecondB.\ When will it again 
have a velocity equal to its initial velocity P 

10. A cricket ball thrown up is caught by the thrower in 7 seconds. 
Draw to scale a figure showing its position at the end of every second 
from its start. 

v/ 11. With what velocity must a ball be thrown vertically upwards 
in order to return to the hand after 4 seconds P 


12. An arrow is shot vertically upwards with a velocity of- 104 feet 
per second when it leaves the bow. How long will it be before it 
reaches the ground again P 

13. Find the downward velocity which must he given to a lody 
that it may describe 450 feet in 5 seconds. 

4. A body is dropped from a certain height h at the same instant 
as another is thrown upwards. What.imtial velocity must the latter 
have that it may meet the former half way P 
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* 16 . A ball thrown up iy caught by the thrower 7 seconds afterwards. 
How high did it go, and with what speed was it thrown ? How far 
below its highest point was it 4 seconds after its start ? 

A stone thrown vertically upwards is observed to pass through 
a point P, and, after an interval of 2 seconds, to pass downwards 
through the same point. Find the velocity of the stone at P. 

j/l7. A ball is thrown vertically upwards with a velocity of 128 feet 
per second. How long will it take to return to the hand ? 

18. What velocity must be given to a body projected vertically 
upwards that it may rise to a height of 900 feet P 

19. A body, projected downwards with a velocity of 40 feet per 

second, describes 216 feet in a certain second. What space did it 
describe in tV previous second ? v 

20. A stone is thrown vertically upward with a velocity of 160 feet 
per second. How high will it rise, and how long will it l>o before it 
returns to your hand : 

» 21 . If you let another stone drop down a well at the instant the Qrst 

is within 20 feet of your hand on its return journey, at what distance 
below your hand will the two stones meet ? [See Ex. 20.] 

% 

22. A body is projected upwards with a velocity due to a height 
from a point at a huiglit A. Find when it will strike the ground. 

V" *-3. A stone is thrown vertically upwards with such a velocity as 
will just iiiise it to the top of a tower 100 feet high. Two seconds 
afterwards another stone is thrown up from the same place with the 
same velocity. Determine when and where the stones will meet. 

1 / 24 . A body is projected vertically upwards with a velocity of 
80 feet ppj^second. How long will it hike to reach the top of a tower 
64 feet high ? 

*25. Two stones are drO])pcd from different heights,^ and reach the 
ground at the same time, the first from a height of 12 Y' feet, dnd 
the second from a height of 100 feet. Find the interval between the 
instants at which they wore dropped. 
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'2G. A stone is let fall from a certain point, and, after it has fallen 
for a soc(jnd, another stone is let fall from a point 144*feet below that 
point. In how many seconds will the first stone overtake tlie second ? 
J ^ 

\*Tl. A body is projected upwards with a velocity of 120 feet per 
second. Find its velocity when it has reached a height of 25 feet. 

y^28. From a balloon which is ascending with a v^doiity of 32 feet 
per second, a ball is let fall, and rcjiches the ground in 17 seconds. 
How high was tlie balloon when the ball was dropped ? 

29. A balloon has b(ion ascending vertically at a uniform rate for 
4 J seconds, and a stone lot fall from it roaches the ground in 7 seconds. 
Find lltic velocity of the balloon and the height from which the stone 
is let fall. 

V^o. There arc two cages, one of which is in thu act of dropping 
freely under gravity down a pit, while the other is' made to descend 
with uniform velocity. A man in caesh cage during the descent 
lets go a stone which he hsis been holding in hia hand. What will he 
the motion of the stone in each case ? 

31. Determine by accurate drawing and measuTement thf> gradient 
of any line which slopes to the axis of x at an angle (i.) 24*^ , (ii.) 50° ; 
;iii.) - 12°; (iv.) - 32°. 

;>2. Construct lines whose gradients aro accurately (i.) *2 ; (ii.) 1*3 ; 
(iii.) — 2 ; (iv.) - *85. Tn each case meaRiire the inclination of the 
lino to OX, 

33. The distances of a train iroiu London at corlaiTi times are given 
in the following table ; — 

Time : p.m. 3.0 [ 3.20 3.36 3.55 4.26 

Distance in miles 75 ‘ 87 96 1U8 126 

Show graphically that tliis is consistent with an uniform velocity 
and determine the velocity from the graph. 

34. The leading boat in a race is at the following distances w'tst of 
a bridge at the times stated : — 

T ime: p.m. _ ^ 2^ 2 14 2.24 [ 2.28 

Bistance in yards 86 130 163 218 i 240 
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Show by xneftnB of a giaph that this is consistent ^vith uniform 
velocity, and find this velocity from the graph. 

*15. A stone thrown up into the air is at the following heights at 
the times stated : — 

After 1 sec. I 2 sec. 3 sec. Jjec. 5 sec. 

The height is (>4 ft. I 96 ft. 96 ft. C4 ft. 

Draw the time-distance graph and determine the velocities at the 
end of 2 seconds and 3*r) seconds. 

36. A train starting from rest at a station travels the following 
distances in successive minutes : — 100 yd., 300 yd., oOO yd., 700 yd., 
900 yd. Draw the time-distance graph, and determine the velocity 
after 2 minutes and after 4 minutes. 

37. A stone is thrown straight down from a high cliff with an 
Initial velocity ..'45 ft. /sec. The vclooities at certain times are 
given in the following table : — 

IMme elapsed in seconds = 0, 3, 4, 6, 7. 

Velocity in feet per second = 45, Ul, 173, 237, 269. 

Draw the velocity graph and interpret the gradient. 

A train travelling at 22 miles an hour comes to the top of an 
incline. Subsequent velocities are as follows 

Time elapsed iif minutes = 0, 2*5, 3*75, 5*f), 8, 

Velocity in miles per hour == 22, 32, 37, 44 , f)4. 

Draw the velocity graph and from it determine the accelorntion. 

• 

• 39. Take a point P on OX 4" from Q, With P as centre and PO as 
radius doscribe a quadrant of a circle above OX. If this is a velocity 
graph on which 1" of abscissa represents 10 seconds and 1" of 
ordinate represents a velocity of 40 ft./scc., determine the acceleration 
ol the moving body after 15 and 35 seconds. 

10. A body starts moving from rest and its velocities after 0, 3, 5, 
8,. 10 seconds are respectively 0, 21, 25, 16, 0 ft. /sec. Find its 
accelerations after 2, 6, and 9 seconds respoctively. 
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EXAMINATION PAPER II. 

1. How would you find out whether a “body was moying with a 
uniform acceleration or not ? 

2. Investigate the formula « =» and deduce a corresponding 
expression in the case where the particle has an initial velocity u. 

Find the acceleration necessary to make a body move from rest 
through 10 feet in 6 seconds. 

4. A body begins to move with a velocity of 10 feet per second, 
' and the velocity incrc'uses uniformly at the rate of 2 feet per second 

in each second. Find the space described in 5 s^c^'.^ds, and the 
velocity of the body when it has moved through 200 feet. 

5. Explain a convenhjnt method of representing geometrically the 
velocity of a body moving according to a fixed law, and the distance 
passed over by it. 

C. If the velocity of a body increase from 12 to 13 feet per second 
while it moves over a distance of 5 feet, what is the acceleration ? 
Indicate the course of reasoning upon which your calculation is based. 

7. What is morint by the statement <; = 32 P What units are 
employed in this equality r 

8. A body ih projected vertkally upwards. Show that its velocity 
at any point of its path is the samo (save for the jiyw) in descending 
as in ascending. 

9. A body is projected vertically upwards with a velocity of 
112 feet per second. How liigh will it ascend, and what ;.ill be its 
velocity after 6 seconds ? 

y 10. Aifitonc is dropped over the edge of a c.liff, and half a s^^cond 
/'gftorwarils another stone is thrown down with a velocity of 18 feet 
Aer aevoA-, When will the second stone overtake the first, and what 
^ will bo tjk distaiico between them at the end of 5 seconds after the 
first Btoz» was dropped P 



PART 11. 

MASS AND FORCE. 


CHAPTER V. 


NEWTON’S FIRST liA.W 

60. Kinetics. — Hitherto we have considered motion in 
the abstract from a kinematical point of view. We shall 
now consider motion generally with rcfennice to (1) what 
moves, and (2) what causes it to niovt^. That is, we 
shall liave regai*d to the mass of the moving body, and to 
the force which causes or modilies its motion. This 
portion of the subject is called kiaetieSf in ccntradistinction 
to kinematics. 

61. Kewton’s Three Laws of Motion. — As has 

been mentioned in*tlio IntTOdnction, Newton’s Axioms or 
L:iws of Motion are accepted as the foundation on wliich 
the relations between matter, motion, and force are built 
up. They are nsnally translated somewhat as follows : — 

• First Law. — That every body perseveres in its 
state of rest or of uniform motion in a right line, 
except in so far as it is compelled by forces to 
change its state. 

Second Law.— That change of motion is proportional 
to the impressed motive force, and takes place along 
the right line in which that force is impressed,^ 

Tmup Law. — That reaction is always opposite and 
equal to action, or that the actions of two j^odies 
on each other are always equal, and tend inj oppo- 
site directions. 

We now proceed to examine Newton’s Laws in df^tail. 
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62. The First Law furnishes us with the following ,, 

'/Definition. — Force is that which ttmds to change the 
state of rest or uniform motion of a material body. (§ 2.)* 

Force may manifest itself to onr senses in various ways. * 
If wo push or pull a body, wo exei-t a force on it ; and if 
the body is acted on by no other force, wo shall set it in 
motion. Again, if wo lift a heavy body oif the ground, 
wo shall have the body exerting a force on our hand, 
owing to its weight ; and when we let the body go, this 
weight causes it to begin falling, A magnet placed near a 
a bar of iron exerts a force of attraction Oii the iron. \ 
All these foret's are capable, under suitable circumstances, 
of setting in motion, or changing the motion of, the bodies 
on which they act. 

G3. Evidence in favour of Newton’s First Law. — The fact 
that a body at rest would, if loft to ilHolf, remain at rout, will probably 
bo regarded as an obvious truism. It is not, however, so obvit)ua 
that a body, if loft to itself, would continuo to move for over with 
uniform volocjity in a straight lino ; for cominoii oxporiemeo affords us 
no oxaniplos of bodioa irioviug in this manner. The imson la tliat it 
ijf practically impossililo to isolate a body from the actum of force, 

C A stouo, if projected along a short of smooth ico, will continue to 
kid along for a considerable di.««taiico, and will inovo in a straight 
Imo, and the smoother tlie ico the longer will' it travel. If the icc 
wen^ perfoetly smooth, and there, were no air to resist the motion, the 
stDne would always continuo to travel with uniform velocity. Hut 
i|o ice is perfectly smooth, for even with the smoothest ii;e there is a 
small amount of friction. This, together with the resistance of th«> 
air, produces u small force on the stone, which gradually stops it; 
changing its stale from a state of motion to a state of rest. When 
the stone has come to rest, the.se resisting forces cease to exist,* and 
hence the stone remains at lest. 

If a man stand upright in a railway carriage, then, so long as the 
motion of the train is uniform and in a straight line, he will not feel 
that he is huinQ pushed forward in any way. Tint if the trai?. suddenly 
stops, the man will fall forwards owing to his tendency to go on 
moving. 

64. .Inertia and Mass. — Newton's First Law is some* 
times j^allcd the law of inertia. It states that material 
bodici^are unable o!: their own accord to change their 
state ^ rest or motion. 
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Wo know that some bodies are much easier set in motion, 
or stopped w’hen moving, than others. The efforts re- 
quired to produce the same change of velocity in different 
ladies arc proportional to the maaaes of the bodies. 

Mass has been defined in § 5 as “ quantity of matter.” 

♦The property in virtue of which more or less effort is 
required to change the velocity of a body is sometimes 
called inertia^ so tliat mass may be said to be a measure 

inertia. 

* jB5. BComentum. — DiCFiNrriON. — The momentum of a 

»body is a quantity measured by the product of it.t mass 
and its veloc/ify.* 

The momentum of a system of bodies is the sum of the 
momenta of its different paxts. If the mass be doubled, 
the momentum, with the same velocity, will bo doubled, 
and with double that velocity it will bo quadrupled. 

If m denotes the mass, and i? the velocity of the body, 
the momentum =5 mv ( 1 ). 

The unit of momentum the momentum of a unit 
mass moving with unit velocity. 

In the foot-pound-second system, the unit of velocity is 
a velocity of one f(wt per second. Hence the F. P.S. unit 
of raoiiientum is the momentum of a jiound of any sub- 
stance moving at tlio rate of one foot per second. This 
may be written 1 lb. ft./.'^ec. 

* Exam^de. — Th'j momentum of a 500>pouii(l oMniion-hall, when 
fired with a velocity of \ ,000 feet per aocond, is 

«^00x 1,000 ~ 600,000 foot-pound -second units. 

The C.Ct.S. unit of momentum is the inonientum of 
a mass jf one gi'amme moving with a velocity of one 
centimetre per second, written 1 gm. cm. /see. 

Example.- -li a cannon-ball of 10,000 grammes is discliarged^ with' 
a velocity ol 50,000 centimetres per second, its momcntifm 
= 10,000 X 50,000 « 500,000,000 O.G.S. units. 


From the Latiu mvnvinUniHf signifying motion. 



CHAPTER VI. 


NEWTON’S SECOND LAW. 

/ 66. Newton’’s Jjaws as given in § 61 are fairly close 
translations of bis original Latin statements of them. 
Now, although Newton was marvellously in advance of 
his time, it is not surprising that these original statements 
do not fully confoiMn to our modern nomenclature. This 
is at all events the case for the Second Law, which does 
not explicitly mention the mass of the body acted on, or 
the lime of the force’s action. 

From elementary consideration a, it is easy to see that, 
if wo double the mass of the body acted on, wo must also 
double the acting force, in order to produce the same 
velocity in th<i same time. And, again, if a force acts 
upon a body for two seconds, it is natural to suppose that 
the velocity produced will be twice as great as when the 
force acts for one second. TJiis seems an obvious inference 
from the equation t’=//,,but its proof depends upon 
observation (as does that of 'all the laws), and it is amply 
verified by ex{)crinieuts of all sorts. 

Hencts we mast suppose the “quantity of motion” to bo 
the momentum, defuud as in § 65, and we may conveni- 
ently settle the time difficulty by introducing (us on several 
previous occasions) the notion of rote, 

elf. The Second Law, accordiugly, in itsL^ainended 
form^ will be as follows : — 

'i,/ The rate of change of momentum is proportional 
to tha applied force, and the change of momentum 
takesJblace in the direction of the straight line in 
whicl&he force acts. 

Thijl^tlie form most strongly reconinnuided for learning. 
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\_Amihtr plan^ often adopted, is to interpret the Voids impressed 
motive force ” as signifying tho product of the force into its time of 
a^ition. This is now sailed tho impulse of the force. The Law will 
then read as follows : — 

Change of momentum ie proportional to the impulse of the force, and 
takes place in the direction in which the force acts.'] 

Newton’s First Law gave us a definition of force ; his Second Law 
tells us how different forces are to be compared and mtaisured. Wo 
are not concerned in this (‘hapter with the cases in which the force is 
inclined to the direction of motion. 


Examples. — (1) If a cricket hall is thrown with a velocity of 50 feet 
per second, tho impressed foico used in throwing it is twice us great 
as if the same ball were thrown with a velocity of 25 feet per second, 
for tho inipresscd forces are projiortional to the momenta produced, 
and are therefore in the ratio 2:1. 

(2) If two railway trains, of mtisses 120 and 90 tons, are started 
together, and one of them acquires a speed of tJO miles an hour in the 
same time as the other acquires a speed of 40 miles an hour, the 
forces exerted by tho engines of the two trains, being, by Newton’s 
Second Law, proportional to tho muinenta, are in tho ratio of 

w/jCi : or 120x60 : 90x40, or 7200 : 3600, or 2 ; 1, 

(3) If the unit of* force is that force which, when acting on 
1 lb. for 1 second, imparts to it a velocity of 32 foot per second, to 
find the measure of the forco required to impart a velocity of CO miles 
an hour to a railway train of 100 tons in 2 minutes. 

Lot Phe tho measure of the required forco, and take 1 foot. 1 lb., 
1 second as units of length, time, and mass. 

The velocity acquiM by the train in 2 minutes =* 88 feet per 
second, and the mass of the train » 224,000 lbs. 

Therefore the momentum imparted by P in 2 minutes 
- 88x224,000 F.P.S. units. 

Now a force 1, acting for 1 second, produces 32 such units of 
momentunf! 

Therefore a force P, acting for 1 second, produces 32P units of 
momentum; and a force P, acting for 120 seconds (or 2 mjautes), 
produces* 32 x 120P units of momentum. 

This must bo equal to the momentum just found ; 

.*. 32 xl20P = 88x224,000; 

-P = = 5133J uniU of foroft 

32x120 ’ 
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From the Second Law we derive our metliod of measur- 
ing force, as will now be shown. 


in^ 


68. Standard kinetic eq,nation. 

f Let w be the mass of a body, and / the acceleration 
Induced in it by the action of a force whose measure is 
P. Then, by the assumed fundamental law of motion 
(§ 67), 

P is proportional to rate of change of momentum, 
to rate of change of ?)iu, 

Z.C., to m X rate of change of v,* 
i.e., to wf 

(by definition of acceleration). 

Hence, wo may put P = kmf, where 7c is some constant. 
Now let the unit of force be so chosen that it may pro- 
duce in unit mass a unit of acceleration. That is, let P 
be 1, when m is 1 and / is 1. Our equation shows us that 
& will also bo 1. Hence, tvith thin convciiiiony we may put 

P = (1). 

This is fJie fundamental Jcinetic equation, j 


69. The Fonndal. — With a pouqd as the unit of 
mass, an acceleration of I ft. per see. per sec. (sometimes 
written 1ft. /sec.®, or If.s.s.) is the unit of acceleration, 
j Hence the unit of force that must be adopted (if we are 
to use equation (1) with the F.P.S. units) is the force 
which, acting on one pound of maitq|, produces in it aii 
acceleration of one foot per second per second. Tin's unit 
force is celled a poundal, and is constant all over the 
world. 


In using the equation P » we must carefully Tcraeiq})er that, In 
general, P gives the measure of the force in poundals, m gives the 
measui^ of the mass in pounds, and /the measure of the acceleration 
in f.s.s. 


• For let^ change in value from 17 to F, Then mv chaugt^s from mil to mV. 

But '-S. wF- mU = U ) ; 

change of ?fti? = 7nx change of v ; 

aiid, coiisidedng the changes to be thoHC which take phace per unit time, we se's 
that the aa^ relatioti counecta tlie mtts t if change of v and mv. 
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Tho equation is sometimes expressed in ttie form : 

P 


/ = 


m 


or 


, . moving force r-s 

acceleralion = ® ... (5S)- 

mass moved 


This form will often be useful hereafter, expressing as it does the 
fact that the accelenition varies directly us the force and inversely as 
the mass moved. 


70. Connection between the ponndal and the 
weight of a pound. — We know that, when a bodj falls 
freely, it moves with an acceleration f/ (= 32-2 units) ; 
also the force which causes this acceleration is what we 
call the weight of the body. Now a force 1, acting on a 
mass 1, produces an acceleration 1. l^'horefore, hy 
Second Law, 

a force g, acting on a mass 1, produces an acceleration g. 

But the weight of a pound, acting on the pound, pro- 
duces this acceleration. 

Therefore tho weight of a pound is a force or contains 
g units of force. 

Dividing by g, we see that 

the unit of force = wt. of — lb., or = lb. wt, 

• .</ U 

Thus the poundal — - lb. wt. = — oz. wt., nearly (3). 
ff ^ 


*71 e.G.S. — Dyne. — When a centimetre, 

"gramme, and secona are ilie units of length, mass, and 
time, the coiTesponding unit of force is called a dyne. 
When equation (1) is used in this system, the force will 
be expressed in dynes, When the mass and acceleration 
are in C.Gf^.S. units. 


Also one dyne = — grn. weight = gm. wt .; (4). 

g J>81 


The dyne is a very 8n>.all force indeed, beii^ only 
oi the weight of a pound. For this reas^ foi*oes 
are often measured in megadynes, the megad^pe being 
one million dynes. 
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72. Hence we ba^e the following 
1 Definition's. — The dynamical or absolute unit of 
{force is that force tvhichj when applied to a unit of mass for 
jrt unit of time, imparts to it a unit velocity, 

{ The ponndal is that force %vhich^ when applied to a pound 
of matter for one second^ imparts to it a velocity of one foot 
per second. 

' The dyne is that force which, when applied to a mass of 
one gramme during one second, imparts to it a velocity of 
one centimetre per second. 

In distiiiction to tlic above methods of measurement, the Sfafical 
Ormitaiion measure of a force is the weiv>‘ht that it will support; and 
the Statical Unit of Force (as nearly always used in Statics) is the 
weight of one pound or one gramme, or, indeed, any other weight 
that may bo convenient. (§ 8'J.) 

Example . — To express the pmndal in dynes. 

By the Chain -rulo of Arithmetic : 

Let r dynes « 1 poundal, 

32 '2 poundals ~ 1 pound (weight), 

2*205 pounds = 1 kilogramme, 

1 kilogramme 1000 grammes, 

1 gramme = 981 dynes ; 
r ~ 1080x981 ^ 981000 
■32*2x"2‘205 7i*Ooi 

= 13800, nearly. 

1 ponndal = 13800 ^’nos. 

Or thus : ^ 

A poundal acting on a pound for one second imparts a velocity of 
1 fi»ot per second. 

But a pound = 453 *7 grammes, 

and a foot = 30*48 centimetres ; 

thorefciim- a poundal acting on 453*7 grammes for 1 second imparts a 
velocity^ 30*48 rentimetres per second. 

Thcrefi^ momentum imparted hy a poundal in I second 
^ = 453*7 X 30*18 = 13780 C.G.S. units. 

But a dyiiojjmparts 1 C.G.S. unit of momentum in 1 second; 
a poundal = 13780 dynes, roughly. 
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73. Later on, wo shall see that 7r =:= Mg is a special caso of the 
relation F =■ mf^ where W signifies the weight of a hody of mass M, 
Applying this to the case of one pound of matter, we see that its 
wi^ight is g times its mass. Now tho mass, or quantity of matter in 
the body is constant, but the value of g varies with tho locality (§ 47.) 
Hence, the weight also varies with the locality ; that is, the weight 
of a pound of matter attached to a spring balance would giro different 
indi(»itioii8 on the balance at different parts oi tho world (§ 93). 

^ 74. Other forms of the hiuetic equation. 

Multiply both sides of the equation P = w/ by f. 

Thus Tt == w/f. 

If the body was originally at rest, ft = v, and we have 

= mv (5). 

If it originally had a velocity w, ft^v- and we have 

/># = ih(v — w) (6). 

In each ease, force x time = momentum 2)roducedy 
or impulse of force = change of momentum, 

ITiesc formula? are very useful for working examples. 

We SCO that impulse ~ motive effect of a force. 


Exampiles. — (1) A force of 3 poundals acts on u mass of 4 ounces. 
What is the acceleration produccfl ? 

. In equation (1), substituting P= 3 poundals, 
m 4 oz = -J lb., 

we have 3 = i/; 

/ — 12 ft. per 80 C. per see. 

(2) How far can a force of 10 dynes move a kilogramme from rest 
in a minute? 

Let/bji live acceleration. Then the equation P = w/ 1000/ 
gives/ sa *01 cm. per sec. per spc. 

And distance traversed from rest in one minute 

» i/.«' - i.( 01 )x 60 » 

ss 18 centimetres. 


EL. AIECIT. 


5 
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(3) If a force of 16 poundala act upon a mass of 13 pounds, what 
velocity wiU it generate in 8 seconds ? 

16 X 8 -a 13 X 
or V = f.s. 

(4) What force, acting for 6 seconds on a mass of 12 lbs., will 
change its velocity from 200 to 320 feet per second P 

P<=w(t»— m), V 

Px6 = 12(320-200), 
or V = 240 poundals 
= 7» lbs. weight. 

76. Equal forces and equal masses.— The above law afTords 
the following definitions : — 

Equal forces are those which impart to the same mass equal velocities 
in equal intervals of time. 

Elqual masses are those in which equal forces those of action 
and reaction) produce equal vrlocitics in equal intervals of time. 

" Thus, two projectiles would have equal masses^ if they reached a 
vertical wall in the same time, when shot successively from the same 
fixed croBB-lx)w. And two cross-bows would produce equal forces if 
they could project equal masses (or the same mass) equally fast after 
the same time of action. 

Notk. — Velocity is rate of change o{ position. 

Acceleration is rate of change of velocity. 

Force is measured hy rate of change of momentum^ 
x.e,, hj mass x acceleration. 
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EXAMPLES V., VI. 

1. What is the momentum, acquired hy 

(i.) a mass of 10 oz. after falling for 1 second ; 

(ii.) a mass of 1 cwt. after filing for ^ minute ; 

(iii.) a mass of 1 lb. after hilling for 15 minutes ; 

(iv.) a mass of 1 kilogramme after falling for second ? 

2. What is the momentum acquired by 

(i.) a mass of 1 lb. after falling through 160 feet ; 

(ii.) a mass of ^ oz. after falling through 4800 yards ; 

(iii.) t*! mass of I ton after falling through 3 inches ; 

(iv.) a mass of 1 milligramme after fulling through 10 metros ? 

3. A body, whose mass is 1 lb., moves from rest w'ithan acceleration 
of 10 feet per second per second. Find the momentum acquired in 
6 seconds. 

4. A body, whoso mass is 1 ton, moves from rest with an accelera- 
tion of C inchiJS per scr*ond per second. Find the momentum acquired 
hy tho body in moving through J) feet. 

5. What force acting for 5 seconds will produce a velocity of 
120 feet per second in a mass of 6 lbs. ? 

J 

V^6. How long will he required for a force of 100 poundals to give to 
a mass of 34 lbs. a velocity of 20 miles an hour ? 

I 

7. A mass of 00 lbs. has its velocity increased from 30 to 40 feet 
per second while it passes over 20 yards. Find the force acting 
upon it. 

8. If, while a mass of 10 oz. passes over 10 feet, its veloeity 
increases from 5 feet per second to 15 feet per second, find the moving 
force. * 

9. A constant force, acting on a mass of IG lbs. iqy '5 seconds, 
produces H velocity of 20 feot per second. Find the forc&r*’ 

^ 10. A force of 32 poundals acts on a mass of 16 lbs. Find the time 
taken to describe 100 feet from rest, and the space described in the 
6th second of motion. 
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11. A mass m w acted on by a force P, and a masB » by a force Q. 
Compare the accelerations produced. 

s/u. Find the force (supposed constant) producing tbe acceleration 
of a mass of 10 lbs., which moves from rest through 120 feet in 
5 seconds. 

^^13. What force must be applied for one-tenth of a second to a 
mass of 10 tons in order to produce in it a velocity of 3840 feet pei 
minute. What would be the momentum of the mass so moving ? 

[N.B. — A numerical answer is meaningless unless the unit 
intended is also stated.] 

14. A body resting on a smooth horizontal table is acted on by a 
horizontal force of 8 ponndals, and moves on the table over a distance 
of 10 feet in 2 seconds. Find the mass of tho body. 

1^. A railway train whose mass is 100 tons, moving at the rate of 
a mile a minute, is brought to rest in 10 seconds by the action of a 
uniform force. Find tho nagnitnde of the force, and how far tho 
train runs during the time for which the force is applied. 

IG. A particle, whoso mass is m lbs., moves from rest Uiider tho 
action of a force of P poundals, which is constant in direction. How 
far will tho particle move in n seconds, and what space will it describe 
in the wth second ? 

17. What force, acting for 10 seconds on a mass of 8 lbs., will 
increase its velocity from COO feet per second to 860 feet per second ? 

^18. A certain force, acting on a mass of 13 lbs. for 3 seconds, gives 
it a velocity of 6 feet per second. How long will it take an equal 
force, tteting on a mass of 1 lb., to move it through a distanco of 
117 feet fro^ rest ? 

J 19. A blow is given to a mass of 2 lbs. which causes it to start ofi‘ 
with a velocity ot 50 feet per second. What is the measure of the 
impulse ? \ 

20.* A cannon shot of 1000 lbs. strikes a target directly with 
velocity of 1600 feet per second, and comes to rest. Find the measure) 
of the impulse. 
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21. Tf the caunoQ jsliot (in the lost question) rebounded with a 
velocity of 200 feet per second, whut would bo the measure of the 
inij)iilsc3 ? 

V/22. A mass of 1 idlograinmc is acted on by a Ibrce of 10 dynes. 
How far will it move from rest in lialf-a- minute ? 

23. A mass of 1 kilogramme starts from rest and acquires a velocity 
of 1 metre per second after moving over a distance of 1 metre. Find 
the force acting on the mass. 

24. How far'will a force of I dyne move a mass of 1 kllogmmme 
frop rest in I liour ? 

^ 25. A force I\ acting on a mass of 50 grammes, increases its 
velocity in every second by 10 centimetres per second; another 
force Q, acting on a mass of 1 kilogmnimo, increases its velocity in 
every second hy I irietre per minute. Compare the two forces. 

V^2C. What force, acting for 5 seconds ou a mass of 100 grammes, 
wiU increase its velocity from 1 10 to 600 centimetres per second P 

27. If 1 kilogramme, 1 metre, and 1 minute be the units of mass, 
length, and time, find tlic dynamical unit of force. 

25. If 100 lbs., 1 yand, and 1 minute be the units of mass, length, 
and time, find the dyiiuiiiical unit of force and the unit of momentum. 

29. A uniform force acting on a mass of 6 ozs. for 2 seconds^ 
generates a velocity of 10 feet per second ; find the measure of the 
force in dynes. [I foot = 30-5 cm. ; I lb. = 453 ‘6 gni.] 

30. A locomotive dmws a load of 200 toitt. Find the pull needed 
(1) at a constant speed, if the friction is *05 of the load; (2) if the 
friction is .the same, and the speed rises from 30 foiKt/saeond to 
60 feet/second in 1 minute, [g - 32 fect/second®.] 
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EXAMINATION TATER HI. 

1. Enunciato Xo\vtoii*8 Lauvs of Motion. ». 

2. Define moumiinm. What momentum is produced when a mass 
of 10 lbs. falls froely for 10 seconds I* 

, 3. Explain the equation r = Mf. 

4. A particle, whoso mass is 1 lb., is projected alonj^ a rough hori* 
zoutal plane and comes to rest with iinifonn retardation in 4 seconds, 
at a distance of 04 feet from the shirting point. Find tho retarding 
force. ^ 

f). Find tlie aeecloration produced, and the iiiomunium acquired in 
half- a-minuto, when a force of 

(i.) 32 poundals acts on a mass of 1 ton ; 

(ii.) 50 dynes acts on a mass of 1 gramme. 

y 

^ a. A 30-ton mass is mo .'lug on smooth loved rails at 20 miles an 
hour; what steady force can atop it (a) in half-a-minute, (A) in half- 
a-ruilo ? Specify the force oompletoly. 

7. A mass of 16 lbs., initially at rest on a smooth horizontal plane, 
is acted on by a uniform horizontal force for 5 soconds, and during 
the next 5 seconds tho mass moves 375 ftici along the plane. Find 
the magnitude of the force in pounds weight. 

’ 8. -A mass of 1 lb. is moving at the rate of 30 feet per second, and 
1 minute later it is moving iit this same rate, but in the opposite 
direction. What force «^must have acted on the mass during the 
interval? * 

' 9. If a force equal to the weight of 10 grammes pul^s a weight of 
1 kilo^immo :dong a smooth level surface, find tho velocity whci: 
the body has moved 218 metres. 

10. An ounce, a second, and an inch being taken as tho uniLs of 
mass, time, and length, respectively, compare the (dynamical) unit 
of force with the weight of a pound. 
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NEWTON’S THIRD LAW. 

76. ITewton’s Third Law may be stated ttius : 

To every action there is an equal and opposite 
reaction ; 

Or, Action and reaction are always equal and 
opposite. 

Here action means the force which one body exerts on 
another, and the law states tliat the second body always 
exerts on the tirsUau equal force in the opposite dii-cction 
in the same straight lino. This force is called the 
reaction of the second body on the first. It is important 
to notice that the law is true whether the bodies are 
at rest or in motion, and whether they press against one 
anotlicr through being in contact, or act on each other at 
a distance (like a magnet acts on a bar of iron), provided 
theij act directly on one another, i.e., not through a third 
intermediate body, nor through a system of such bodies 
or machiyos. 

77. Statical illustrations of action and reaction. 

(1) “ J/ anyone presses a stone with his finger, his finger is 
also pressed hy the stone” 

(2) If a horse draws a block of stone tied hy a rope, the 
horse is, sq to speak, drawn back equally towards the stonefi 
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eft course this reaction of the stone|^oes not actually 
make the horse move biibkwards tovmd^ t1^ stuuc, but 
only tends to clo so ; or, what is more correct, ‘tends *to 
])rovent the horse from moving forward ^der the action 
exerted by his feet on the groand. iptli|f rope were 
suddenly cut, and the horse continued t(f exert the same 
effort with his feet as before, lie would ^tart so quickly 
into motiap^fthat Ije would pffobably fall over forwards. 
As NqjpHJro puts it, the pul^ of the rope “ impedes the 
progress of the one by the niSne amount that it promote^ 
the progress of the other.” ^ v • ” 

(3) If a ladder is allowed to lean against a wall, the ladder prAsscs 
against the wall and the wall pushes with an equal force against the 
ladder. The action of the ladder tends to overturn the wall, and will 
actually overturn it if the masonry is w^eak and gives way. 'J'he 
reaction of theywall on the ladder prevents the ladder from falling 
over, as it would at once do if it were placed in the same position 
without such support. , 

; 78. Different kinds of action and reaction. 

(i.) ThrnsL — Definition. — When the action and re- 
action of two bodies tend to ketq) them ajiart from one 
another, or to prevent them from moving towards one 
another, tlicy constitute what i.s called a thmst, or n 
pash, or “ force of pressure.” 

(ii.) Pall. — Definition. — WTlien the action anil reaction 
of two bodies tend to keep them together or to prevent 
them from sejiaraling, they constitute a pnll, or tension. 

(iii.) AtfracMon and repulsion, — Definition. — AVhen 
bodies act cn one another at a distance (as a magnet acts 
on a bar of iron), the force between them is called an 
attraction if it tends to bring tlicni together, or a 
repulsion if it tends to separate them. * 

Thus the Earjth’s attraction causes bodies to fall to the ground w'ith 
tho acceleration^ (Chap. IV,). 

(iv.) Friction, — Definition. — When the action and re- 
action between two bodies tend to prevent them fi*om 
sliding one along the other, they constitute what is 
known as friction. 
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70. Applications of the Third Law to locomoAon. 

(1) The act of walking niXovdk an excolleiifc example of 

t]ie equality of action and reaction, as well as of the 
propertft^s of friciion. In starting* off to walk we press 
backwards on the ground with our feet, and the reaction 
of the ground gives us an equal find opposite impulse 
forwai'ds, which sets us in piotion. J 

This action and reliction aVe duo to friction. If we tr^ 
to walk across a smooth sheet of ice, we shall experience 
some difficulty, because onl}' a very small amount of 
friction caii1i)e called into play between our feet and the 
ice, 

(2) Motion of a horse and cart . — When a hoi-se and cart 
are just starting into motion, the horse exerts a forward 
pull on the cart, and this pull sots the cart in motion. 

It follows fioTu Newton’s Third Law that the cart exerts 
an cqiial^and opposite backward pull on the liorse. Tf 
this were the only force acting on the horse, the horse 
would move backwards towards the cart instead of 
forwards, and this wo know is not the case. 

But the action of the horse’s feet in Iho act of walking 
presses backwards on the ground, and tljercfore the equal 
and opj)ositc '^'caction of the ground (due to friction) tends 
to push tlie horse forwards. This reaction exceeds the 
backward drag of the cart by an amount sullicicnt to 
prodii(?c the acceleration with which the liorse starts intq 
motion. 

80. The Principle of Conservation of Momentum 

In the last chapter we saw thatlfforces might be 
measured by the rates of change or urOfBferitum they 
produce (or tend to produce) ; hence the. Third Law 
asserts that the rates of change of momentum of two 
bodies due to their action and i*eaction are always equal 
and opposite. t 

The momentum of one Iwdy will increase* at the same 
rate that the momentum of the other decreases. This 
will always be algebraically true, provided that we make 
the same conventions with regard to sign for momenta as 
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for^ velocities • (^.e. we regard the nwmeuta of bodies 
moviog in one direction ^s positive, ahd the momenta of 
bodies moving in the other direction as negative). The 
only eiFect of the action and reaction will be to ^transfer 
momentum from one body to the other, without altering 
the algebraic sum of their momenta.| In other words: 

The total momentum of a system of moving bodies in any 
direction is not altered by the mutual reactions of the several 
bodies. 

This property is called the Principle of Conservation 
of Momentum. It holds good for any number of bodies. 


81. The recoil of a gnn affords a good illustration of 
this principle. The explosion of the powder inside the 
barrel exerts equal and opposite impulses on th# shot ahd 
the gun, and causes them to move in opposite directions 
with equal momenta. Hence, if the speed of the shot be 
given, the speed of recoil can be found. 


Example , — If a 700-lb. shot be fired from a 75-ton gun, with a 
speed of 1200 feet 2 >cr second, to find the spcod of recoil of the gun. 


Uerc the momentum of tho gun is equal and opposite to that of 
the shot. 

Now, momentum of shot = 700 x 1200 foot-pound-second units, and 
r. momentum of gun is also » 840,000 V.P.S. units. 

But mass of gun ^ 75 x 2'.’40 — 108000 lbs. ; 


velocity of recoil 


momentum 

mass 


8 40000 

rosouo 


= 6 feet per second. 


' 82. Let m be the masses of the gun ^and shot, 
y, V their velocities. 

Then, sinqie the momenta are equal and opposite, 

\ MV=-mv :... U). 

Neglecting for a moment tlie negative sign, this gives 
us the proportion F : v : : m : ; or, the velocities of the 

gun and shot are inversely proportional to their masses. 
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Again, if the velocities of two bodies (measured in 
the same direction) are changed from tT, « to F, v by a 
pollisiun between them, and if the masses of the bodies 
are My 7/i, then, since the changes of mumentnm are equal 


and opposite, M (F— 17). = —m — t^), 

or, momentum after the action momentum before the action. 


For an experimental verification of this equation see } 323. 


Example , — A bull of mass 3 lb., moving with velocity 2 feet 
per second, is striiuk by a ball of mass 1 lb., moving in the same 
direction, with a velocity of 10 feet per second. If after tho blow 
the smullor bull comes to rest, find the subsequent velocity of the 
larger one. 

hlorncntum of smaller ball before blow » 1x10^ 10 units, 

♦I >» >» after ,, = 0 j 

change of inomeiitum of smaller bfill ^ 0 — 10 = — 10 units. 

The change of momentum of the larger bull is equal and opposite ; 
and therefore =* + 10 units. 

But, before the blow, momentum of larger ball = 3x2 =6 units ; 
after „ „ ,, „ - C + 10 = 16 units ; 

and its mass = 3 lbs. ; 
its velocity = • 6-J ft. per sec. 

Or, working by the formula, MV mv « MU + mm, 

3. r+ 1.0 = 3. 2+ 1.10, 

3/' = 6 + 10, /. r- 6J. 


; 83. Measurement of mass. — The Second Law has 
farIli^<hed ns with a means of measuring /orce (Cliap.VI.). 
^/rhe Third Law affords a means of measuring mass. Fcr, 
M^ince the changes of moQientum of two bodies due to the^r h 
action and reaction are eqiq^l, the change of velocity 
produce^ in opposite 'directions arelhverseljr proportioifalj 
to the masses* of The bodies, ^ ^ * 

This property t'oilowB fix>m (2) by writing, it in the form 

As the velocities can be observed, the relation between 
the masses may be thcucc deduced. 
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* Esimnple. — A ta'uck oi' 6 tons, travelling at 3 miles an hour, 
C( Hides with anotlier truck at rest, and huili move on together at 
2 miles an hour. To find the muss of tho second truck. 

Taking a mile, an hour, and a ton, as units of I'^iigth, time, and 
mass, the momentum of the first truck is decTcased by the collision by 
0 X (3 — 2) or 6 units, and therefore 6 tinits of momentuTn are impiirtod 
to the second triik. 

But the velocity acquired by the latter is 2 units ; 

hence its mass = § = 3 units of mass ; 
the mass of tho second tnick is 3 tons. 

Or, as we should more commonly express it, the second truck 
weighs 3 tons. 

84. Beaction of motions relative to the Barth. — 

Newton's Third Law shows that when a man jumps off the 
gi'onnd, he communicates to the Earth an amount of 
momentum equal and opposite to that of his own motion. 
But the mass of the Earth is so great — being about 6,067 
million billion tons — ^that the velocity thus imparted to 
the Earth is absolutely imperceptible, and it is destroyed 
diiYsctly tlie man comes down again. 

Moreover, the Earth yields slightly under the man, so 
that, instead of the motion getting transmitted to the 
whole Earth, only a slight vibration is produced in tlio 
Earth in his immediate neighbourhood. In the case of a 
man jumping, this vibration is imperceptible ; but larger 
moving masses, such as traction engines and railway 
tmins, as also sudden explosions, often shako the ground 
for a considerable distance. 


X ^85. Tension. — Another important extension of tlie^ 
f Third Law is the assumption that the tension in a flexible 
t inelastic anchweightless string is the same thrufigbout its 
'^length, even when it pas£(bs TOund any number of smooth 
pegs or pulleys (§ 120^. 

A surface is sirMth jwhrn it can exert no frictional force on bodies 
in contact with it {} 78) ♦ 

So also the ilirust (§ 78) is the same at all points of 
a straight rigid rod. 
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EXAMPLES VII. 

« 

1. A shot weighing 16 lbs. is fired from a gun weighing 4 tons 
with a velocity of 1120 feet per second. Find the velocity with 
which the gun recoils. 

2. A ^-ton shot is discharged from an 81 -ton gun with a 
velocity of 1620 feet per second. What will be the velocity with 
which the gun will recoil, if the mass of the powder bo neglected P 

3. A shot weighing 1 gramme is fired from a gun weighing 
1000 grammes. If the velocity of the shot be 400 metres per second, 
find the velocity of recoil. 

4. A gun weighing 5 tons is charged with a shot weighing 28 lbs. 
If the gun ho free to move, with what velocity will it recoil when the 
hall leaves it with a velocity of 100 feet per second ? 

5. A shot of 700 lbs. is fired with a velocity of 1120 feet per secoiifj^ 
from a 35-lon gun. Find the velocity with which the gun recoils. 
If the recoil of the gun bo resisted by a steady force of 1,960,000 
poundals, through what space will it recoil ? 

/ V 

V6. A shot weighings 896 Ihs. is fired with a velocity of 2000 feet ^ 
second from a 100-ton gun. If the gun recoil through a distance of 

8 feet, find the averago force in poundals resisting the recoil. 

7. A shot, whoso mass is 700 lbs., is moving with a velocity of 
'1000 feet per second, and, entering the side of a stationary ship 

^ whoso mass is 8000 ions, it remains embedded in it. Find the 
velocity which it communicates to the ship. 

8. A ball whose mass is *3 lbs- is moving with a velocity of 60 feet 
per second', and impinges directly on another ball', whose mass is 

9 lbs., and which is moving in the same direction with a velocity of 
20 feet per s>ocond. The two halls move together after impact. Find 
their common velocity. 

hj 9. A. body impinges on another of twice its mass at rest. If the 
two move together after impact, show that the impinging body loses 
two-thirds of its velocity by the impact. 
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10. A shell at lost bursts into two parts, the smaller of which is 
one-feurth of the whole. Find the ratio of the initial velocities of 
the parts. 

11. A shell, which is moving with a velocity of 60 feet per second, 
bursts, in the line of its motion, into two parts, whose masses are 
respectively 36 lbs. and 6 lbs. The velocity of the larger piece is 
increased in the direction of motion by 15 feet per second. Find the 
velocity of the smaller. 

12. A body of weight 5 lbs., strikes a bod}- B at rest, weighing 
200 lbs., with a velocity of 100 feet per second. Find the velocity of 
F, supposing A to bo brought to rest by the impact. 

13. Two balls, whose masses are 5 grammes and 20 grammes, and 
whose velocities are 200 centimetres and 25 centimetres per second, 
respectively, approach each other in opposite directions, and, after 
impact, move on together. Find their comTnoii velocity. 

^14. Two inelastic balls, weighing lo lbs. and 30 lbs., impinge 
directly on each other in opposite directions. If the velocity of the 
smaller be 12 feet per second, find the velocity of the larger in order 
that the motion may he entirely destroyed by the impact. 

^5. Three spheres, whoso masses aro respectively 5, 7, and 13 IhE^, 
lie in the same straight line. The first impinges on the second with 
a velocity of 20 feet per second, and, after impact, tho two move on 
together, and impinge, without rebounding, on tho third. Find the 
6nal velocity of tho three spheres. 



CHAPTER VIII. 


WEIGHT AND ITS RELATION TO MASS. 

86. Weight. — Definition. — The weight of a body is 
the force ivith wh ich it is attracted toivards tJte Earth. 

When wc lift a body ofC the ground, we have to exert 
a certain force in order to overcome its weight. If the 
body rests on a table, it presses on the table with a force 
eqnal to its weight. If the body is unsupported, it will 
fall to the ground ; hence Newton’s First Law of Motiol^ 
shows that some force must be acting on it. This force 
is the body's weight. We shall now show that 

, ^7, The weights of different bodies are pro- 
portional to their masses. 

As w'c have already remarked in §§ 70 and 72, the 
force which causes the acccleratioii of gravity in a body 
is called it^ weight, so that the kinetic equation F = mf 

becomes in this case IF = (1). 

And ^ have seen in § 44 that g is constant for all 
bodies afthe same place. 

IF 

“Hence — is constant, t.e., the weight of a body is 
m 

proportional to its mass. 
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^88. To express the weight of a given mass in 
dynamical nnits of force. 

The formula W = mg in words may bo expressed as 
follows : — 

^ weight (in dynamical units) = (mass) X g. 
y/ Thus weight of a ponnd s 32 ponndals, 

^ and weight of a gramme = 981 dynes. 

When the weight of a body is measured in dynamical 
units of force, wc speak of it as the "absolute weight ” 
of the body. Hence ahaolute ivevjht of mass M = Mg, 
or, in words, 

(absolute weight) = (mass) x (accel. of gravity). 

Conversely, as stated before in §§ 70, 71, 
a force of one poundal = w'eight of one pound 

weight of half-an-ounce. 
Ami a force of 1 dyne = „ H weight of a gramme. 

\/ 89. The gravitation unit of force is the iceight of 
the unit of mass. 

Where masses are measured in pnimds, the gravitation 
.unit of force is the weight of one pound. Where the gramme 
is taken as the unit of mass, the gravitation unit of force 
is the weight of one gramme, 

Tho measure of a force in gravitation units is re illy tlic 
measure of the mass whose weight is equal to that force. 

By “ a force of 1 lb.*’ is meant “ a force e^ual to the 
weight of a pound.*’ 

Similarly, “ a force of 10 tons ” and “ a force of 5 oz.” 
denote forces equal to the weight of 10 tons'-or 5 oz., 
respectively. To avoid confusion, however, it is better 
always to add the word “ weight ** or its abbreviation 
“ wt.,** and we may therefore speak of tho above foixeB 
as " 1 Jb. wt,,'' “ 10 tons wf,” “ 6 oz, u?t.," respectively. 
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In like manner, force» equal to the weighU of 1 gramni^^ 
or 5 kilogrammes, are more briefly spoken of as “ 1 gm. wt** 

** 5 hilog. respectively. 

Whatever be the system of units adopted, wo always 
have 

the gravitation unit of force ss g absolute nnits« 
the absolute unit of force == Ijff gravit. units. 


90. If we follow Newton in merely asserting that forces 
are proportional to the momenta produced, we can use any 
(the same) units in comparing two diflerent forces. Thus 


the formula 


1\ Mj, 


(of which the meaning will be obvious) will occasionally 
be useful, the forces I\y I\ being reckoned in any, the 
same, weight unit, as pound, ton, &c. 

But when wo use the Kinetic Equation, and thereby 
assume the force equal to the rate of change of momentum 
produced, w^e must keep to the absolute unils. In fact, 
this is the generifl rule. If the force, as given in any 
question, is in gravitation measure, w'o should at once 
turn it into absolute measure (e.y., rc*[>laco 5 lbs. wt. by 
160 poundals*), only at the very end of our work going 
back, if necessary, to tlie gravitation measure. 

The student should spnre no pains in becoming familiur with the 
dynamical and gravitational units of force, us well as the diifereuce 
hetwecu “mass’* and “absolute weight.” 

To underfund these ideas fully may take some time, but the time 
will ho well^ent if this is done before proceeding further. And in 
working problems the only safeguard against confusion is to specify 
at each step of the work the units in terms of which the 
different, quantities are measured — a caution which has already 
been given, but which applies with especial force to problems of the 
present class. 


* We may occasionally, in our woik, invent suoh a teim as a ton-al fur the 
fifth part of a ton wt. (or wc may call it 1 ton-ft./aec.*)L 

EL. MEOH. (; 
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— (1) If a bucket of water, weighing 20 lbs., is pulled up 
from a well with an aeeeleration of 8 feet per 8e(‘.oud per sucond, to 
find, in lbs. weight, the force which must be applied to the rope. 

Here the wt'ight of the bucket 

20 lbs. wt. Bs 20 X 82 » ^Ojj oundals. 

The force applied to the rope must not only support the w'eight of 
the bucket, but must also produce an upward aectderation of 8 F.P.S. 
units. 

Now the force required to support weight of bucket a 640 poundals, 
force required to produce anaccel. 8 in 20 lbs. = 8 x 20 = 160 poundals. 
total upward pull on bucket = 640+ IGO poundals 

~ 800 poundal) ^ 800/82 lbs. wt. 

= 2.3 lbs. wt. 

Therefore Iho rope must bo pulled with a force cquiil to the weiglit 
of 25 pounds. 

Or thus : 

' * Let F poundals be the force applied, acting vertically upwards ; 
20r/ poundals is the weiglit, acting vertically downwards. 

liesHltuutf or netf upward force is i*— 2 p .(7 ; 

Z^—20y mf ^ 20 X 8, 
r =s 160 + 640 — SCO poundals. 

(2) A force equal to the weight of o Jbs., acting on a body, produedS 
an acceleration of 9600 yards ptir minute per minute. What is the 
mass of the body ? * 

Here F = w't. of 5 lbs. «= 5 x 32 poundals, 

f = 9600 yds. per min. per min. = 8 ft. per sec. per .sec. ; 

6 X 32 ^ m X 8 ; 
fn --= 20 lbs. 


(3) A ma^ w'eighing 170 lbs. is descending in a lift with acccLra- 
tioFf \tj. To ]|nd his force of pressure oa tlic floor of the lift. 

Lot It be tlwrequired force. Then the forces acting jon the man 
are his woigl^' 170^ poundals downwards, and the reaction of the 
floor equal and*' opposite to li upwards. 

force producing motion « 170^— ii poundals downwards. 

Calling this P, and putting »/ = 170 lbs, /— in P = mf, 
we have 170y — Zi = 170 x \g ; 

11 = (170— 34)/y — l3Cy poundals; 

.*. required force P == 136 lbs. wt. 
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(4) If a railway train of 120 tons is pulled l)y the engine with 
a force of 3 tons weight, to find how far it will have to travel to 
acquire a velocity of 60 miles an hour. 

, Here a force of 3 x 32 ton-als moves a mass of 120 tons ; 

] 3x32 = 120/, or/= -;. 

i Let « be the required distance in feet. The acquired velocity 
s 88 feet per second, hence the fonmila for accelerated motion 
1*2 = 2/8 

gives 88* = 2x^x8, 

whence s = 440 x 11 ft. — of a mile. 

(Ji) If a 2-oz. bullet, travelling 1600 feet per second, penetrates 
10 inches into a target, to find in lbs. the mean resistance of the 
target. 

Let /bi‘ the ai'cel(Tution of the bullet in feet per second per second : 
then, % the formula = 2/s, we have 

02-1(5002 = 2x ;-gx/; 

whenr o / = - 1600 x 960 = -1536000. 

(TJic acceleration is of course really a retardation.) 

Now (lb.) X 1536000 

192000 poundals 
= 6000 lbs. wt. 

91. How mass is found by weighing. — We arc 

now in a position io explain why weighing a body in a 
pair of scales determines its mass. 

A common balance consists of a beam or lever which 
can tura about its middle point, and at its ends arc 
suspended the two scale-pans. The body to be weighed 
-Is placed in one scal^pan, and suitable weights are placed 
in tlie other. Now it will be shown in Static^l^at^f the 
beam remains balanced in a horizontal positi(^ the body 
ani weiglit-s must press with equal forces the two 
respect! veylica] e-pans. Wo thus infer that weight of 
the body is equal to that of the weights emp^ed. 

But weight is proportional to mass. 

Therefore also the mass of the body is equal to the mass 
of the weights used to balance it. If these weights are 
known multiples and sub-multipleS of a pound, their 
amount is equal to the number of Ihs, wt. in tlie tveight of 
the body, or the number of lbs. in its mass. ' 
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92. Difference between mass and weight. — Al- 
though the weight of a body may thus bo measured by 
the same number as its mass, it is important to distinguish 
between the mass and the weight of a body. Mass always i 
re]presents a quantity of matter in the body, and does not\ 
depend on gravity ; while weight always means the force witht 
which a body is attracted to the ground. 

So long as we only have to compare the weight of one 
body with the weight of another body, the distinction 
between mass and weight is unimportant. 

It does not matter, for example, whether wo regard the weight of a 
packet of sugar or tea as measuring its re1ati\ e heaviness as compared 
with that of the pound weight belonging to our scales or as measuring 
the quantity 8f inatcri-il or mass in it. 

But, wilt'll weiglit is measured in dynamical units of 
force, the distinction is at once apparent, for 

weight of mass m s m times weight of unit mass 
s m gravitation units of force 
ss mg dynamical units of force. 

93. A spring balance is often used 
for the purpose of weighing. One of 
the .simplest forms is shown in Fig. tx 
The scale-pan holding the goods to bo 
weighed is suspended from - a sfiirul 
sfi'ing. The spring is thus extended 
by tlie weiglit, and the gi*eatcr the load 
the more is it extended. The requij|*cd 
weigh 1% is u^icated by a pointer, which 
moves up and down wilh the scale- pan, 
along a graduated scale at tlie side of 
the spring. 

* Unlike th^'common balance, the spring 
Ibalance measures the absolute toeighls 
and not the masses of the bodies placed 
in the scale-pan!! A force of one pouiidal 
will always extend the spring by an 
invariable amount, so that if the scale be 
graduated in poundals at one place, it 
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will correctly measure forces in poundaft at any other 
place. 

Hence a spring balance really gives a constant measure 

of force. 

But it does not give an accurate measure of mass unless 
it is used to weigh goods at the place for which it is 
graduated, as the following example will show : — 

Example . — Suppose that it is graduated for weighing bodies in 
pounds at London^ whore g — 32*191, and where a pound consequently 
weighs 32*191 poundals. Then the pointer will always indiciito 1 lb. 
when the scale-pan is pulled down with a force of 32*191 poundals. 
At the Equator a pound only weighs 32*091 poundals, and therefore 
the weight of a pound mass docs not pull the pointer quite down to 
.the graduation marked “ 1 lb.” To bring the pointer down to the 
1 lb. reading, we should have to add an extra force of of a 
poiindal, and this would require us to put in about of an ounce 
more into the scale-pan (since a poundal nearly equals J oz. weight). 
Hence if a tradobiniin were to buy a spring balance in London, and 
to iis(i it for weighing goods out at the E<]uator, ho would have to add 
about 1*5 per cent, (-jjf nearly) to the observed weight to find the 
weight under the now value of g. 

fOiwKttVATiON.- Prat'l'imlly, fiucli diflei-eiiCrs aro too small to be detected except 
with the most bciisitivc spring Ixilance.] 

J 94. Apparent weight of a man in a moving lift. 

^^Wlien a man is ftsceiiding or descending in a lift with 
uniform velocity, the reaction of the floor of the lift is 
exactly equal lo the man’s weii?ht. When, however, the 
lift is being accelerated upwards, the reaction of the flooif 
must be greater than the man’s weight, becanee it has not 
only to support his weight, but also has to gii%*hiin an 
upward acceleration. And when the lift is being accelerated 
downwards, his weight must exceed the reaction of the 
floor on his feet by the amount necessary to impart to him 
the downward acceleration of the lift. . 

The reaction may bc'found as in Ex. 3, p. 74. The, acceleration is 
evidently upwards when the lift is starting lo rise or stopping after 
falling, downwards when tho lift is stopping after rising or starting 
to fall. » 
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EXAMPLES VIII. 

[Notk. — In tho Bolution of the following examples (as also in 
some of thoso on Chapter VI.), tlioro arc generally two main 
proceBHCs. First, to nnd f by means of the Kinetic Equation 
P = n^f; second, to put this value of / in the suitable Kinc- 
matical Fiqaation ({§ 3G, 37). Or, / may sometimes be eliminated 
between the two equations.] 

1. Find the acccl(Tations, tho velocities acquired from rest in one 
minute, and the distances traversed in that minute, by the following 
masses, when acted on by the given forces, namely ; 

(i.) Mass of IG lbs. under force of 2 lbs. weight ; 

(ii.) Mass of 1 cwt. under force of 1 ton weight ; 

(iii.) Mass of 1 kilogramme under force of 1 graiumo weight, 

2. How far will a mass of 64 lbs. bo moved from rest by u force of 
1 lb. weight in 1 0 seconds ? 

3. A force equal to the weight of 1 oz. acts upon a mass of I lb. 
Find tho time required to describe from rest a space of 64 feet. 

4. If a for<;o equal to the weight of 10 lbs. act upon a mass of 
10 lbs. fur 10 seconds, what wiU bo the momentimi acquired ? 

5. A force equal to the weight of 4 lbs. acts on a mass of 16 lbs. 
Find the time taken to describe from rest 400 feet, and the spacci 
described in 5th second of motion. 

G. A ma8B 'i)f 1 kilogramme is acted on by a force of 10 grammes 
weight. HoW far will it move in 20 seconds ? 

7. A mass briginally at rest is acted on by a force which, in 
l/384th of a second, gives it a velocity of 5 inches per second. Find 
the ratio of the force to the weight of the mass. 

8. A body resting on a smooth horizontal table is acted on by a 
force whicl^ would statically support 2 ozs., and moves on the tabic 
over a distiince of 10 feet in 2 seconds. Find the mass of the body. 
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-9. While a railway train travels | mile on a sittooih level line, its 
speed increases uniformly from 15 to 30 miles an hour. What pm- 
j)ortion does the pull of the engine hear to the weight of the train ? 

10. How far will a force of n kilogrammes weight move a mass oY 
m grammes from rest in t seconds ? 


11. If a forco equal to the weight of 1 grammo pull a mass of 
1 kilogramme along a smooth level road, find the velocity when the 
mass h^ moved 1 metre) from rest. 




\ Certain force, acting on a mass of 10 lbs. for 6 seconds, 
produces in it a velocity of 100 feet per second. Compare the force 
with iho weight of a pound, and find the acceleration it would 
produce if it acted on a mass of I ton. 

// 

A hall, whoso inass is 3 Ihs., is falling at tho rate of IjtQ feet 
per second. What force expressed in pounds weight will stop it 
(i.) in 2 seconds, (ii.) in 2 feet ? 


14. A body of mass 1 cwt. is moving with a uniform velocity of 
10 feet per second, and a forco of 1 ton weight begins to act on it. 
How long will it take this forco to incroape the velocity to 42 feet 
per second ? ^ 


l.K A mass of 12 ozs., attached to a string, is descending with a 
uniform acceleration of 12 feet per second per second. Find thb 
force with which the string is stretched. 


IG. A weight of 2 lh.s., attached to a string, falls vertically down 
a uiinc with uniform acceleration. Find tho valuo of tfeb acceleration 
if tho tensio^in the string ho equal to the weight of I oz. 

17. A mass of half a Ion is supported by a chain, and is moved up 
and down with a uniform acceleration of 8 feet per second per second. 
What force is exerted by the chain in each ease ? 


13. A mass of 1 lb. is supported on a piano which is moving 
downwards Avith an acceleration of 8 foct per second ,por second. 
Find the reaction between the mass and the plane. ; 
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19. A man whooe weight is 200 lbs. is standing in a lift which 
ascends and descends with uniform acceleration \g. With what force 
will he press on the bottom of the lift in each case ? 

y/ 20. rf a mass of 32 lbs. be pkced on a plane which is made to 
ascend with a uniform acceleration of 2 feet per second per second, 
dnd tho pressure on the X)1ane. 


21. If a railway train of 100 tons is pulled by an engine with a 
force of f5 tons weight, find how far it will have to travel from rest to 
acquire a velocity of 30 miles an hour. 

22. If a body he acted upon by a force equal to its own woigM, 
and it traverses 170*90 foet during tho 6th sorond of its motion from 
rest, find the value of y. 


23. A cannon ball, whose mas.«j is 2 lbs., strikes a target wifflte 
velocity of 1000 feet per second, and penetrates 6 feet into 
target. Find, in lbs. wt., tbc mean resistance of the target. 

Sfn. A mass of 100 kilogrammes is acted on for 1 hour by a force 
etpial to the weight of 1 milligramme. Find the distance traversod 
from rest. 
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EXAMINATION PAPER IV. 


1. Explain clearly the application of Nowton*s Third Law of 
Motion to the case of a horao starting a cart in motion. 

2. A 14-lb. shot is fired from a 5-ton gun with a muzzle velocity of 
1600 feet per second. Find the velocity of recoil of the gun. 

^ '3. Two balls, whose masses are 12 lbs. and 8 lbs., are moving in 
ibfi same direction with uniform velocities of 18 and 8 feet per second 
respectively. When the first ball impinges on the second, they move 
on together. Find their common velocity. 

4, Distinguish between vohme, mttss, and weights 

AVhat is tho relation between a poundal and the weight 
I)Ound P 

6. If a force equal to the weight of 5 lbs. act on a mass of 5 lbs. 
for 20 seconds, what will be tho momentum acquired? 

Find tho magnitude of the vertical forco which will stop in 
4 feet a mass of 5 Ibs.^vhich luis been falling freely for 4 seconds. 

8. Explain how it is that the weight of a substance as determined 
by a pair of scales is tho same everywhere, while it will vary if a 
spring balance be used. 

.^0. A body in falling through 250 feet is retarded by the tension 
a siring attached to it, so as to occupy 5 seconds in tho fall. Find 
th'^ tension of the string if the mass of the body be o lbs. . 

10. A 3-tofi cage, descending a shaft with a speed of 9 yards a 
second, is brought to a stop by a uniform force in the’ space of 18 feot« 
What is the touslon in the rope while the stoppage is occuyrin^T 
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ATWOOD’S MACHINJ3. 

\ 

V9{). The followinc^ apparatus was invented about thift 
year 1784. It is now used for illustrating tlio laws of 
motion experiTncntally, and at one time was also employed 
to detcrniino the inttnisify of gravity. For tlio latter 
purpose, ho>^cver, it has been superseded by the pendulum. 


We could not find g accurately by ^letting bodies full 
down a shot tower or down a mine, and timing them, 
because the volority acquired in a few seconds would be 
so great that the motion could not be timed with sufficient 
exactness.^ 

Atwood’s IflTachiue consists essentially of a light 
brass pulley (figs. 10-12) fixed at a considcrahlo height 
above the ground, over which passes a fine strin^r supporting 
two weights’^., Q attached to its ends.) A ^luley (Fig. 7j 
is a wheel ^ith a groove cut round its rim to keep 
the string wdiich it carries from slipping offi ^ In 
Atwood’s riiachinc it is essential that this wheel should 
turn very freelyj for which reason its shaft usually rolls 
on sets of .'Supporting wheels called “friction wheels” 
(Fig. 8), though any other arrangement whi(di answered 
the same parpose miglit be used instead. 
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^or measuring the heights of the weights in any 
position, a scale of inches or centimetres is attached to 
the pillar op wall on which the pulley is fixed, and for 
measuring time a clock is provided, whose pendulum 
ticks every sccondy In most experimenta/the weights P 
and Q ar^qual, and a small “rider’* ff, of th& shape shown 
in Fig. placed on the top of ^,^tho string passing 
through the slot in /?. (Fig. 10) is a platform by which 





Fig. 12. 


Q can be supported or released at will, is a ring which 
is just large enough to let Q pass througli, but which stops 
the w'cight ff, and G is a fixed platform tKat will stop 
the weight Q. |Both B and C can be fixed at any desired 
hciglit, measured by the scale on the pillar, ^ 

^hen the weights Q, R are released, they ate together 
heavier than P, so that they naturally begin to descend, at 
the same time pulling up the weight P (Fig. ll)'£5t^ When 
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Q reaches tha ring 0, the weight /? is detached, and t^ie 
equal weights Q continue to move^on alone (Fig. 12) 
until Q reaches the platform (7, -when it also stops. (The 
times taken to fall to the ring B and then to the ^t- 
form C can be reckoned bj the clock, and the scale 
measures the depths fallen in these intervals^ 

97. In forming the equations of motion of the two 
weights in Atwood’s machine, it is necessary to make use 
of the following facts : — 

I. The doivnward velocity of Q is equal to the upward 
velocity of P, and the downward acceleration of Q is equal to 
the upward acceleration of P. 

For, since the length of the string remains constant as 
one weight falls and the other rises, 

distance fallen by 1 ( distance risen by P 

per unit tinn ) ~ j per unit time j 
t.c., downward velocity of Q upward velocity of P, 

Hence also 

increase of Q'e do^vnward ) ( increase of P's upward 

velocity per unit time ) ( velqpity per unit time ; 

t.c., downward accel, of Q upward acceh of P. 


11,* The tension of the string is the same throughout, so 
that its upward pulls on the weights P, Q are equal (§ 85). 

Standard example , — Masses of 3 and 5 lbs. hang over a pulley, as 
in Atwood’s machine. Find the tension of the string in lbs. weight, 
and the acceleration of either mass. 

Let T be the tension of the string in poandals, and /the accelera- 
tion produced. The greater mass wi 11 move downwards, and the less 
upwards. Consider the motion of the 5-lb. mass. The forces acting 
on it are it8 4»Wn weight, = 5 X 32 poundals, acting down wards, and 
the tension of the string acting upvrarda. The total downward force 
is therefore l(iO - T poundals, and the mass moved is 5 lbs. ; 



* This is only true on the Si4siii:.ptioii that the pulley ie frirtioiili'se and of 
negligible moss. 
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Now conuder the motion of the 3-lb. inasn. The ^forces acting on 
it are the tension acting upwards and its weight acting downwards. 
The total im;irard force is therefore poundals, and the mass 
3^Idb., 

• T-96 - .... 

••• —V" 


Hence, from (i.) and (ii.), 

160- r_ r-96. 

6 3 ’ 

S2'= 480+480 9G0 poundals; 

. T = - poundals = 3} lbs. weight. 

8 

Substitute the value of T in poundals in either 
of the equations (i.) or (ii.). Wc thus obtain 
/ = 8 ft. per sec. pt^r sec. 




V31U 


^9 


w, 




Sfeqjid Method . — If the value of T has not 
to bo found, the following (though involving Fig* 13. 

some assumptions) is the readiest method of 
calculating / : — 


Rosultant force producing motion 

weight of 5 lbs. —weight of 3 lbs. » weight of 2 lbs. 
= 64 poundals. 


Total mass moved is ^ + 5) lb.s. = 8 lbs. ; 

^ moving force 64 o 

/ = — - - ^ = 8 ft. per sec. per sec. 

mass moved 8 


Fsxample.--{1') Masses of 6 lbs. and 8 Ihs. aro hung over a pulley, 
n what time will they have moved over 7 feet ? 


Force causing motion 

= (8-6) Ihs. weight = (8-6) 32 poundals. 
Mass moved =8 + 6 lbs. 

8 — 6 

/ = - — - X 32 ft. per stw. per sec. 

8 + 6 '** 

32 


y ft. per sec. per sec. 


Let t be the required time ; then 
7* 


J/4= 


V 49 _ 
16 


1-J sec. 
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'98. Two uneqtnal masses Q* iQ>P), joined by 
a string passing over a light pulley, as in Atwood’s 
machine, move under gravity (Fig. 14). 

(i.) To find their acceleration ; 

(ii.) To find the pull in the string ; 

(iii.) To find the force which the pulley has to 
support. 


(i.) The masses being P, Q, the absolute weights of 
the bodies arc Pg and Qg. 

Let the pull in the string be T dynamical units of force. 

Let the downward acceleration of Q be /, then the 
upw'ard acceleration of P is also / (§ 07). 

The forces acting on Q are therefore Qg downwards and 
r upwards, and their difference produces the downward 


acceleration / ; 

A Qf^Qg-T (i.). 

Similarly, fi’om coiLsidering the motion of 1\ 

Pf^ T^-Pg (ii.). 


To find / we must eliminate T (as we do ind. know the 
value of T). 

By addition, (Q+P)/ = iQ-’P) g ; 


• Q p s 

.’.^required acceleration/ = ( 1 ). 

MC "jP 


If the weigS Pis very .stiiall, becomes nearly = (/, which u the 

|p V + “ V 

acceleration Aa free body. 


• For co^nience, we nc m use the letter Q for the tolul mass of the Q and il 
before meqfibned. 
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(ii.) To find T, the pull in the string, 
we must eliminate / from the equations 
. Qf^Qg-T 

and iy= T-^Pg, 

and wo get 

P(Qf7-r) = Q(T-P(,), 

or 2rQ.^= (P+Q)P; 

T = g dynamical units, 

^T*0 

= gravitation units of force (2Jp^^ 

Thus the pull in string is a Jiar)}W}nt‘ Mean between the weights (see 
any Algebra). It must always lie htu'een them. 


'‘t- 
% 

Fig. 14. 


(iii.) The strings on either aide of the pulley pull with 
a force T, Hence the pulley has to support altogether 
a force equal to the ^veight of a mass 

4JPO 

Notice that this force is less than the sniii of the 
w^cights, P+Q (b^algebra). 


99. Alternative method of finding the accelera- 
tion. 

The weight of Q tends to pull down Q and to pull np P* 
while the weight of P has the opposite tendency. Hence 
the total force tending to accelerate Q downwards and 
P upwards is the difference of the weights, , or (Q— P)gr 
dynamical units. The whole mass accelerated in this way 
is Q + P, and its acceleration is the required a^leration /. 
Hence the relation 

mass X acccl. = impressed foi-ce 
gives {Q + P)f = (Q—P) (I ; 

or, as before f = g . 


( 1 ). 
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100. If tbe«* two masses .are each equal to Jtf, and a 
third mass m is placed on the top of one of them, we 
must write M for P and M+m instead of Q in the ex- 
pression we have found for/, and we have . 

^ 

which is small if m is small compared with M, This 
acceleration is the acceleration due to mg^ the weight of m, 
acting on 2Jlf+m, the total mass of the three weights, as 
explained above. 

.01. XSxpeximents with Atwood’s machine. 

In the preceding ai^ticlc we have discussed theoretically 
the values of / and T that ought to hold, if Newton’s Laws 
are correct. We are now to verify expei'imentally, by aid 
of the machine, that the above values do hold, and hence 
we shall infer that Newton’s Laws are sound. 

Let the equal cylinders each bo of mass if, and the 
rtder of mass m. Keeping these constant, wo can prove 
that voct* and sexfi, either of which facts will show 
that the acceleration produced is constant (or uniform), 
'Let the ring B be fixed at different depths below and let 
the time taken in falling from / to £ bo noted in each 
.case. It will be found that this time is always ])ropor- 
tional to the square root of ttia dept h or, what is the 
same thing, the distance AB is always proportional to 
the square of the time taken. Thus s or. ir. 

To prove that vect, we must not only note the times 
from A to the various positions of P, but we must clsq tix 
the stage G at such a depth below P in esch case iliat 
exactly 1 second is taken by the fall fi*om P^to 0. The 
distance Prf will clearly measure the velocity acquired in 
the time of going from A to P. This velocity will be 
found to W'y as the time; in fact, we shall find that 

V = 22 ^^ ~~ ^ always. Thus we can prove in two ways 

• The symbol oe denotes " varies as" or "is proiwitional to." Thus s at 
means that • ^proportional to 
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that a constant weight acting on a constant mass produc^S*^^ 
uniform acceleration, ^ 

Further, if we arrange B and C so that the times down 
liB and BC are the same, we shall find that AB = \BG, 
or space in time t = which is another well-kirown 
formula for constant acceleration. 


102.jnEdaving established the fact that / is constant 
when F and m arc constant, we shall now show how / 
varies with P and m. For this purpose, we need only 
observe the length of AB^ the fall in 1 second, in each 
expoiiniont. Since = Iffi and / = 1, wo sec that 
/zs'kv ' = 2^5 J 

Let the cylinders be each composed of a number of 
small detachable sections. By removing an equal number 
of these from each cylinder, we can keep the moving force 
P constant, ivhilo tho mass m vai'its. By removing one 
or moi'e from one side, and placing them above the rider 
on the other, we increase the inoving force without altering 
the whole mass moved. 

Those experiments prove (within tlie limits of oxjdain- 
able error) that the acceleration varies directly as /' when 
m is kept consta^and inversely as m wlien P is kept 
^constant. , And, therefore, by algobni, J oc Pjni^ when 
both P a^rd m vary. 

.jj 

lOo. To find g, the acceleration of gravity. 

Ill Atwood’s machine we have (§ 100) 


The acceleration /may be measured, as in § '&}2, by ob- 
serving th i time required to fall a given heigh t^rom rest. 
TTie masses M, m may be compared by weighinfg them in 
a pair of scales, and, knowing them, g may be found. 


2Jlf + y 
m 


(3). 


For a fuller account of axperiments with Atwood's tniehini. sec j 322. 
KL. MSCH. 
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04. One widght drawn along a table by another. 

A weight of m Ihs., hanging freely hy a ftfrivg, draws a 
weight of M Ihs. along a perfectly smooth table hy means of 
a string passing over a small pulley at the edge of the table 
(Fig. 15). To find the acceleration^ and the tensixm of the 
string^ in lhs» wt. 

Let T be the pull of the string in lbs. wt. ; then its 
value in pouudals = Tg,* Also the weight of the hanging 
mass = mg poundals, and that of the other mass is 
Mg poundals. 






Pig. IS. 

Hence, if/ be the acceleration of the two masses in feet 
per second per second,wehave, by considering the hanging 
m ass, m . / = mgr — Tg ; 

and, by considering the mass on the tab^^?, 

M.f^Tg. 

Eliminating T, wo have 

(ilf-l-m) ./ = wgr ; 

acceleration / — — ^ — ft (4). 

M+m ^ 

Eliminating/, wo have 

\ mMg—MTg = m Tg ; 

tension T == lbs. \v< (.j). 

The resnftf4) also follows at once from the fact thst 
the movingSorce is the m lbs. weight hanging freely and 
the whole moved is m-f 3f lbs. 

* Note that not the same thiiij; here as in § OS. Tlio former way, of taking 
7' M the numb^df poundals, is the better for general work. 
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Sxamples.^{l) A mass of d lbs., on a horizontal table, is con- 
nected by a Ftrinfij' passing over an edge of the table with a mass of 
3 lbs. hanging vertically. How far will the latter mass have fallen 
tin one second P (Fig. 15.) 


Total mass moved 
Force producing motion 

acceleration produced 


(5 + 3) lbs. »81b8. 
weight of 3 lbs. => 3 x 32 poundals ; 
3x32, 


8 


■ ft. per sec. per sec. 


= 12 ft. per see. per sec. 
Distance fallen = I fir = J x 12 x 1* ft. = 0 ft. 


(2) In the preceding example, what is the tension of the string ? 

Consider the mass on the table. The only force affecting the 
motion is the tension T of the string ; 

r = «i/ = 5 X 12 poundals = 60 poundals = IJ lbs. weight. 


EXAMPLES JX. 


I . Two weights are attached to the ends of a string passing over 
a smooth pulley. Find the acceleration (stating the units employed), 
the tension in the string (in gravitiition units}, and the force which 
the pulley has to sujiport, when the Wi4|prts are : 


(i.) 17 lbs. and 15 lbs. ; 
(ii.) 14 oz. and 2 oz. ; 
(iii.) 3 cwt. and 1 cwt. ; 
(iv.) 15 lbs. and 9 lbs. ; 


' (v.) 3 lbs. and 6 lbs. 

(vi.) 490 grammes and 491 grammes; 
(vii.) 90 grammes and 19 grammes ; * 
(viii.) 4 hilogs. and 5 kilogs. 


2. The pairs of weights of Example 1 are laid with one weight resting 
on a horizontal table and the other hanging vertically over the edge 
of the table. ^Find the acceleration and the tension ih the string in 
each of the cases, considering separately the two dij^rent arrange- 
ments when (a) the lighter, (b) the heavier weight re^on the table. 

** Two masses of 10 and 14 lbs., respectively, 


puUey. Find the space which will be described from ra; 


>yer a smooth 
•in 12 Seconds. 

4. Two bodies, hanging by a string over a smoow puUey, move 
with an acceleration of 8 feet per second per sccondS The mass of 
the descending body is 3 lbs. Find the mass of the ot^ 
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n. Two oqu»l weights of | lb. each are fastened to the ends of e 
string which passes over a fixed smooth pulley. What weight must 
he added to one of theao to make them move with an acceleration of 
4 fcui per second per second r 

6. Two b(xlios, whose masses are 31 and 33 oz., respectively, sus- 
pended at the two ends of a thin string passing over a smooth pulley, 
arc allowed to fall freely for 3 seconds. What will be the velocity 
acquired, and what will be the spaco traversed by each body r* 

7. Two weights of 14 oz. and 1 8 oz. are suspended by a fine thread 
which passes over a small pulley. If the system be left free to move, 
find how far the heavier weight will descend in the first 3 seconds of 
its motion. Find also the tension of the string. 

n/s . Two weights of 16 oz. and 17 oz. arc attached to the ends of a 
fine string which passes over a smooth pulloy, and the system is loft 
freo to move. In how long will the hcaviiT weight descend through 


y. Two weights of 6 lbs. and 7 lbs., wisiKJCtivoly, arc fastened to 
the (Tids of a cord passing over a smot>th pulley siipporb'd by a hook. 
Show that, when they uro :|||a to move, the pull on the liook is equal 
to 1 1 Ihs. wefht ^ 

^ 10. Two equal weights of 16 lbs. are suspended at the ends of a 
string which passes over a smooth pulloy, and a rider, weighing 2 lbs., 
is attached to one of them so as to start the system in motion. The 
rider is removed afb-T the system has been in motion for 2 seconds ; 
find how far the wjughts will move in the next 2 seconds. 

%/u. In an AtJWood’s machine, the weights attached to the string 
airs lbs. and 2-^., rospcctivoly. What weight must be attached 
to the lighter of &o two weights in order that the acceleration may 
be tins same as .b^orc, but in tho opposite direction ? 

I* 

12. A mass ^2 oz., attached to one end of a string, is do.scendiug 
vertically, the'.dthcr end of the string being attached to a mass of 
6 oz., which slidos along a smooth horizontal tabic. Find the accelera- 
tion of the syst^k, .and the tension of the string. 
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Ys. A mass of 1 lbs., attached to one end of h atrine', is puJItd 
along a smooth horizonttil table by anotlior mass, attached to the 
j:)th©r end of the string, and hanging over the edge of the table. If 
the mass on the table moves from rest through 4 feet in 4 c^econds, 
find the mass which liangs over the edge of the table. 

14. A mass of 488 grfimmcb is fastened to one end of a cord, wliich 
passes over a smooth pulley. What mass must be attaelud to the 
other end in order that the 488 grammes may rise through a height 
of 200 centimetres in 10 seconds? (Take y = 980.) 

15. A cord Avithout weight or friction, passing round ii single fixed 
pulley, has a weight of 500 grammes attached to oiio end and one of 
1000 grammes to the other. AVhen loft free, how far will the heavier 
weight descend in 2 seconds ? 

10. A weight of 12 oz. is moved from i(‘st on a smooth horizontal 
table by a weight of 4 oz., which hangs over the edge of the table 
and is connected with the weight on the table by means of a fine 
string passing over a small smooth ]>ulloy at the fjdge of the table'. 
Find the tension of the string, the velocity awiuired in 4 seconds, and 
the distance traversed in that time. 

V^17. What must be the masses attached to the ends of the string of 
an AtAvood’s irmchin^n order tliat the action of a I'orco 100 puimdals 
on a mass of 1000 lbs. may be investigated ? 

18. It is obseiTcd that the larger of the two wuights in an Atwood^s 
machine descends through ‘2j foot in Iho first second of its motion 
from rest. The motion is then stopped, and a Avolght of 18 lbs. is 
fastened to the smaller weight, which then doseeiids through 5J feet 
in the first second. Find the original weights. 
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TSXAMINATION PAPER V. 

1. Describe Atwood’s machine, and explain how it is used to deter- 
mine the acceleration of gravity. 

2. A conple of unequal weights P and Q hang by a thin flexible 
cord over a perfectly smooth bar. Find the acceleration, the tension 
in the cord, the distance travelled by either weight from rest in any 
given time, and the velocity acquired in the same time. 

3. In Atwood’s machine, the two weights are 8 lbs. and 12 lbs., 
respectively. Find (i.) the acceleration, (ii.) the distance described 
by each weight from rest in 6 seconds. 

4. Two unequal weights hang by a thin string over a smooth fixed 
pulley. The heavier of the two is 17 lbs. Find the weight of the 
lighter in order that it may ascend through 4 feet in the first 
2 seconds of its motion. 

5. Describe an experiment to prove that the weight of half an ounce 
will produce in a mass of 1 lb. an acceleration of (approximately) 
I foot per second per second. 

6. Describe experiments to prove that the distance which a body 
moving under a given force will traverse in a given time is propor- 
tional to the square of the time. 

'*•5* 

7. Two scale-pans, each weighing 2 oz., are suspended by a weight- 
less string over a smooth pulley. A mass of 10 oz. is placed in one 
and 4 oz. in the other. Find the tension of the string and the Xirossure 
on each scale-pan. 

8. A weight of 5 lbs. is connected with a weight of 16 lbs. by a 
fine siring, and the two weights are so placed that the larger weight 
rests on a smooth horizontal table, while the smaller hangs over the 
edge of iho table.. Find the acceleration produced, and the tension 
of the string.* • 

9. A weight Oi,-^ lbs., connected with another as in the previous 
question, falls t^r^gh 16 foet in the first 2 seconds of motim. 
What is the mass pf the weight on the table? 

10. What must be the masses attached to the ends of the string of 
an Atwood’s machine, in order that the action of a force of 1000 dynes 
on a mass of 1000 grammes may be investigated? 
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105. Work. — A force is said to do work when its point 
of application moves in the direction in which the force acts. 

When the point of application mores in a direction 
opposite to that of^e force, work is said to he done against 
the force. 

By tile “ point of application ” uf a force is meant the 
particle on wliii^h the force acts. When the force acts, 
not on a particle, bat on a body of any size, the force may 
be supposed to be applied at some particular point of the 
])ody, and tlie “ distance moved by tho point of applica- 
iioii*' means the distance moved by the particle of the 
body at tlntt point. 

V X * 

'■ 4 <¥ 

Examples of irorJe. — ( 1 ) An ongino drawing a train does work, 
for the iiiov«^ s in tho direction in which the engine pulls. But 
when th4‘ train is being stopped by the brakes, the train does work 
against the brakes, because t>io reeistanco of tht} 'Utter acts in the 
opposite dii'outioii to tliat in which the train is moving. 

(2) Tf a heavy body falln to the ground, its weight does work. If 
we lift it up again, we must do work against its weight. 
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106. DroFiNVTiON. — The work done by a force is 

weabtirml hij the product of tJ^e force into the distance through 
which its poi of of application move^ in the direction of the* 
force. 

In llio proseiii- cliaptor, wo shall suppose the of 

application fo bo moving iu the same straight line as the 
force. Tf it is moving in the direction towards which the 
force tends, the work done will therefore be positive. If 
it is moving in the reverse direction, we may regard the 
diKstance tiM versed as iiegjitive, so that the work done by 
the force is now a minna quantity. 

Hence worh done against a force is the same thing as a 
negative quantity of work done hy a force, 

107. ])ki TN'iTro.v. — The dynamical or absolute unit 
of work is the work done hy the. dynamical unit of force in 
moving its point of application Ihrmigh a distance of a unit 
of length, whatever system of units be used. 

The F.P.S. dynamical unit of work is the foot- 
poundal, and is the tvork done by a force of one poundal 
in monvg its point of application through one foot. 

I’he C.Cr.S. dynainical unit of work is called the erg, 
and is the work done hy a force of one Stfjne in moving its 
point of application through one centimetre. 

• Examples. --(1) To find the woik doiio in 10 lbs. through a 

i1istr.ii<;(! of U foot with an accoloration of a feet per Hooond j)ijr secoiul. 

T1)0 foree ui)iditd to the. body 

= mass X aeccl. ^ 10 x poundals, 
und llu) work done 

--- force X distance; trarorsed =- yOx 3 — \b^ foot-ponmtah. 

The work done hy a force of U80 dynod in moving through a 
distance of lOccntimetroH is 

980 X 10, or 9800 ergs, 

(3) To express the fuot-poundal in ergs. 

By 5 72, a poundal contains 13,780 dyuos, and a foot contains 
30 '48 contiinetros. llcru'o, by dofiuition, the foot-poiindul is the work 
done hy 13,780 dynes in moving thi*oiigh 30-48 eentimelrcs, and 
a fool-'pomdal -= 13,780 x 30-48, or 420,000 ays. 
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108. Definition. — The gravitation unit of work zs 

the work done in lifting the weight of a unit mass through a 
height equal to the unit of length. 

The English gravitation unit is the foot-ponnd, or the 
lom'k done in raising one •pound of matter vertically through 
one foot. 

Sinoo the weight of a pound is 32*2 poundals, 
a foot-pound = 32*2 foot-poundals. 

The e.G.S. unit is tho gramme*centimetref or the 
work done in raising one gramme through a height of one 
centimetre. 

Since a gramme weighs about 081 dynes, 

■. fi gramme-centimetre = 981 ergs. 

To comijarc, and express in foot-pounds, the work done 
by a man wci.^:hing 10 stone in climbing a mountain 4,000 feet 
high ; iiiKl th(! w ork done by the tide Iteiween low and lugh water in 
raining a ship of oOO tons through 20 feet. 

The man raises a weight oflOxHorllO lbs. through a height of 
4.000 fi'ot; 

work done = I-IO x 4,000 ft. -lbs. = 000,000 ft. -lbs. 

The tide raises 500 x 2,240 or 1,120,000 lbs. through 20 feet ; 
work done ^ 1,120,000 x 20 ft.-lbs. -= 22,400,000 ft.-lbs. 

These are in tho ral4ft of 1 to 40. 

109. Energy. — Definitions. — Dy energy is meant 
’'.apnr.lpff for doing work. 

Tho only kind of energy that we siiall have to deal with 
Is jMeulianical Energy, and of this there are two forms, 
vvA., Potential and Kinetic. 

The potential energy of a body or system of liodies is 
Ihe amount *of work which it is capable of performing in 
virtue of its position {or the positions of its parts). ' 

Tlxamplen.- (1) If a million Ions of water are stored in a reservoir 
)00 foot ahovi) th(! soa level, the water may bo siiid to have 500,000,000 
^oot‘ions of polcnlial energy, for if the water were allowed to run 
iown to tlMJ soa it would ho able pc'-rform 500,000,000 foot-tons 
>f work in its descent. By employing the water to drive a series of 
Yater wheels in its full, this work may be utilized for driving 
nachinery. 
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(2) If, in winding a dock, a weight of 8 lbs. iu raised to a height 
of a yard from the bottom of tiie clock, its poiential energy is then 
"lA foot^pounde^ for in descending again it is able to perform 24 foot- 
pounds of work. This work is expended in driving the clock, aad 
overcoming the friction of the machinery. When the weight has 
fallen one foot, its potential energy is only 16 foot-pounds, for it has 
only 2 more feet to fall, and it has already done 8 foot-pounds. 

110. If a body of weight IF is at a height 7i above 
the ground, its potential energy = Ifli (1). 

For this is the amoant of work its weight would do if 
the body fell to the ground. It might, for instance, raise 
another weight W to a height A, by means of a fixed pulley. 

Thns, if the mass of a body is M pounds, its weight 
= Mg poundals, and its potential energy when at a height 
of h feet above the ground is = Mh ft.-lbs. = Mgh foot- 
poundaU (g = 32, or 82 2;. 

The kinetic energy of a body is 
its cdpcuiity for doing work m virtue of its motion. It is 
nicasni'ed by the amount of work that the body is capable 
of performing in coming to rest. 

The following illustrations show that a moving body 
does actually }) 0 ssess energy. ^ 

Examples of kinetic energy . — 

(1) A bullet when fired nt a wooden target will pfmotrate a con- 
*Biderablo distance into the wood, thereby doing wotk against the 
very great resistance to penetration offered by the target. Hence, 
before the bullet struck the target, it must have possessed kinetic 
energy, or capacity for doing work, 

(2) A stone, when projected vertically upwards, will riso in tlie air, 
and thereby do 'Work against gravity. Evidently^ the capacity 
for doing work <Jepetids on the initial motion. The original kinetic 
ener^ is measu^ by the work done by the stone against gravity in 
coming to rest. 

Thus, if a mMS of 3 pounds is shot upwards with a velocity of 
40 feet per seobnd, it will rise to a height A, whore (by « 2yA), 
40* « 2. 32. A, or A = 26 ft. 

In rising through this height the body will do 3 x 26 or 76 foot-^unds 
of work. Hencfathe original kinetic energy must have been 76 foot- 
pounds, or 2400)oot-poundalB. 
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To find an ezpresBion fbr the fcifletio energy 
wa moving body. 

«Sappose a body of mass m to be moving with velocity u, 
and let us calculate the work it is capable of doing in 
coming to rest. If the velocity changes from u to 0 
under the action of a force of P dynamical units, and if / 
denote the acceleration, 8 the space passed over, we have, 

by § 37, (v*— w* = 2/tf), 

0— = 2/tf, 

and, by § 68, P = mf. 

Hence the work done by the force P, moving over a dis- 
tance 8, 

= Ps = mf.ft = 2fs X jwt = — X = — J-wu*, 

and the work done by the body against the force P is 
equal and opposite to this, and is therefore = 

Therefore the body, in coming to rest, is capable of pei*- 
forming dynamical units of work, or 

The kinetic energy of the body = \mvr (2;. 

Or in words : 

The kinetic energy of a body is half the product 
of its mass into the square of its speed. 

When expressed in foot-pounds, the kinetic energy 

(or, as some writers put it, Wv'/2g), 

Jirampie, — ^Ahannoii-hall,of weight 10 lbs., is fired hQ^ontal1y,witb 
a velocity of 1120 feet per second, from a gun, and the weight of tho 
gun, with its carriage, is 5 tons. Find the kinetic energ}' of the gun 
immediately ^ftor tho explosion, expressing it in foot-pounds. 

By § 81, we find velocity of recoil to he 1 /. a. 

Henoe kinetic energy » ^ \ {6 x 2240) x 1^ 

B 6600 foot-poundals ' 

= 176 ft. -lbs. / , 
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f. In uniformly accelerated motion the increase 
of kinetic energy is always egnal to the work done 
by the impressed forces. 

Wo have, in motion under nnifoi'm accoleration /, 
v'-M- = 2fs ; 

also, if P he the impressed force and m the mass moved, 

P = 7nf. 

Ps = 7nfs = X 2fs = -Jm ), 

or P.<j = (3) ; 

that is, work done by P 

= (final kinetic energy) — (initial kinetic energjO 

= increase of kinetic energy. 

Ill particular, if the body start from rest, the whole 
kinetic energy acquired is equal to the wox*k done by the 
impressed force. 

Equation (3) is called the Efjuation of Work. 


114. Comparison of the equations of momentum 

and work. — The student should bo careful to distinguish 
the property just proved from the property which forms 
the subject of Newton’s Second Law | § 74, equation (<»)]. 
The Second Law slates that 

force X time = impulse 

= change of momentum ; 
and the Principlie of Work states that 
force X distance = work 

sss change of kinetic energy. 

To calculate the kinetic energy acquired by a body after moving 
through a given distance under a given force, it is not nocessary to 
find the velocity and substitute in the expression for the 

acquired energy is simply the work done by the force. 
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ExampU8.—(\) A Btono weighing 3 lbs. falls through 7 ft. What 
is its kinetic energy, and what force will stop it in 2 ft. P 

J^inotic energy of stone =: work done by giuvity 
-= weight X distance fallen 
= 3 X 7ft.-lbs. =:21ft.-lbs. 

= 21 X S2 = 672 ft.-poundals. 

Lot V lbs. wt. be the force required to stop it in 2 ft. Then we 
have r lbs. wt. acting upwards and the weight 3 lbs. wt. acting 
downwards. Ilenco the upward force retarding the motion of the 
stone is 7*— 3 lbs. wt. 

When the stone is brought to rest, 

work done affainst retarding force » kinetic energy lo»t ; 

(P-3) X 2 ft. -lbs. - 21 ft. -lbs. ; 
required force P = 13J lbs. wt. 

(2) A stone wi'ighing 8 o/. falls for 6 secs. What is its momentum, 
and what force will stop it in 3 secs. P 

Weight of stone = J lb. wt. => \g poundals. 

MoTncntiim ac<]uired =-• impressed forco x time 
- ^ f> 

s= 80 dynamical units (taking g = 32). 

Lot P lbs. wt. be the^orce required to stop it in 3 socs. Then the 
actual retarding force = (P— lbs. wt. = (P- ^') y poundals, 
and impulse of this force in 3 secs. momentum destroyed ; 

••• (•i’-iOfl'xS = Jyx'); 
required force P — IJ lbs. wt. 

(3) To find the kinetic energy acquired by a kilogramme in falling 
through a metre. 

The weight = 1000 gm. wt. * 1000 x 981 dyn^s,' 
and distance fallen = 100 centimetres. 

Hence, by ( iu! Principle of Work, 
acquired kinetic energy = work done by weight 
— (force) X (distance) 

= 981,000 X 100 (dynes, cm.) 

» 98,100,000 erg9 
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115. The^JPriuoiple of Consenration of Enorgy. — 

If a body is stai ted in motion by any t'crce, we see, from 
§ 113, tbafi the kinetic energy acquired is eqnal to the 
work done. If after a certain time another force acts bn 
the body, the increase of kinetic energy is equal to the 
work done by the second force, and the total kinetic 
energy is therefore equal to the sum of the works done by 
the two forces. In like manner, if any number of forces 
act in succession on the body, the final kinetic energy is 
equal to the sam of the works done by the several forces. 
If, therefore, the body is nliiinately brought to rest, no 
that its final kinetic energy is zero, it will ha^^c done an 
amount of work equal to that done upon it. 

Thus toe get as much work out of the body as tvas previously 
put into it. 

This is a particular case of the .Principle of Conservar 
tion of Energy, which may bo briefly stated thus — 

Energy can never be created nor destroyed, bnt 
can only be transformed from one form into another; 

or. 

The total quantity of energy present in the uni- 
verse always remains the same. * 


lid. Obsekvations. — The Principle of Conservation of 
Energy, like Newton’s Laws of Motion, dors not admit of a 
perfectly general proof, but is based oii evidence derived 
fi*om experiment. Energy may manifest itself in many 
other forms besides the ordinary mechanical (kinetic and 
potential) energy of moving bodies, and it is only when all 
these forms of energy are taken into account that the 
principle really holds good. 

Tlicsc torriiR of racargy include energy of viBratlon which gives rise to soo'^d, 
heat energy, nuiram energy in the form of light, electrical energy, and cheni.oal 
energy. The tendency of modem physical science is to regard all fomis of energy 
as tbo kinetic and eoteutlal energies of the nltfanate mulccnles of which matter is 
supposed to be buin up. We cannot, of course, tell what these molccnles are like 
or now they really move, for they are for toostnaU to be seen with any microscope. 
Ail ^at we can ilo Ja to onild t.p theories of thwn that will accnnnt for physical 
phenomena. By so doing physicists hope to represent all encli phenomena by 
pai^ular cnees of the principles of dynmmee. 
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117. Particiilar ease of the principle. > 

HCotion of a body projected nnder gravity. — If a 

tnasR m bo projected vertically upwards with velocity u, 
wc have, when the height above the ground is 

imv^+mffs = J-mw*. 

lint, niffg is the potential energy (in dynamical units) at 
b( ight s, and imv^ is the kinetic energy. Hence 

kinetic energy + potential energy 

= origitial kinetic energy. 

Hence the total energy of the body always remains 
constant and equal to its original energy. 

At the start the energy is Yvholly kinetic; at the highest 
point it is wholly potential. 


11 K Verification for Atwood’s machine. — Let P, 

Q be the total masses suspended from the ends of a string 
passing over a puney,a8 in Atwood’s machine, where Q >P. 
Then, if Q falls tlireiigh a distance 8, P rises through an 
cqinti distance 5. TJie work done by the weight of Q is 
Qijs, and that done against P is Pgs\ hence the loss of 

potential energy = (Q--P) gs. 

If « is the initial velocity, and v the final velocity, 
the initial and final kinetic energies of the system are 

iQit’+lfPtt’ and 

hence gain of kinetic energy ^ (Q-l-P) (v*— »i®). 

The Ih'inciple of Conservation of Energy requires that 
gain of kinetic energy = loss of poteptiat energy, 
or that i(Q-l-P) («*—«’)=? (Q—P)gfs, 

or that = 2 9* • • • (»•)• 
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This relatiftn is satisfied, for in uniformlj accelerated 
motion v®— = 2//?, 

and we have seen in § 98 that 


/ = 


Q-P 

Q+P 


y- 


Whence (i.) follows immediately; hence the sum of the 
kinetic and potential energies is constant. 

Similarly the principle may bo verified for the case in 
which a body is drawn along a smooth horizontal table by 
a second body falling vertically (§ 10 1). 


119. Applications. — Conversely, we may often dotei*- 
mine the motion of a dynamical system by expressing in 
mathematical language the condition that the total 
mechanical energy is constant, or that the iiuToasc oF 
kinetic energy is equal to the wwk done on the system. 

This is really a most convenient way of finding the 
acceleration of the masses in Atwood’s machine, especi- 
ally if it is required to find the velocity acquired wlicm 
the.se masses have moved through a given distance. 

Examplpu.— (1) If a mass of 1 lb., hanging from tlie edge of a tubJo, 
draws a maas of 8 lbs. along the table by mesihs of a string, to find 
the velocity acquired in moving over 1 foot ; and the acceleration. 

Let the required velocity =* v ft. per sec. 

- Then the total kinetic energy = J (I + =r: p-w* ft.-poundals , 

and the work done by the 1-lb. mass in falling 

= 1 ft. -lb, — 32 ft.-poundals. 

Therefore V - » 

whence *»==-?=: 23 ft, per sec. 

Also the relation t?- — 2/v 

gives -V = 2/. 1 ; 

whence the acceleration / = ft. per sec. per sec. 

'S 

(2) A mass of oCf lbs. falls from a height of /)0 feet, and ponetraltis 
2 feet into loose sand. To find the xeBistance of the sand in p xinds 
weight. 

The kinetic energy acquired in falling is destroyed by the resist- 
ance of the sand. Hence the work dono on the body by gravity is 
equal to the work done by the body against the resistance of the sand. 
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Bui the body fullu altogother 62 feet, ^ 

work done by gravity = 52 x 50 * 2000 ft. -lbs. ; 
and, siiLce the body moves 2 feet against the resistauce, 

• resistaoce of sand = a 1300 lbs. weight. 

[Notice that iu this example we havo not had to calculate; the 
velocity of tho body.] 

(3) To llud tla^ loss of kinetic enerKl when a iiibsh of 1 lb., iiioviiig with a velocity 
of 10 feet per secoiidi strikes an equal inas*^ of 1 lb., and both continue to move on 
together. 

If V is the cuininon velocity of the two inuHses after tlic blow, the coiistuney ol 
nioincutum gives 

momoutuni of 2 lbs. moving wiUi vel. v = inomeutuiii of 1 lb. wiUi \el. Ji> ; 

2i’ = lx 10, or r — 5 ft. per sec. 

1'ho kinetic enmg}' of 1 lb. moving with a velocity of 10 feet iKir second 
(- ^ . 1 . 10* = 60 ft.-pounduls. 

'J’lie kinetic energy of 2 lbs. moving with a velocity of 5 feet isir seconil 
~ 5 . 2 . '1* ” '.\rt ft.>poundaI.M. 

Ileuee the loss of energy - 'i0-2‘> - 2’» It. -pnniidals = ft.dh-*. 

120. Tension of a string over a smooth pulley^— Jrhen k 
sCnftff pannes o%cr a pulley iHthmU frietion^ the tenston is the same 
throitffhot4tf if the UKfss of the mnny ami pulley be neylccted. 

Lot ono end of tho string be pulled with a force r, and suppose, if 
possible, that the pull at tho otfier end is 7^, and is not equal to T. 
If u length s of the string is pulled over, the work done on tho string 
by tho force T is Ts, and the work done by the string at tho other 
end IS Ts. 

[ • 

I Their differoiu'o (7’— 7";* is the muchaiiical energy comniiinicatcd 
V'O the string and pulley. But there is no friction ; hence tho system 
IS conservative, ajid this mcchanieal energy cannot bo lost. Also the 
string and pulley have no mass; therefore they cannot ac.(|uire kinetic ^ 
energy. Hence Iho otMiiiiiunicatod energy {T—T')h must be zero 
and there fore 7’ = T, 

Therefore the pull is the same throughout the string ( J 85;. 

121 Defwitions. — P ower is the rate of doing worh — 
The power of an “ agent ** {e.g,, a steam engine, a horse, 
or whatever does work) is measured by the amount of work 
the agt nf is capable of performing per unit of dfime. 

The F.P.S. dynamical unit of power is a rate of 
working of ono foot-pouiidal per second. 

The e.G.S. dynamical unit of power is a power of 
ono erg per second. 

EL. MKCII. 


8 
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122. Horso>Fower. — Gravitation Units of Power. 

l)i:HNiTiONs. — Tlio power of a steam-engine is always 
int*asuretl in liorse-]M)wei*. 

A horse-power (h.p.) ift a rate of loorkimj of 

onO foot-inmnds per second (4) 

= 38,000 foot-ponnds per minute. 

Tliia unit ol* power was introduced by Watt, who esti- 
iiinfod it ns being tbe rate of working of a good liorse, 
and it has been universally adopted by engineers as tlio 
unit of power. Tlie power of an engine when c Kprca?ed in 
horse- power is spoken of as l-lic hnrse-power of the engine, 

[ Xoto that the horse-power is a gravitational unit.] 
WJion engineers speak of aw cjn/iwe of so many horse-power 
— say a 10 horse-power engine — they mean an engine 
which is capable, under favourable circumstances, of 
working at 10 horse-power — 1 . 6 ., performing 5500 foot- 
pounds per second. Tint such an engine might be worked 
more slowly and might be used to perl'orni, say, only 
4U:0 foot-pounds per second. It would then be said that 
the engine was working at 1 of its full horse-power. 


I'.xifniptt'H. (1) 'JV) Jirid Iho horao-powcr of .\Ti eiigiiwj wliioh diaus 
II r;iilw.'iy train at CO tiiih'S an hour against a iisistancc etiiial to tho 
woiglit of 1 ton. 


H(*ro th(! engino movea 88 feet ixt sceorul against a rc-siatunre of 
-240 Ihs. wt. Ili'iicc it performs 

88 X 2240 ft. -lbs per see. ; 


. • . rocpiired horse-power of engine 


SS X 2240 ^ 
ooO 


(2} A steam pninp raises 1 1 tons of water 15 foot high every 
miimte. What is its horse-power ? 

Work done per min. = 11 x 2240 x 15 ft.-lbs. ; 

. work done per sec. = 1 1 x 2240 x 15 00 ft.-lhs. 

= 11 x500 ft.-lbs. 

But one horse-power - 550 ft.-lbs. imt see. ; 

. ,, 11 x500 50 

* 550 5 
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(3) To eifpi'esB the horRe-power in F.P.S. dynamictil units. 

A horse-power -- into of working of 550 ft.-lbs. per sec. 
» ~ 550 X 32 ft.-poundals per sec. 

17600 F.P.S. ilynamicul units. 


EXAMPLES X. 

1. Find the work done hy the following forces moying through the 
given distances : - 

(i.) a force of 12 poundnls through 100 feet ; 

(ii.) a forco of 10 lbs. weight through 2 inches ; 

(iii.) a force of 10 dynes through 10 metres ; 

(iv.) a force of 5 grammes weight through 2 centimetres. 

2. Find the work done in moving the given masses through the 
given distances with tho given accelerations : — 

(i.) 20 lbs. through 4 ft. with an accel. of 2 ft. per sec. per sec. ; 

(ii.) ^ ton through 100 yds. with an acce’. of ft. per sec. per sec. ; 

(iii.) 100 gm. through 20 cm. w'ith an accel. of 4 cm. per sec. per sec. ; 

(iv.) 10 kilog. thi^)iigh 10 metres with an accel.of cm.perscc.porsec. 

^ 3. If 1 cwt. bo raised vertically through 10 feet in each minute, 
and the w'ork done per second in absolute measure. 

4. Find tho kinetic energy acquiml hy the given masses falling* 
freely through tho given heights : — 

(i.) 10 Ihs. through a height of 100 feet ; 

(ii.) 4 tons tliroiigh a height of 9 feet ; 

(iii.) 10 grammes through a height of 10 centimetres ; 

(iv.) 1 kilogramme through a height of 10 metres. 

6. Find the work douo hy a fire-engiuc which discharges every 
second for a minute 80 lbs. of water with a velocity of 50 feet per 
second. 

6. Equal forces act for the same time upon unequal masses M and 
m ; what is the ratio of (i.) the momenta generated bj the forces, 
(ii.) the amounts of work done by the forces P 
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7. A cannon bi£ll, whose mass is } owt., falls through a vertioal 
height of 226 feet ; what is its energy P With what velooity must 
such a cannon ball be projected from a cannon to have initially an 
equal energy P 

8. A mass of 10 lbs. falls 100 feet, and is then brought to rest by 
penetrating 1 foot into sand. Find the average pressure of the sand. 

9. A body, whose mass is 12 lbs., moves from rest with a uniform 
acceleration of 100 inches per second per second ; calculate its velocity, 
momentum, and energy after it has moved over 20 feet. In what 
units are your results expressed P 

10. A |-ton diot is discharged from an 81-ton gun with a velocity 
of 1620 feet per second. Will the gun or the shot be able to do more 
work before coming to rest, and in what proportion P 

11. Distinguish clearly between the momentum and the enet'gy of a 
moving body. 

12. A stone, whose mass is 26 llis., falls freely under g^vity for 
2 second. Find its momentum and its kinetic energy at the end of 
that time. 

13. A body, whoso mass is 100 grammes, is thrown vertically 
upwards with a velocity of 980 centimetres per .second. What is the 
energy of the body (i.) at the moment of propulsion, (ii.) after 
I second, (iii.) after 1 second P (y — 980.) 

14. A shot of 1000 lbs., moving at tbc rate of 1600 feet per se'^ond, 
strikes a fixed target. How far will the shot penctnite the target, 
exerting upon it an average pnissurc equal to the weight of 12,000 tonsP 

15. A steady force applied to a mass of 75 tons, initially moving at 
the rate of 3 miles an hour, accelerates it at the rate of 4 feet per 
second per second. Calculate (i.) the applied force in pounds weight, 
(ii.) the speed of the body after the lapse of 1} minutes, (iii.) its 
kinetic energy at thC '^ame time, expressing it in foot-tons. 

16. A mass of 12 lbs., moving along a smooth horizontal plane 
with a velocity of 60 feet per second, impinges directly on a mass of 
18 lbs. at rest on the plane. After impact the two masbes move cn 
together. Find loss of kinetic energy. 
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17. A mass of 5 lbs., moving^ with a velocity of ;^0 feet per second, 
impinges directly on a mass of 6 lbs. moving with a velocity of 10 foot 
per second in the same direction, and after impact the two masses 
move on together. What kinetic energy is lost ? 

18. Find the average force which will bring to rest, in 20 feet, a 
cannon ball, whoso mass is 1 lb., moving horizontally at the rate of 
1600 feet per second. How long will it take to bring it to rest ? 

19. A shot is fired from a gun, which is fixed, with a certain charge 
of powder. If the charge of powder be quadrupled, in what pro- 
portion will the velocity of the shot be increased ? 

20. Find, in miles per hour, the speed which would be nuiintained 
by an engine of 3 horse-power working against a resistance of 
1000 poundals. 

21. Betermino the horse- power of an engine which will raise 
120 lbs. of water per minuto from a mine 880 foot deep. 

22. Find the time which a man weighing 10 stono will take to 
climb a mountain 3000 feet high, if ho can do work at the rate of 
4200 foot-pounds per minute. 

23. Find the horse-power of an engine which moves at the 
rate of 45 miles an hour, the weight of tho ongino and load being 
100 tons, and tho friotional resistance 20 lbs. per ton. 

24. A steam crane of 10 horsc-powor raises a load tu a height of 
50 f('.et in 3^ minutes. What is tho greatest possible weight of tbo 
load ? 

25. An engine of 64 horse-power draw.s a load along a horizontal 
road. The weight of the engine and load is r50 tons, and the frictional 
resistance 16 lbs. per ton. Find the greatest speed which the ^ngpne 
can maintain^ 

26. How many watts are there in a force dc efteval ? * (Take ^=*981.) 

27. If the units of mass, length, and time be, respectively, 1 lb., 
1 yard, and 1 minute, find the dynamical units nf energy and power. 

28. If the units of mass, length, and time bej'Tospoctivoly, 1 kilo- 
gramme, 1 metre, and 1 second, find the dynamical unit of energy. 

• A wait = 10,000,000 O.G.S. dynamical units of pf»wer,’ a jonr tir cheval - 7ii 
kUogmmmp-inetres per «)econd. 
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EXAMINATION PAPER VI. 

1. Dofine work^ e»w>v 7 y, and horse^power. How are they measured i 

2. A man weighing 15 stone climbs a mountain Ij mile high. How 
much work does ho do against gravity ? 

3. A body, whoso mass is o lbs., is thrown vertically upwards with 
a velocity of 42 feet per second. Find its kinetic energy when it has 
been in the air 1 second. 

4. Show that, when a partidc is moved from rest by a constant 
force acting through a given space, the kinetic energy of the particle 
is equal to the work done by the force. 

5. What is the horse-power of an engine which can project 
10,000 lbs. of water per minute with a velocity of 80 feet per second, 
20 per cent, of the whole work done being wasted by friction ? 

G. In a railway train the resistance and fretion of the rails is 
4 lbs. per ton. What is the horse-power of an engine which will 
maintain a speed, on the level, of 45 miles an hour, if the weight 
of the train be 50 tons ? r 

7. A mass of 8 lbs., moving with a velocity cf 40 feet per second, 
impinges directly on a mass of 12 lbs. moving in the same direction 
with a velocity of 20 feet per i^ccond, and after impact the two masses 
move on together. ITind the loss of kinetic cn< rgy. 

^ 8. A bullet of mass 1 o«, leaves the muzzle of a gun 3 fcot in length 

with a velocity of 1000 feet per second. Find tlie av( rage jjrnssuro of 
the powder on the bullet. 

9. A4bdy weighing 5 lbs. drops through a distance of 100 foot, 
and is brought to test by penetrating 10 feet into mud. Find the 
average resistance of the mud. 

7 - 

10. Enunciate ig6d explain the Principle of Conservation of Energy 



PART III. 

THE PABALLELOGMAM LAW. 

CHAPTER XI. 


COMPOSIT[ON AND KESOLUTFON OF 

VKl.OCmES. 

j*2:F. Representation of uniform velocities by 
straight lines.— Wo shall now deal vviili motions wliidi 
arc not all in oiio sti'ai^'hi lino; and in the (irst pla^JO wo 
shall oonsidcr tlio properties of two or more motions 
whieh fake place with uniforiri velocities in clilTcn-ent 
straight lines. 

Ill future, Avlien wo speak of a body as “ inoviiit^ 
hidlVninly,” wo shall imply that it is nioviug ivU/t nui~ 
jurm velocily in a straiylit line. 

In order to specify completely fciic velocity of a body, it, 
!S necessary to state 

(a) Row fast it is moving ; 

(/)) In what direction it is moving. 

The first of these two data is called the speed of the 
body, or the magnitude of its velocity, and (if the motion 
is uniform) is measured by the distance traversed in a 
unit of time (Chap. I.). 

The second is called the direction of the velocity, and 
is the direction of the straight line in which the body 
moves. It may bo specified by referring it to certain 
fixed directions, such as the vertical and liorizoutnl 
directions, the. points of the compass, ttc. 
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If then w€f draw the straight lino which the body 
nctaally traverses in a unit of time, the length of this line 
will measure the speed, and its direction will indicate the 
dii'ection of motion ; hence the lino will he Hiifficient to 
completely specify the velocity of the body. Such a lino 
is said to represent the velocity in question. 

Thus uniform velocities may he represented hy straight 
lines. 

Any equal and parallel straight line drawn anywhere would also 
represent the fame velocity, since it would serve equally well to 
indicate the magnitude and direction. The line of motion in Dynamics 
is of little importance, although the line of action in Sta-ics is of great 
importance. 


124. The sense of the dirccti(»n may be shown hy an 
ai'i\)w drawn on or by the side of the line, or hy the order 
of the letters used in naming the line. Thus AB represents 
a velocity which in un*t time would carry a body from A 
to B ; BA a velocity which in unit time would carry it 
from B to A (§ 18). 


F.xample. — Two ho;its are sailing, one 
cue cast at 6 miles an hour, the other 
north-east at 7 miles an hour. I’o repre- 
sent their velocities in a diagram. 

Draw AB due cast, and on it cut otf 
AB. containing six units of length. 

Draw AC^ making an angle with 
'ABf and on it cut off AC, containing 
seven units of length. 

Then, if a mile and an hour are the 
units of length and time, AB. AC repre- 
sent completely the velocities of the two 
boats. 



125. ; Itepresentation of variable velocities. — When 
11 bodyjSti^'hol moving in a straight ]inf,its velocity is 
variable, even if its speed remains constant. 

Thus, if the body revolves in a circle so as to describe equal arcs of 
the circle in equal .times, its velocity will bo variable. 

In dealing with variable velocity, it is usually necessary 
to specify it by the velocity at any instant of time. This 
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is the velocity in a small interval of time! including 
given instant, the interval being so short that neiih&r the 
jipeed nor the direction of motion has time to change in it. 

The velocity at any instant is not represented by the 
path actually traversed in a unit of time, but by the 
straight line which wou^d be the path traversed if the 
velocity wei*e to remain uniform from that instant onwards 
(as would be the case, by Newton’s First Law, if the body 
were not acted on by any force). This line is a tangent 
to the curve along which the body actually moves. Thus, ; 
velocities are always represented by straight lines, ' 
never by arcs of curves. 



r26. Relative velocity. — As explained in §§ 19-21, 
me velocity of one body relative to another is the velocity 
with which the first body would appear lo move if the 
person observing it wei*e moving with the second body. 

In many cases the relative velocity may be found very 
easily. 


Examples, — (1) Two men start simultaneously to walk, one east- 
wards at 4 miles un hour, the other northwards at 3 miles an hour. 
To find their relative velocity and the direction in which they ; 
.separate. * 




lict the men start from A. Then, in 1 hour the first man will have 
arrived at 4 miles oast of A^ and the second 
will have arrived at C, 3 miles north of A. 

Since the two men started together, BO re- 
presents the distance the second man appears to 
have moved away in an hour, us observed hy the 
first. 

Therefore BC measures the relative velocity in 
miles per hour. 

Now, by Euclid I. 47, since BAG is a right 
angle, 

BC- + 42 + 32 == 16 + 0- 25; ' 








ffC-5. 


ITonce the relative velocity is 5 miles per hour, in a direction 
parallel to BC. 

, So, in Fig. 16, the velocity of the second boat relative to the first 
[ is represent by BG. and is seen to be 5 (miles per hour). 
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2; A camage»>i8 travelling through a shower o£ rain, which is 
falling vertically with a velocity equal to that of the carriage. To 
show that, to a person in the carriage, the rain appears to fall at an 
angle of 46° with tlio vertical, and to lind its apparent velocity. • 

Suppose that at any instant a raindrop appears 
to coincide with a speck on the carriage- window 
at A, Then, when tho speck (with the carriage) 
has moved through a horizontal distunco Aff, 
the drop will have fallen through an equal 
vertical distance AC^ and tho relative positions 
of the speck and drop will he B, G. Therefore 
BC represents the direction in which the drop 
appears to move away from the speck, i.c. the 
apparent direction of the rain relative to the is. 

carriage. 

But ABC is a right-angled isosceles triangle, and therefore 
>ICB-46"; BO--ACy/'l\ \ 

Hence the direction of tho rain aftpeara to make an angle 45° wuwl 
the vortiiuil. 

AlhO apparent dist. traversed by drop - \/*i x (actual (list, traversed) ; 

apparent vel. of drop - a/2 x (actual vel. of rain). 

127. Having given the velocities of two bodies, 
i;o construct graphically their relative velocity. 

If the velocities of two bodies bo rep rose h ted by two 
sides AB^ AC of a triangle, their relative velocity shall bo 
represented by tlie tliircl side BC. * 

Let OP and AC be the paths actually traversed in a unit 
time by two bodies moving uniformly. We have to find 
Jhc apparent velocity of the second body to an observer 
stationed on and moving with tho first. 

Complete the parallelogram AOPB, and join BC. 

Then tho total change of position of the bodies tlui 
same as if 

(i.) the first body moved from 0 to P and the second 
from A to B, 

(ii.) the first body then remained at rest while the 
second moved from B to G. 

Now the first part of the motion does not afiTect the 
relative position of the second body as seen from the first, 
for, since PB is equal and parallel to OA^ the distance and 
direction of B when seen from P are tho same as those cf 
A when seen from 0. 
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Hence the change per 
unit time in the relative 
positions of the bodies is 
fhe same as if the first 
body remained at P, and 
the second moved from 
B to G. Therefore BC re- 
presents the velocity of 
the second body relative 
to the first. 

And AB (otOP) and AO 
evidently represent the 
velocities of the bodies 
themselves. Hence the relative velocity is represented 
by the third side of the tnangle ABG» 

]‘J8, Composition of velocities. — A body cannot be 
in two places at the same time, and cannot move in two 
different ways at the same time, and so cannot have two 
velocities at the same time. But it is often convenient 
to consider the motion of a body as made up or com' 
pounded of several independent velocities. 

These are c.alled the component velocities of the body, 
tand are to he regained as relative velodiies on which the 
vmotiou of the body depends. 

Thebody’s actual velocity is called its resultant velocity. 

The process of determining the resultant velocity when- 
''the components are given is called compounding the 
several velocities. 

The definitions of § 23 lire perfectly .general. But 
nnless the motions are all in one straight line, the resultant 
velocity is not simply the algebraic sum of the components. 

Thus, suppose a river is flowing, a steamer is being driven through 
the water by its engines, a man is walking auross the d(^k of the 
skamor, aMil a fly is crawling up the man’s hat. Then the component 
velocities of the fly are (a) the velocity of the water, (A) the velocity 
with which the steamer is drivon relative to the w-afer, (e) the velocity 
with which the man walks relative to the steamer, (of/the velocity 
with which the fly crawls relative to the man’s hat. Eadi of these 
lolative velocities affects the motion of the fly, but the actual or 
resuUant velocity of the fly is different from any of them. 
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V ExampUs, — (1^ A ship is Bailing at the rate of 12 feet per second, 
and a sailor climbs up the mast at the rate of 3} feet per second. To 
find the man’s actual velocity. 

Suppose the sailor originaUy at the foot of the mast at A, Then in 
one second the motion of the ship carries the foot of the mast from 
>1 to , where AB » 12 feet. But the sailor has climbed up 3t feet, 
therefore he is at a point (7, feet above and AC is the distance 
actually traversed in one second. 


0 


Fig. 20. 

Now, since ABC is a riL^bt angle, 

AC- == 45 = + « 123+ (^)3 « 144 + *9 = AlA ; 

and therefore the sailor's actual velocity is 12^ feet per second. 

'^(2) A man rows a boat through the water at the rate of 3 miles an 
hour in a direction 60° east of north, in a ciirront 11 owing southwards 
at the rate of 1 } miles an hour. To show that the boat will travel 
due eastwards, and to find its rate of progress. 

If a straw, dropped from the boat at A^ 
were to drift with the current ^supposed 
constant), it would in an hour reach a 
point F, miles south of A. 

' But the man has rowed relatively to 
the water and straw through 3 miles in a 
direction 60° cast of north. 

Therefore the boat will have arrived at 
(7, where BC *= 5^iles, and Z ABC = 60°. 

Complete the equilateral triangle BCD. 

Then AB \\ miles ^ \BC — \DB, 

Therefore A is the middle point of BD, 
and AC is*^ right ^gles to AB. 

Therefore the hj^t’s coarse AO is due 
eastwards. £ 

Also AC ^ J^,AB ^ mUes. 

Therefore the ^t’s actuu velocity is f \/3 miles an hour. 

Note.— We have, fn these examples, tacitly verified the general propositions 
which we are aboutv to prova The second example, in partlonlar, may be hard to 
acospt, nntil the next tbw articles are read. 
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129. The Parallelogram of yelocitiee. — If a body 
has two component (uniform) velocities represented 
by the straight lines AB and AD, and if the parallelo- 
gram ABOD be com^tedf the resultant (or actual) | 
^ velocity of the body will be uniform, and will be 
represented by the diagonal AC. 

Let the body, at the beginning A Q o 

of the S(‘Cond under consideration, 
be at the point A. 

From the notion of component 
velocities, it follows that the posi- b 
tion of the body at the end of the 
second will be the same as if it 

moved through the space AB relative to a lino originally 
placed in the position AB, while evei'y point of the line 
was being moved with a velocity AD. The line will thus 
at the end of the second be in the position DC, while the 
body will have moved from one extremity to the other of 
the line, and will therefore be at the point C.* 

Also, it' AE and AG rept^sent respectively the spaces 
the body and line would separately describe with tho 
given velocities in uny given part of a second, it is evident 
that the actual position of the body is thou at F, where 
GF is equal and parallel to AE. 

Now, since the velocities are uniform, 

AE AB = AGjAD. 

Hence, if the parallelogram AEFQ be completed, the 
triangle will be similar to ADC (Appendix, §8), and 
therefore F will lie on AC, and AF will be the same part 
of AC that AE is of AB, or AB of AD. Hence .JlAie body 
describes the straight line AG, and ti^versesstdistances 
proportional to those traversed by E or ff^aud therefore it 
moves with uniform speed. Hence the ti^ultant velocity 
is uniform, and is represented the diagonal AG. 

* Tlie result, so far, holds good even If the velocities are n/A uuiform ; hat then 
we know nothing about the pa(h of tho body. 
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Notu. — Some yriters infer the tmifomiUy of tbe resultant yelocit]^^ 
after the following fashion: — Since the component velocities are 
uniform, or the same at each instant, their resultant is also the same 
at oacli instant both in magnitude and direction, that is to say, it is a 
uniform velocity. 

1 


130. Alternative Construction. 

Since BO is equal and pamllel to AD, it is clear that it 
will represent the second component velocity just as well 
as AD does. We tlins see tliat rtilocities AB and BC have a 
resultant AC* This leads to a simpler construction for 
obtaining the resultant of two velocities. T)i*aw a .straight 
line to represent one of them, and from the extremity of 



this line draw a second lino to represent the other; the 
straiglit line from the start of ilio lirftt line to the finish 
of the second will represent -the resultant in inagiiitudo 
and direction. Care must be taken to draw each line in 
the right smise (§ 121). 

Contrast with this the ^'nte pren in § 127. 

Similarly, if there i.s a third component, we draw a 
third line from the end of the second, and the resultant is 
from the start of the first to the hnish of the third line. 

When wo draw lines in this way, one way roimd, without lifting 
the pencil from the paper, they are said to be taken in order. If 
arrows be used to denote the sense, one arrow will point towards a 
vertex, while another one points away from it. This construction 
leads to the following (somewhat important) propositions. 

* This iiuportaut result is ll^queutly referred to as the Triaugle of 
Velocities." 
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131. The Triangle of Velocities. — If a body hav^ 
three component velocities which can be represented 
Jby the sides of a triangle taken in order, then the 
body will remain at rest. 

Lot tlie tln*ce conipoucut velocities be represented by 
AB, BC, CA (Fi^r. 24). 

Tlic resultant of AB and BO is AC, and this eonipoundod 
with CA profliioes zero velQcit3’, or the boJ}*^ will remain 
nt rest under the Ihree velocities. 



'I’o understand h')\\ tw<) equal and opposite velocilics can ho j'qui- 
valonl to a stiitf* rf i-est, suppose an Jiiit to ciawl on a hook from 
A to C whih; wo pash* the hook so that C moves to whoro A now is. 
iir, MippMKo M passonger to walk, inside a tramear, witli speed 

in the opposite direction to that of the cur. 


132. The Polygon of Velocities.— If a body havd^ 
any number of component velocities, which can be 
represented by the sides of a closed polygon taken 
in order, the body remains at rest. 

Let AB, BC, CD, DA be the sides of the polygon repre- 
senting the several component velocities (Fig. 25). 

Then the resultant of AB and BC ’s AC, that of AC and 
CD is AD, nnd that of AD and DA is zero. 

Hence the body whose motion is compounded of all the 
velocities remains at rest at A. 



m 
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f 133. To fi]|d the magnitude of the reenltant of 
two velocitieB u, v in directions at right angles 
to one another. 

Draw AB, AD afc right angles, and let AB contain te, and 
AD contain v units of length. 

y 

la ..C 



Fig. 26. 


Then AB, AD represent the two velocities m, v. 

Complete the parallelogram ABGD. 

Then AO represents the resultant velocity V. 

By Euclid I. 47 , AG' = AB^^^BG^ = AB^-vAD^ \ 

( 1 ) : 

resultant Telocity r = 

Example , — If tko component velocities are 5 and 12 units respect- 
ively, r- = 52 + 12- = 25+ 144 = 1C9 =- IS-f, 

and resultant velocity 13 units. 

’/134. Sesolntion of Telocities. — It may happen that 
we are given the resultant velocity in magniiudc and^ 
direction, and that we have to find what are the compo- 
nent velocities along two given lines which have the givim 
velocity for their resultant. This process is called 
resolvij||p the given velocity into components in the 
given dfrections, and is the reverse of com pounding 
velocities. 

The only two casi^ which are required for the solution of elemen- 
tary problems arej;ihose in which the given directions are at right 
angles to each oth&, and the direction of the given velocity makes 
angles of either 45^ and 45*^ or 30^ and 60° with them. 
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Case I. — A velocity V is inclined at ^angles of 45° 
and 45° to tvm given perpendicular lines. To resolve it 
into components along these lines. 

Let AC reprcsoDt tlie velocity V, and let AB, AD be the two g^vcn 
diroctions. Draw CB parallel to DAj and CD to BA ; then, by the 
Parallelogram of Velocities, AB and AD or BC represent the required 
compements. 

Since Z BAC — 45® and Z ACB = 45®, therefore ABC is a right- 
angled isosceles triangle ; [Appendix, § 5] 

= i^I.AC. 

Honro tho required components are ^ along AB and 

F along 






% Fig. 27. 

*T*Case II. — A vt 


Fig. 28. 


velocity V is inclined at angles 30° and 60° 
to tivo given perpendicular lines. To resolve it into cow- 
ponents along these lines. • 

Make the same construction ss before. 

Since Z BAC — 30® and z ACB = 60’’, therefore ABC is a semi • 
equilateral triangle ; [Appendix, { C] 

. BG^AB^AC, 

* “1 >3 ’2 ’ 

AB-^^i^d.AC and BC iAC. 

Hence the required components we J V 3 • alo«g AB an<r*4 jr along 
AD. We notice that the., greater component ^ v^3 . F is in the 
direction with which. V makes the smaller angle 
[H therefore the given velocity were to make angles of 60° with 
AB and 30*^ with ADt the components would ho fF along AB and 
4^3. r along >10.] i 

EL. MECU. ^ 
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136 . We have the following results, which sho^tdk^ 

he rememhered : — 

(i.) For angles 45 ° and 45 ° 
components are i i/2 , r and ^ ^2 . V ; 

(ii.) For angles 30 ° and 60 ° 
components are ^ ^3 . V and i , 


[Note. — If the piven velocity r makes aup^lcH ol' A and 90° — ./I 
with two given perpendicular lines, it may he shown hy Trigono- 
metry that the components of T along theso lines are rcosA and 
Fsin A respectively.] 

AVc may apply those results to find the resultant of two velocities 
whoso directions are inclined at any of the common angles 30'*, 45°, 
(10°, &c., as in the following 

Example . — To find the resultant of two velocities of 5 f('ot per 
second and 4 feet per second, w'hoso directions include an angle 
of 00°. 

Resolve the volociiy 4 into its components along and perpendicular 
to the velocity 5. These are } . 4 and \ y /?, . 4, i e. 2 and 2 ^/3 foot- 
s:*cond units re8[)cctively. 

Hence the two velocities are together equivalent to 2 + 5 and 2\/3 
units in these directions, which arc at right angles. Therefore, hy 
^ 133, their resultant 

= v'|7^+ (2v/3)-j = ^^(41)4 1£) = \/Cl = 7*81 feet per second 

approx iinateljr. 


EXAMPLES Xr. 

1. One body moves due north at the uniform rale of 1-4 feet por 
second, and another moves due east from the same point at the 
uniform rate of 4-8 foot per second. Both started at tho same 
instant. Find their relative velocity, and their distance apart half 
a minute after starting. 

2. Two men start at the same time to walk along two streets 
running at right iingle': to c.ich other. One of the men walks at the 
rate of 4 niilcs an hour and tho other at the rate of 3 miles an hour. 
Find their distance apart at the end of 1^- minutes. 
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3. A train is recedin'? from an observer with a velocity due soutb, 
and the observer himself is soaiod in another train which is moving 
duo east at tho same speed as the first. In what direction does the 
first train appear to move ? 


4. A carriage is travelling through a shower of rain which appears 
to meet the cjirriiigc at an angle of 30° to the vertical with a velocity 
equal to twice that of tho carriage. Find the actual direction and 
velocit}^ the rain. 

boat iri row’ed on a river so that its speed in still water would 
be 6 miles an hour. If the river flows at the rate of 4 miles an hour, 
show, by drawing a figure, how to find the direction in which tho 
head of tho boat must bo kept in order that its motion may be at 
right angles to tho current. 

G. A ship is sailing north-cast with a vfdocity of 10 milos an hour, 
and to a passenger on board the wind appears to blow from the north 
with a velocity of 10 \/2 miles an hour. Find the true velocity of 
tho wind. 

7- A person on an express train moving 60 miles an hour wishes to 
l ^ t a stationary object, which is situated 100 yards off, in a lino through 
tno marksman at right angles to the lino of motion of the train. If 
his ]>u11et moves 1200 feet per second, find how much to one side of 
the object he should aim. 


8. A body is moving due east wdth a velocity of miles an hour, 
and another velocity is oominunic«atcd to it, so that it now moves duo 
south with tho same volocdty as iMjfore. Find tho magnitude and 
direction of the velocity communicated to tho body. 

0. A carriage is travelling at the rate of 20 feet per second, and a 
passengia* insider projects a hall with a velocity of 40 feet per second 
in a direction making an angle of 120° with the direction of motion of 
tho '‘airiago. 8how that the resultant velocity of tho ball is perpen- 
dicular to tlie direction of motion of the carriage,, and di^termine its 
magnitude. 

^10. With what velocity must a man swim at ri^t angles to the 
current across a sti*eam 120 yards Wide, flowing 3 miles an hour, so 
that he may not be carried further down the river tbah 176 feet F 
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11. A ship isn sailing due north at the rate of 4 feot per second; 
a current is carrying it due east at the rate of 3 feet per second; 
and a sailor is climbing a vertical mast at the rate of 2 feet per second. 
What is the velocity of the ship, and what the veloc ity of the sailor, 
relative to the sea bottom ? 

12. A ship is sailing north at the rate of 8 miles an hour through 
the sea, and a man walks at the rate of 7 feot per second straight 
across her level deck on a lino drawn at right angles to her length. 
Draw a diagram (as well as you can to scale] by measuring which one 
might find the angle the man's resultant path makes with the norlih, 
and calculate his velocity with respect to the sea. 

13. To the same particle arc imparted two velocities of 6 and 12 feet 
per second respectively in directions at right angles to each other. 
Find the resultant velocity. 

14. Resolve the following velocities into components along and 
perpendicular to the straight lines with which their directions make 
the given angles : — 

(i.) 4 foot per second, 0” ; (v.) 24 feot jier second, 90° ; 

(ii.) lo miles an hour, 30° ; (vi.) 10 kilometres per hour, 120 ° ; 

(iii.) 12 yards per minute, 45°; (vii.) 4>/2 miles an hour, 135° ; 

(iv.) 10 moires per minute, 60° ; (viii.) 12 feet per second, 150° , 

(ix.) 10 centi^^etres per second, 180°. 

A body has a velocity of 7 miles an hour to the north, and also 
a velocity of 3^/2 miled an hour to the south-east. It is brought to 
rest by a third velocity. Determine the magnitude of this velocity. 

16. Show how to find, by a graphical construction drawn' as well 
as you can to scale, or by calculation, ilie resultant of the following 
velocities, which are communicated to a point, viz., 10 feet per 
second in an easterly, 20 feet per second in a north-easterly, ,ind 
30 feet per second in a northerly direction, respectively. 

17. Find the jresultant velocity of a body which has communicated 
to it simultaneoasly the following velocities : — 35 feet per seco;^ to 
the north, 30 met j}er second in a direction 30° north of east, 
30\/3 feet per s^fcond in a direction 30° west of south, and 12 feet per 
second to the vpst. 



CHAPTER XII. 


THE PARALLELOGRAM OP ACCELERATIONS. 


187. General definition of acceleration. — When n. 
body is moving in a straight line, its acceleration, if it 
has any, must be in the line of motion, and may be 
defined as in Chap. II. In all other cases we must define 
the measure of acceleration as follows : — 

Depintiion. — Acceleration is measured by the rate per 
unit lime at ivhtch velocity in being acquired, and the direc- 
tion of the accelcraidon is the direction of thin acquired 
velocity. The velocity acquired by a body in any interval 
of time is that velocity which must be compounded with 
Ihc initial velocity fn order to obtnin the final velocity, 
the composition being effected by the 'Parallelogram (or Tri- 
angle) of Velocities. 

Prom this definition it will be seen that changes in the 
direction of motion of a body involve acceleration, as well 
as changes in its actual spc^. When a body is moving 
in a curve, the direction of its acceleration will be different 
from the direction of motion at any instant. 

F4xam2jlcs.—{\) A body is thrown with a velocity of 90 f.s. .*it an 
inelination of 30° to the horizon, and moves under gravity. When 
will it cease to rise, and what velocity will it have ? 

The velocity after t seconds is compounded of the original velocity 
ajiAgt vertically downwards. Heplacing the former hy its horizontal 
and vertical components, as in § 135, Case 11 , i|rc boo that the 
components at time f are 96xjv^3 and 96xi '— yf; 

Henco the body will he moving horizontally wb& 18-y^ = 0 or 
f = li secs., and its velocity will bo 48 '✓S or 83*144. f*8* 
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(2) At a ctTt^in instant, a particle is moving due north ivith a 
velocity S, and a second later it is moving noith-east with a 
velocity 3 Find its acceleration. 


Let OA and OB represent the first and last 
velocities ; then AB will represent the rriucity 
avuuired in the second, or the acccleriition. It 
is easy to prove by I’rigoiiometry, or, indiriMitly, 
by Geometry, that the triangle OAB is a right- 
angled isosceles triangle (Appendix, § o), and 
that AB is equal to AO. llcncc the acceleration 
is 3, towards the east. 

Koto that tlu! imlicle dfws not travel aloiig any of the 
lines of the fi;;ur>}. If it slarte 1‘ioiu 0, it U'gins it. move 
alon^ OA, but is constantly dcllectcd until liuiilly it is 
movin'^ liarallel lo OB. That m all ue know alHiut it at nivsent. 
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(3) A body, uniformly accelerated, starts with a speed of 20 feet 
per second in a direction 30** west ot soiitli, and 10 seconds later it is 
moving with tho same speed in a directiou 30' last of south. To 
find the acceleration and the velocity of the body Osi'conds after 
starting. 

Draw AD due south. Make l BAD — I DAC ~ 30®, 
and take AB ^ AC — 20 units of length (Fig. 30). A 

Then AB, AC represent the initial and final velocities A 

of the body, and, by the Triangle of Velocities, BC 
represents the velocity whicli must bo compounded 
with the former to obtain the latter, therolbrc / ! \ 

represents the thangv vfvelocttg in 10 seconds. '■ ^ ^ ^ 

Since AB — AC and iBAC = 60®, the Iriunglo ABC 
is equilateral, and AO, the bisector of BAG, bisects Fig. 30. 
the base BC at right angles. Thus BC AB — 20, 
and BC points duo cast. 

Therefore the velocity acquired in 10 seconds is 20 feet per second 
m a directicn duo east, and therefore the body is subject lo an cjastward 
.icccleratioii of 2 feet per second per second. 

The actual oll^lIl}^c of ^Kisitioii of tlu; b<Kly in 10 sccoiuls is u-pioscnb'd hy a 
Icuirth of lU tiiiu's AD iiioasurcd along AD, a.i may Ik; vi'i'ilicd a/Ua* § 14 J hu.^ Ikkmi 
reafl. 

At 5 seconds from starling, the acquired velocity is half as great, 
and is rei»resented by BD. Therefore the actual velocity is ri'pnv-icnted 
by AD. Since l BAD - 30°, therefore (Appendix, § 6) 

AQ = AB -- 20 - 10^/3. 

Hence the velocity 6 seconds after starting is lO-v/3 feet per sccc-nd 
due south. 
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'188. When two bodies have the ssuue accelera- 
tion, their relative velocity is nnifomi. 

^ Let A By AC represent the 
initial velocities of two bodies 
at any instant. Then BG re- 
presents their initial relative 
velocity (§ 126). 

Let OA, drawn towards Ay 
represent the velocity acqnirt d 
by either body in any given 
internal of time, under the 
common accelerat ion. 

Then tlio final velocities are 
obtained by compounding the 
velocity OA with AB and ACy i cspoctively ; and are, there- 
ftire, rt'presontod by OB, 00. Hence the final relative 
velocity is represent od by BO, and is the same as the 
initial relative velocily. Therefore the relative velocity 
is constant. ^ 

Another way of stating this principle is as follows : — 
If two hollies are moving in any way, their relative motion 
will not he altered hy a common acceleration being imimrfrd 
to them (compare §§ 50, 127). 

• 

Coii. If two bodies are projected in any directions and fall 
under gravity, their rehdive velocity v:ill he the same as 
if gravity were not arling. 

This property is of frequent use in investigating the 
motion of projectiles. 

9 

109. Properties of velocities extended to accelera- 
tions. — From the fact that au acceleration is a velocity 
acepnred per niiit time, it follows that, to most of the 
properties of velocities proved in the last chapter there* 
correspond analogous properties of accelerations. These 
we shall now enumerate, in some cases without proof. 

All acceleration may be represented by a straight 
line, for the velocity imparted per unit of tinn? may bo 


c 



Fig. 31. 
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represented hy a straight line, and we may take this? 
line to represent the acceleration. 

Thus an acceleration of / ft. per sec. per sec. in any direction may 
be represented by drawing a line in that direction, and on it measurinj^ 
a length representing /feet. 

I’hc acceleration of one body relative to another is the 
rate of change of their 1 ‘elative velocity per unit time, 
defined as in § 137. 

It is also the tacceleration with which the first body 
would appear to move, if observed hy .a person moving 
with the second body". 

Let AB, AC represent the velocities acquired by the two bodies per 
unit time. Tht'n, by § 127, BG represents the relative velocity 
acquired per unit time, i.r. the relative acceleration. 

The component and resultant accelerations (»f a 

body arc the rates of change of the component and 
resultant velocities unit of time, defined as in § 137. 


140. The Parallelogram of Accelerations. — If tivo 
cxmvponent uccelerafiom he represented hij Lien adjacent sides 
of a parallelogram drawn from a pointy their resultant 
acceleration shall he represented hg the diagonal of the 
parallelogram drawn from the same point. 

For since the sides of the parallelngram represent the 
component acccdcrat'ons, tliey represent the component 
velocities ae.cpiired by the moving body per unit time. 
*11}’ the Parallelogram of Velocities, tneroloro, the diagonal 
lepresents the resultant velocity acquired per unit time, 
due to the two component.'^, and this is the resultant 
acceleration of the body. 

Tho following are easy deductions from the Parallelograin of 
Accelerations or tho Triangle and Polygon of Velocities. Not ro 
tho dilVon'nco between those enunciations and the sc of U^l, 132. 

141. Triangle of Accelerations. — Tf three accelera- 
tions he represented hy the sides of a tnavgle taken in tyrder^ 
then a hody ivikose accelercUion is compounded of the three will 
either remain at rest or move uniformly in a 
straight line. 



THE PARALLRLOWRAM OF ArOELERATIOKS. 


137 


Polygon of Acoelerations. — Generally, if a body 
have any vnmher of component accelerations^ represented by 
Jhe sides of a closed polygon taken in order, the body either 
remains at rest or mores vniformly in a straight 
line. 

For, in eitlier case, the aides representing the accelera- 
tions also represent the component velocities imparted per 
unit of time. By the Tnangle or Polygon of Velocities tliO 
resultant imparted velocity is zero. 


14*2. Composition of two accelerations at right angles.— 

/i» /s ho ilio component aecoleraiiona in two directions at right 
angLjs, /’the resultant acceleration, then, as in § 133, 

[Jlesoltdion of a ffim) acceleration in iivn dircHions at right angles . — 
Similar results to those proved in § 135 hold for ai’cel orations, hut 
they arc not so often used.] 


>'^1 43. Projectiles. — The properties of accclciationfi 
enable ns to invesligato the motion of a body projected 
in any direction and falling under gravity. Such a body 
may be culled a projectile. We shall always neglect the 
resihtaneo of the air, and shall assume tlmt the accek'ra 
tiou of gravity (f/) is the same (both in magnitude and 
direction) at all points of the path. 

Problems of ibis class are solved by using the 
** Piinciple of Independence of Motions ” (or the 
“ Principle of the PJiy.sic«*jl Independence of Forces ”), 
which was given by Newton as a sort of rider to his 
Second Law of ^Motion, and is supposed to be implied in 
the expression *■ change of motion.*^ We may state it 
thus : “ If a force acts upon a body in inotibn, the change 
of motion produced by the force is the slime as if the 
body wore at rest/* In other words, to. iind the final 
position of a body that is under two (or more) influences, 
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let each inilaetice bo supposed to have its full eifeet, one 
acting after the other. 

The iiifluoTices may he two velocities, as in the Parallelogram of. 
Velocities, or a velocity and an acceleration (as in the case we are 
coming to), or two accelerations, aa in the Parallelogram of Accelera- 
tions; or, finally, any more elaborate combination of velocities and 
accelerations. Of course, an aceeWation is always caused by a force. 


jl44. a body is thrown with a given velocity 
V in any given direction. To construct geometric- 
ally its position at any given instant of the motion. 

Lct^P bo the direction of projection. 

On AP cut off 

AB = distance wliich would be 
traversed in time f, if the 
velocity were uniform 
and equal to V. 

Draw AD vcitically downwards, and 
make 

AD = = distance which would be 

traversed in time t by a 
body falling from rest 
at A. 

Complete the parallelogram A BOD. Tlicn 0 represents 
the actual position of the body at the time t. 

This follows immediately from the las* urtirle. For AB is lli<' spact' 
duo to the velocity of piojoction, and AD, or BC, is tliu space duo to 
gravity. (It is obvious that the two lines AB and BC aJono arc 
Bulheient to fix the position of the body.) 

The path of the body is not. in UlIh case, along the straight line AO, 
but along a curve touching AB at A, as will be shown more clcHily on 
page 139. 

J 

The relocHij d£ the body after 1 , 2, 3 ... f Kcconds can be dclertniiicd 
by proceeding as in § L30, but a separate diagram will hare to bedtumn. 
If we measure off, successively, longihs of V units and gt units 
parallel to AB, BC, respectively, the third side of the triangle thus 
found represents the velocity at time t. (Art. 145.) 
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Fig. 33 shows how the con- 
siruclion of Fig. 32 is used to And 
tho position of tho body at every 
second of the motion. The points 
Di. Dit Dj^ ... represent the posi- 
tions of a body falling from rest 
alter 1, 2, 3 ... seconds respect- 
ively. They are therefore 
the points shown in the 
diagram on page 40. On 
tho direction of iirojeeLion, wc 
must take each of the divisions 
sIF,, F 1 F 3 , fi-A ... to repro.scnt V 
feet (supposing the velocity V to 
ho measured in feet pur second), 
or the distance traversed in one 
stcoiid with velocity V. Coni- 
pleiiiig tiie corresponding piiral- 
lologruTiis, wo And tlio poiiiks Cyt 
Oil C 3 ... rcprcscjilifig the posi- 
tions of the pro jeetilo alter 1 , 2 , 

3 ... seconds, respectively. 

If the points Cyt C'a ... 
ho joined together by a curve, 
this curve, when well drawn, will 
represent tho path described hy 
tho projectile. The curve must 
be drawn toachlug AB at At for 
at the instant of ]»rojcctiori, tho 
direction of motion is alohg AB. 

(Tlif curve is f.'illcd ajvira^ofa.] 

T^xamplc . — A stone is projected horizontally from the top of a tower 
80 feet high, with a velocity 30 f.s. Find where it will strike the 
ground, and with what velocity. 

Considering the hoiizontal and vortical motions iiidepciulentiy, 
time occupied in fall (by s = seconds. 

Horizontal space described in this time with a velocity 30 f.s. 

~ 30 ^ o feet. 

The stone therefore strikes the ground at 30>/5 foet from the foot 
of the tower. J- 

Tho vertical velocity = 32-^5 (by v ~ gt or ^ 2 yA), and the 
horizontal velocity == 30 ; 

resultant velocity = \/{30-+ (32 a/5)®} « V(6020) — 77 6 f.s. 
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145. To fi]i4 geometrically the velocity of a pro- 
jectile after time t seconds. 

To find tliis we must compound tlie two velocities — viz. 
the original velocity (F) represented by AB (Fig. 33a), 
and the downward velocity (gi) produced by the eartli’s 
attraction in t seconds (represented by AC)* 


B 



Fig. 33ct. 


Using the rarallologrnm Ijaw we find the resultant AD, 

Note 1. — AD representd the required velocity in magnitude aud 
direction, hut the projoctilc is not iiarelling along the line AD, 

Note 2.— Contrast Figs. 32, 33(7. The former gives the 
after t seconds ; the latter gives the vfUc'dy aftev i seconds. 

145<i. Vertical and Horizontal Velocities. — Anotlier 
iiiothod of dealing with projectiles (?>. finding position and 
velocity) is to resolve the given initial velocity into its liori- 
zontal and vortioal components, say / and Y respectively. 

Now 8 U 2 )pose that after a time t seconds the particle is 
at P, Tlicn ^ve call AN the horizontal displacement and 
HP the vertical displacement in t seconds. 

Now the vertical motion is duo to the initial vertical 
velocity Y and the acceleration of gravity {g ft./soi;.® down- 
wards). Thui^ — 

vertical vfXocity after time t:=^Y--gt [§ 62 (7) 

and NP = tljie vertical dinplacement in time t^Yt-— 

[(§52(8) 
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Now the acceleration, being entirely y^rtical, has no 
effect on the horizontal velocity Xf which therefore remains 
uniform. Hence — 

horizontal velocity after time < = Jf, 
and AN = horizontal displacement in time t = Xt 

[§ 14 ( 1 ) 



AN and NP determine the actual position P. To find 
the actual velocity at this moment we must combine the two 
component velocities determined above, viz. X (horizontal) 
and Y --gt (vertical). 


Note. — If anothcri partiolo is projected from A , with vertical 
velocity K, at the same instant as the given particle is projected 
with velocity components K and X, then the two particles will 
always be at the same height. 

Example. — K cricket ball is thrown up with a velocity whose 
horizontal and vertical components are 30 f.s. and 40 f.8. respectively. 
To what height docs it rise, and after what time does it fall ba^^k 
to the ground ? 

Suppose a second cricket ball thrown up from the same point at 
the same time with vertical velocity 40 ft per sec. Then the two 
balls will always be at the same height 

Thus we need only find to what height the second ball rises and 
when it falls back to the ground. 

By § 54 the required height = 25 ft *53 

Q«f 9 V an ^ 

By § 55 the required time = ”32* “ ^ 
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EXAMPLES XII. 

1. If a body be moving north with a velocity of 5v'2 feet pei^ 
second, and after 5 seconds it is found to be moving at the same nite 
eastward, what are the direction and magnitude of the acceleration, 
supposed uniform P 

2. A body is moving at the rate of 12 ft'ot per second, and after 
6 seconds it is found to be moving at the same rate, but in a direction 
inclined at an angle of 60® to its former one. Supposing tlic acc^dera- 
tion be uniform, how will tho body bo moving after G seconds more ? 

3. A jiarticle of mass wi moves uniformly with velocity v along the 
sides of a square. CalculatiB the change of velocity at each corner of 
the square, and the magnitude of the blow, measured by the total 
change of momentum, required to cause this change. 

4. A IkhIv is projectesd horizontally from the top of a tower with 
a velocity of 32 fe(‘t per second. Represent in a diagram its velocities 
after 1, 2, 3 seconds, respectively, and find their magnitudes. 

5. A particltj is projected iu a horizontal direction with a velocity 
of 10 miles an hour, and at the san^c time falls under gravity. 
Assiiining that tio other forces are acting, and taking y = 32 (ieet, 
seconds), draw a picture representing tho position of tho particle* at 
the end of 1, 1 J, 2|, and 3 seconds. 

6. A cannon ball is lired horizontally from tho top of a tower 
49 feet high, with a velocity of 200 feet per second. Find at what 
distance from tho t(nvcr tho c«innoii hall will strike the ground. 

7. A person inside clings to the roof Oi a railway carriagti, which 
then rushes horizontally over tlie edge of a precipice. ^ What change, 
if any, in his motion will result if he lets go his hold P Give a reasoa 
for your roplj . 

8. A body is pi*ojected horizontally from the top of a lower with a 
velocity of 300 feet per second. It strikes the ground in 6 seconds. 
What is its distance from tho foot of the tower ? 


9. A balloon is carried along at a height of 100 foet from the 
ground, with a velocity of 40 miles an hour, and a stone is dropped 
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from it. Find the time before the stone reaches tl^ ground, and the 
distance from tho point whore it reaches the ground to the point 
vertically below the point where it left the balloon. 

10. A ball is thrown horizontally from a height of 225 feet, with 
a velocity of 90 foot per second. What is its velocity on reaching 
the ground ? 

11. A balloon is earried along by a current of air, moving from 
east to west, at tho rate of 60 miles an hour, and a stone is dropped 
from it. What sort of a path will it appear to describe, as seen by a 
man in tho balloon ? 

12. A body is projected horizontally from tho top of a tower, with 
a vclocitv of 60 feet per second, and in 5 seconds it strikes the ground. 
Find tho distance between the point of fall and tbe point of projection. 

i;}. A cannon ball of mass 14 lbs. is fired horizontally from a gun 
whose mass is 4 tons. The mouth of the cannon is IG feet from the 
ground, and tho liall strikes the ground 880 feet off. What force 
will bo required to bring tho cannon to rest in 10 feet ? 

14. A body is projected upwards with a velocity whose vertical 
and horizontal components arc 38 and 8 feet per second. Find its 

distance from the point of projection after 2 seconds. 

• 

15. A stono is projected horizontally with a velocity of 32 v'S feet 
per second. Find what lime must elapse before it is moving with a 
velocity of 64 feet per second. 

10. A cannon ball is projected into tho air in a direction inclined 
at an angle of 30® to the horizon. If the initial velocity of the ball 
be 1000 feet per second, at what distance from the cannon will it 

«i.riko the ground ? 

• 

17. A body is projected upwards in a direction inclined at 60® to 
the horizon. Show that its velocity when at its greatest height is 
half of its initial velocity. 

18, A stone is projected into tho air with a velocity of 200 feet per 
second in a direction inclined at GO® to a horizontal plane. With what 
velocity must another stona projected vertically ujiwards so that 
the two stones may rise to the same height above the borizontal plane? 
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. EXAMINATION PAPER VIL 

1. Explain and illustrate the proposition known as the ** Paral- 
lelogram of Velocities.” 

2. If a point has a velocity of 1 foot per second to the east, and also* 
a velocity of tJ3 feet per second to the north, determine the velocity 
which must be compounded with these to bring the point to rest. 

3. A body is moving from north to south with a velocity of 
30 miles an hour, while at the same time it moves from east to west 
with a velocity of 33 feet per second. Find the direction of motion, 
and the velocity of the body in yards per minute. 

4. A river, i mile wide, runs at the rate of 3 miles an hour. A 
boat, rowed at 3 mUes an hour relative to the water, is required to 
reach the opposite bank at a point | mile lower down. Find the 
direction in which the boat mnst be steered, and the time occupied 
in crossing. 

5. A man walks directly across the deck of a ship, sailing due north 
at the rate of 10 miles an hour, in 9 seconds, and finds he has actually 
moved in a direction 30" east of north. How wide is the deck ? 

6. Show that, when two bodies are equally accelerated, their 
relative velocity is uniform. 

7. A straight stick PQ moves on a table parallel to itself in such a 
way that the end P traces out, with uniform velocity of 5 feet per 
minute, a straight line inclined at an angle of 60" to PQ, At the 
same time a By walks along the stick at the" uniform rate of 5 feet 
per minute. Find how fast the fly walks, relative to the table. 

8. Show how to find, at any given instant, the position and 
velocity of a body which is projected with a velocity whose hori- 
zontal and vertical components are u and v, 

9. A body is projected with an upward vertical velocity of 1 6 '6 
feet per second, and a horizontal velocity of *8 foot per second. 
Show that its distance from the point of projection at the end of 
1 second is 1 foot. 

f 10. A balloon is moving horizontally with a velocity of 30 miles 
an hour, and a stone is jirojectcd horizontally from it with a 
velocity of 14 feet per second in the direction opposite to that in 
which the balloon is moving. The stone reaches the ground in 
4 seconds. Find the height of the balloon, and the distance of the 
point where the stone reaches the ground from the point veiiically 
under the balloon at the instant of*projection. 



CHAPTER Xlll. 


THE PARALLELOGRAM OF POIIOES. 

14G. Representation of forces by straight lines. — 

Newton’s Second Law tells us tliat force, like velocity, 
has direction tis w'cU as niagniiude. For it shows us tlini 
rate of change of inomcntum is proportional to the 
force, and ialces pluGo in the dirt^cUun in which the force is 
impressed. Hence the magnitude of a force is measured, 
as in Chapter VI,, by the momentum per unit time which 
it imparts to the body on which it acts, and the direction 
of the force is the direction of this imparted momentum. 

Or, w'hat is equivalent, the magnitude of the force may 
be measured by the velocity it would iinpait to a unit 
mass ill unit timef and its direction is the direction of 
this velocity, or the direction in which the body would 
begin to move if it stai-tod from rest. 

If, tluM’(‘fmo. il»is velocity be ropi’osoiited by ii straight, 
line, this line will indicate both the magnitude and direc- 
tion of the force, and it may therefore be said to represent 
the force. 

Thtis ft/rces may he represented hy straight lines. (,Se(j 
also § 148.) - 

147. The Principle of the Physical Independence 
of Forces. — When a body, instead of starting from rest, 
is initially moving in a direction different to that of the 
impressed force, the velocity which the force imparts to 
the body must be compounded with the body’s initial 
velocity in order to obtain its final velocity. 

A few simple illustTations will show this. 

EL. MEOU. 
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(1) Let At 0 bo the positions at any instant of two men seated in a 
railway carriage moving uniformly with velocity AB. If tho mtin at 
A throws a hall so as to roach the other in one second, he u'ill project 
it in the direction AD, in just the same way as he toould hare done if the 
carriaye had been at rest. But, owing to tho motion of the train, the 
two men will, in one second, be carriod, say, to B, C, and tho actual 
path of the hall in space will he the diagonal AC- 



Hence the force oxertod in throwing tho Iwill merely imparts the 
relative velocity AO. But, before the ball was thrown, it liad tho same 
velocity AB as the carriage. TluTeforo the final velocity AC is 
obtained by compounding the initial velocity AB with the velocity 
AD due to the improssod fwree of projection. 


(21 Agiiin, when a stone is dropped, wo say that its mi'mentiim is 
equal to the product of the time into its weight. But, when 
the Earth’s motion is taken into account, the momentum which 
we observe is only the momentum of tho vtdocity relaiire to the 
Earth. TIhj actual velocity of the stone in peace is compounded of 
the velocity of the Earth and tliis relative velocity. That is, its 
final velocity is compounded of its initial velocity and the velocity 
due to its weight, tho latter component being given by Newton’s 
Second Law. 


This property may be stated more generally thus ; 
The velocity-component which any given force imparts to a 
body in any given time is independent of any other velocity- 
components which the body may possess or acquire. 

This is called the Principle of the Physical Inde- 
pendence of Forces. 

Employing the definition of accelei'ation of § 137, it 
hence follows tliat the relation 

. r = w/, 

or r force ^ X acceleration, 

holds good ip every case of motion under force. 
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148. Point of application of a forvse. — A 

cannot act on nothing: it must be applied to some definite 
particle or body whoso velocity it changes or tends 
•to change, atid the change of velocity will depend on the 
mass moved. Hence, to completely define a force, it is 
necessary to specify on wli^t particle the force acts ; t.e., 
to specify its point of application (§ 105). 

When^ therefore, a force is represented hy a straight line, 
this line must he drawn from its point of application. 

149. Composition of forces acting on a particle. — 

A body may be acted on by two or more independent 
forces at the same time ; in fact, it generally is so. 

If we lift a body off the ground, the body is acted on sitnnltaneously 
by two entirely distinct forcen, namely, its weight and the lifting force 
exerted by our hand. 

When two or more forces act simultaneously on the 
same particle, each force tends to impart a certain 
nccclcratioti in the dii'ectiou in. which it is applied. Bnt 
a particle cannot actually move in two different ways at 
the same time; it must move with a certain definite 
acceleration in some direction. Such an acceleration 
could alw.'iys bo produced by a single force of suitable 
magnitude applieirto the particle in that direction. This 
force is called the resultant of the original system of 
forces. If the acceleration vanishes, the forces are said 
to be in equilibrium. Hence we have the following 

\^EFiNiTiON. — The resultant of two or more forces is 
that force which would produce the same acceleration that 
u produced by the several forces acting simultaneously. 

V^Any forces which have a given force for their resultant 
are called components of the given force. 

Definition. — A system of two or more forces 
is said to balance, or to be in eqnilibrinm, when the 
forced, acting simultanecmsly, produce no change in the 
state of rest or unifm'w. motion cy the body or bodies to which 
they are applied, \ 
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50. The Parallelogram of Forces. — If two forces, 
acting simnltaneoiudy on the same particle, be re- 
presented by two adjacent sides of a parallelogram 
drawn from their point of application, their re- 
sultant shall be represented by the diagonal of the 
parallelogram drawn from that point. 

Let the two forces P, Q be represented by the sides ABj 
ADot the parallelogram A BCD. Thcsolines represent (§ 146) 



the velocities which P and Q, acting separately, would 
impart to a unit mass in a unit time. When the two 
forces act on the same particle during the same time, 
the velocity-component imparted by either force is inde- 
pendent of that imparted by the other (§ 147). Therefore 
the actual velocity acquired is found by compounding 
the velocities AB, AD by the Parallelogram of Velocities, 
and is therefore represented by the diagonal AC. Heil^ie 
the change of momentum is the same as would be produced 
in (he same time by a single force repreaented by ACv 
therefore the diagonal AC represents the resultant of tf e 
two given forces, as was to be proved. 

151. Deductions from the Parallelogram of Forces. — 

The following^ properti js of forces acting on a particle are analogous 
to thr>se of v^ocities and accelerations (§§ 131-136 and 141, 142). 
As they will be considered more fully in treating of Statics, we shall 
now merely state them without proof. 
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Triangle of Forces . — Tf three forces acting on the^me particle can 
be reprosonM in mas^nitude and direction (but not in position) by the 
sides of a triangle taken in order, they will be in equilibrium. 

^ Polygon of Forces.—li any number of forces acting on the same 
particle can bo represented in magnitude and direction by the sides of 
a closed polygon taken in order, they will be in equilibrium. 

Composition of two forces at right angles . — If X and Y denote two 
forces acting at riglit angles on a particle, the magnitude of their 
resultant if is given by Jf^ = JP -i- F*. 

linsolulion of a force in two directions at fight angles . — The results 
of 135, 136 apply to forces. 

EXAMPLES XIII. 

[Further examples on Composition and Resolution of Forces will 
be given in Statics. Tlu? following are miscellaneous examples.] 

1. Find the resultants of the following pairs of forces acting at 
right angles to one another : — 

(i.) 10 lbs. and 24 lbs. ; (iiit) 8 grammes and 15 grammes ; 

(ii.) 20 oz. and 21 oz. ; (iv.) 21 tons and 220 tons. 

’ ^ 2. Three forces of 5, 1 2, and 13 lbs., respectively, act on a particle ; 
what am the greatest and least values of their resultant ? 

3. Two bodies start together from rest, and move in directions at 
right angles to each other. One moves uniformly with a velocity of 
3 feet per second ; the other moves under the action of a constant 
force. Determine the acceleration due to tliis fonjc, if the bodies at, 
the end of 4 seconds are 20 feet apart. 

4. The horizontal and vertical components of a certain force aie 
equal to the weights of 5 and 12 Iba., respectively. What is th«! 

magnitude of the force ? 

• 

y 5. Supposing this force (see Question 4) to act for 10 seconds on a 
;;maKfi of 8 lbs., which is also ex]) 08 ed to the action of gravity and is 
initially at rfisl, what velocity will be communicated to the mass, the 
vertical component of the force acting upwards ? 

yO. A bullet ia dropped from a height of 9 feet above the ground by 
''^i man' in a train moving at Uio rate of 60 miles an hour. Find how' 
far the train will have moved before the bullet reaches the ground. 
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152. Definitions. — An incliued plane may be exempli- 
fied by a plank tilted up at one end, so that bodies can 
slide down it, or by a road 
or railway riuiniii"’ dow'!! 
hill at a uniform slope. It 
will, however, be convenient 
to take an inclined plane as 
the slanting faoe^CC'/I' of 
a block of inatcu'ial whose 
vortical face ABC is a ripflit- 
an&rled triangle. The hypo- 
tenuse AG is called the 
length of the plane, AB 
T^he base and is horizontal, the 
height of the ])lano, and the 
inclination to the horizon. 

The plane is said to be nt an inclination of ** p in 
when its height is lo its length as 2 ^ to q, or 

P 7 



pcrpoi'dicnlar BG is the 
angle BAG measures its 




so that there is advise or fall of p feet for every q feet 
traversed up or down the plane. 

Thus, if ZBAC ^ liO'’, the incliuatioTi is I in 2 (Appendix, § 6.) 


By a smooth plane or other surface w^e mean one 
that is perfectly slippery or devoid of friction, so that 
bodies can slide along it without resistance. The 
surface exerts- a reaction, for otherwise the body would 
penetrate it ; but the reaction of a smooth surface is wholly 
l>erpendicular to the surface (§ 78). 
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153. To find the acceleration of a«body eliding 
down a smootli incline of 1 in ti. 

, Let the body be on the plane at G. Let its weight be 
represented by the vertical line Cd. Draw ab iierjiondi- 
ciilfir to the plane. 

Then (?6, bCL represent the components of the weight 
along and perpeudicnlar to the plane. 

Since the body moves down the plane, the resultant 
force producing motion is down the piano. Hence the 
reaction of the plane, acting perpendicular to it, must 
be reprcsenlod by flffc, and the force producing motion 
by Cb. 

On the plane cut off 

CA^Ca, 

and draw AB horizontal. 

Then the right-angled tri- 
angles ABC, abO arc ecpial 
in every respect ; 

Cb^CB. 

But, since the incline is 
1 in Uj the heigjit CB is 
one /ith of the length GA ; 
therefore also 

Cb ~ Ca n ; 

.'. resultant force producing motion = weight of body n ; 

the acceleration down the plane = (1) 

u 

=r f/ X plane 

length of plane ' 

In particular, if the indination =* 0®, 30®, 46®, 60®, 90®, 

the acceleration down the plane =0, -f , ff 

2 2 2 

(by t 136, or Appendix, H ^)- 
For experimental wrijleation see {321, Exp, \ (JiToto), 
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154. A heavy body slides from rest down_ a 
smooth inclined plane. To construct its position 
at a given time f » 

Let the body start from rest at A. Draw AC vertically 
downwards, and cut ofE 

AC = = distance that would be fallen in Ume ^ by a 

body dropped from A. 

Drop CB perpendicular od the plane AB. 

Then B will represent the position of the body on the 
plane at the time L 

For, if it were acted on hy 
gravity alone, it would be at C. 

The only other force, namely, 
tlio rfiiudion of the plane, is 
always perjiendicular to the 
piano, and tlioi’eforo parallel to 
CB', lienee it can only produce 
motion of the particli) in tins 
direction CB, 

Therefore the particle is in 

CB. 

Ihit it is also in tlio plane AB. 

1’heretore it is at B. 



— Jf the inclination is ! in it is easy to see that AB is l/wth 
of ACy a result 'which at onco follows from the fact that the accelera- 
tion is ffjn. 

1. Since the angle ABC is a right angle, B lies on 
n. eirele having AC as diameter (Euc. JIT. oi Jleiice, if 
anil nnmher of bodies start simullaneonahf from A, and slide 
down slraujht lines in the same iwrtical ^dane^ thvir positions 
at any imtont will all lie on a circle whose highest point is A. 


*CoR. 2. TIence the times taken to slide down dijfere'tt 
chords of a vertical circle^ starting from the highest point of 
the circle, are all (gnal. 
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156. Fig. 38 shows how the 
position of tbo body may be 
Gonstmctcd at each second of 
• the motion. The points (?„ 
f/o, arc the positions of a 
freely falling body after I, 2, 
3 seconds, and these are given 
by the diagram on page 38. 
I) rawing perpendiculars on the 
plane, their feet Bi, B^ 
represent the positions of a 
body sliding down the plane, 
at the same instants. 



156 . Work. — When the direction of motion of a body 
is not in the same straight line with the force acting on 
it the work done must bo defined as follows - 

Definition. — Let a force P, constant 
in magnitude and direction, move its 
point of application frotii A to C. Draw 
GB perpendicular <mi the direction of V. 

Then the product of the force P into the 
distance AB measures the work done 
by the Force, AB being considered positive 
or negative according as its dii’cetioii is 
the same or opposite to tliat of the force. 

When the point of application moves pcjpen die ular to the 
forccy no work is done. 


zr 


A B 

Fig. 39, 


— >T 


Thus, if the ]>omt of application were moved from C to A, the 
work done would bo Px BAy or Px (^AB). 

If the point of application is moved first from A to B and then 
from B \o Cy the work dono hy P in the former displacement is 
PxABy and in the latter it is zero, hcoaiiso BC is perpendicular to P; 
therefore the whole work done is Pxdd, the same as if the point 
of application moved directly from A to C. 
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157. Workmen an inclined plane. — ^Work done by 
gravity.' — When a weight W slides down the inclined 
plane (Fig. 35 or 36), the work done by gravity is, 
by detinition, 

= TyxCB = Wx vertical height descended ; 
and is the same as the work which would be done in 
falling vertically down the height of the plane. 

Thus, the work done hy gravity on a body is always equal 
to the product of the weight of the body into the vertical 
height through which it descends, whether the weight falls 
vertically or slides down an inclined plane. 

Similarly, the work done against gravity in raising a 
body is the product of the weight into the vertical height 
through which it is rai.seil. 

When a body moves horizontally no woi*k ‘ is done 
either by or against gravity. 

Examples, — (1) To find tho work done against fi:ravity by a horse 
in pulling a cart weighing 5 cwl, up a hill a milo long, at a slope of 
1 in 40. 

Vortical height ^ of a mile -- ft. = 132 ft., 

weight raised -= x 112 lbs. ~ SCO lb«t. ; 
work done -= 132x500 = 73020 ft.-lbn. 

(2) To find the horso-power required to draw a train of 150 tons up 
an incline of 1 in 128 at 30 miles an hour, if the resistance duo to 
friction is 10 lbs. per ton. 

In one socoiul tho tRiiii moves 44 feet ; 

44 11 

verticjil height risen per sec. — — ft. •= - ft. 

^ ^ 128 32 

Also, weight of train 150 x 2240 lbs. ; 

work done per sec. against gravity 

= ~^.x 150 X 2240 ft.-lbs. = 115500 ft.-lbs. 

32 

Also, total resistance duo to friction — 10 x 150 lha. « 1500 iba. ; 
work done per see. against resistance 

= 1500 X 44 ft.-lhs. c,: 66000 ft.-lbs. ; 

total work dohbpei aec. « 115500 + 66000 ft.-llw. « 18 1500 ft.-lbs.; 

' required horse-power ~ 
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158. To verify the Principle of Coiaservation of 
Energy for motion down a smooth inclined plane. 

Let a mass m slide down an incline of 1 in starting 
with initial velocity u. By (1), the acceleration is y n. 
Hence, if v is the velocity after the body has gone a dis- 
tance 8, then, by (8) § 37, 

s, 

n / 

= mg X — . I 
n 

The left-hiind side i*eprcscnts the increase of kinetic 
energy. Also mg is the weight of the body, and s -r- » is 
the vertical hciglit fallen ; hence the right-hand side 
represents the decrease of potential energy. 

These are, thoroforo, equal; as was to be proved. 

CoK. If the body starts from rest, we have 

= 2(1 * 2g X height fallen. | 

Hence, if different bodies slide down inclined planes of the 
same height, they will all acquire the saine speed on reaching 
the hotUnn. 

• 

F 4 X(tmpJ€!i, — (1) A body slidos down a smooth piano wliosc height is 
onc-llnrd its length. To find the velocity acquired when it has 
1 ravelled 12 tcel. 

Let Iho mass of the body be ni lbs. In travelling 12 ft. it falls a' 
vertical depth of ft. or -1 ft. ; 

work done by gravity — 4w ft.-lbc, = 4wty ft.-poundals 
= 4/a X o2 ft.-poundals. 

This is equal to the kiricticj energy. il«;nce, if v is the rcipiired 
velocity, Imv' = \m x 32 ; 

.•f t- ^ 4 X 2 X 32 = 4 X 04 ; 

V = 2 X 8 — 1 6 ft. per sec. 

(2) A weight ol 3 Ihs. draw.i a weight of 4 Ihs. up.;fin incline of 30” 
by nieans of a string passing over a pulley at the top .of the plane and 
hanging vertically. ' To find the acceleration. 

Lqljlir bo the rpi^ty acquired when both weights have moved 
over i^icet. 
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The 3.1b. wt. have fallen vertically through « ft. 

.-. work done by 3-lb. wt. ■■ 3« ft. -lbs. « 3y« ft.-poundals. 

The 4-lb. weight will have risen vertically through is feet ; 
work doneby 4-lb. wt. a ~4 » ~2«ft.-lb8. s — 2y«ft.-poundal8. 

The whole work done is equal to the kinetic energy ; 

J (4 + 3) v'^ — Zffs - 2y« gs ; 



Comparing this with = Z/Sf 

we have required acceleration / = |y. 

Alternative Method . — By the method of } 113, it will be seen that 
acceleration e= (moving force) (mass moved) 
-(3ir-4/7xi)^(» + 4) = fy.* 

(3) To find the acceleration with which a weight of 4 grammes, 
sliding down a smooth incline of 1 in 4, draws a weight of 5 grammes 
along a smooth horizontal plane by a string passing over tho edge. 

Let V be tho velocity acquired after moving s (‘cnti metres. 

The weight of 4 gm. or 47 dynes falls through cm. ; 
kinetic energy « work done = 4y x ergs, where g = 981 ; 

J (4 + 0 ) V- = yj», 01 ~ igs. 

Comparing with i*® = 2/#, 

we havo / = iy * 109 cm. per sec. per sec. 

Or thus : With C.G.S. units, we have 
component of weight of mass 4 down the plane = 4// -J- 4 y ; 

acceleration = (moving force) -r (mass moved) = y^(4 + 5) = 109. 


(4) In a cable tramway, a truck of 5 cwt., descending an inclino 
of 1 in 7 J, pulls a truck of 3 cwt. up an incline of 1 in 0. To find 
tho acceleration. 


The component of the weight of the first truck down the plane 
= /)-r7.i cwt. = 3 cwt., 

and this tends to pull the d-ewt. truck down and the 3.cwt. truck up. 
Tho component of the weight of the second truck 
= 3-r6 cwt. = -J cwt., 

tending to pull the 3>Gwt. truck down, and tho o-ewt. truck up. 

Tliereforo, on tho whole, w'o have a forco of § — J cwt., or | cwt., 
tending to move a total mass of (5 + 3) cwt., or 8 cwt. ; 


required acceleration = 


4y = -- 


48 


! I ft. per sec. per sec. 


* When a heavy body is on an inclined plane, the moving force, the C( m- 
ponentof its weight down the plane, is reduced to fnysin A, nr wg'n, but He 
mvs (m) of eonrm remains unaltered. 
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EXAMPLES XIV. 

1. Find the distancos traversed in one second, and the velocities 
acquired in that time, by particles sliding down smooth inclines of 
(i.) 1 in 16, (ii.) 5 in 13, (iii.) 3 in 64. 

2. Find the distances traversed in 10 seconds, and the velocities 
acquired in that time, by particles sliding down the given smooth 
jnclined planes : — 

(i.) an incline of length 10 feet and height 8 feet ; 

(ii.) an incline of length 2a feet and base 24 feet ; 

(iii.) an incline of height 8 feet and base 15 feet. 

3. Find the vidocities acquired in 1 second by particles sliding 
down smooth planes of inclinations 30°, 46°, 60°. 

4. A boy in a toboggan slides down a i)erfectly smooth hill, whoso 

inclination is 1 in 20. At what rate will ho be going (in miles per 
hour) when he has travelled 100 yards from the start ? , 

6. A heavy body starting from rest slides down a smooth plane 
inclined at an angle of 30° to the horizon. How many seconds will 
it occupy in sliding 240 feet down the plane, and what will bo i^s 
velocity alter travcrbiiig this distance ? 

s 

6. A body is projected up a smooth inclined plane, whose height is 
one-half of its length, with a velocity of 60 feet per second, and jest 
roaches the top. Find the length of the plane, and the time taken in 
the ascent. 

» 

'i. The height of an inclined plane is three-fifths of its length ; 
a body is projected up the plane from the bottom with a velocity of 
6U feet per second, and slides down again. Find the distance 
attained, and the time before the body returns to the starting point. 

V' 

8. A heavy body slides down a smooth plane inclined at 30° to the 
hori 2 son. Through how many feet will it fall in the fourth second of 
its motion from rest ? 
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9. A heavy particle slides from rest down u smooth inclined plane 
15 feet long and 12 feet high. What velocity will it possess w'hen it 
reaches the bottom, and how many seconds will be occupied in the 
descent ? How long would it have taken to fall vertically through a 
height of 12 feet P 

10. A stone is projected up a smooth inclined plane with a velocity 
which will just carry it to the top. How far would a stone ascend a 
plane of the same length, hut twice the height, if projected with 
half the velocity P 

11. A body, weighing 187 lbs., is supported on an inclined plane, 
whose angle is 30®, by a horizontal force. Find the force and the 
work necessar}' to move the body 20 foot along the plane. 

- i 

■1/ 12. The pull exerted by a rope which draws a truck up an incline 
of I in 8, with an acceleration of 2 feet per second per second, is 
1 ton wt. Find the w'eight of the truck. 

13. Find the work done when a mass of 45 lbs. is moved 40 feet uj> 
an incline of 30®. 

•A*. Find the h.-p. of an engine which pulls a lojid of 90 tons at 
tho rate of 30 miles an hour up an incline of 1 in 100, the frictional 
resistance of the road being 12 lbs. per ton. * 

As . Find at what rate an engine of 15 h.-p. could draw a lojul 
weighing 25 tons up an incline of 1 in 280, the resislancc from 
friction being 6 lbs. per ton. 

16. Find the velocity acquired in 1 second, and tho distance 
traversed in that time, hv particlc-s sliding duwu a plane inclined to 
tho horizon at 30®. (Take ff = 981.) 

17. Find the distances which a particle must slide down inclines of 
(i.) 1 in 9, (ii.) 1 in 109, (iii.) 1 in 981, respectively, in orcer to 
acquire a velocity of 10 centimetres jier second. 

18. Find, in ergs, the work required to move a mass of 1 gramme 
through a distance of 1 metre up a plane inclined at CO® to the 
horizon. 
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19. li a body slides down a smooth inclined plaTy>, and in the fifth 
second of its motion from rest passes over 2*J07*25 centimetres, find 
its acceleration and the inclination of the plane to the horizon. 
(Tako.^^ = 9S1.) 

20. A smooth ineliued plane, whose height is ouc-half of its length, 
has a small pulley at the top, over which a string passes. To one end 
of the string is attached a mass of 12 lbs., which rests on the plane, 
while from the other end, which hangs vertically, is suspended a mass 
of 8 lbs., and the masses are left free to mo\c. Find the ueceleraiion, 

K^and the distance traversed from rest by either mass in 6 seconds. 

21. A weight of 10 lbs. is drawn up a smooth plane inclined at 30® 
to the horizon by means of a weight which descends vertically, the 
two weights being connected by a string which passes over the top of 
the i)lane. If the acceleration be 8 fed per second per second, find 
the weight whicli descends vertically, 

22. Two masses m and M are connected by a string which is placed 
over the top of a plane inclined at 30"' to the horizon, so that one of 
the masses rests on the piano while the other hangs vertically, it is 
found that hanging vertically, can draw Jf up the plane in half 
the time in which M, hanging vertically, can draw m up the plane. 

Find the ratio of w to Jl. 

« 

23. A mass of G lbs. is connected with another of 18 lbs. by m^iis 
of a fine string which passes over the lop of a smooth plane inclii1<fd 
at an angle of 30® tt» the horizon. Tlic mass of G lbs. is placed on 
the jilanc, and the other mass is placed on a horizontal table wliosc 
edge is level with the top of the incline. Find the acceloration 
])roduced. 

24. In the preceding question find the velocity of either mass 
when it has traversed a distance of 2 feet from rest. 
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EXAMINATION PAPER VIII. 

1. Give a dynamical proof of the Parallelogram of Forces. 

2. Find the resultant of two forces of 8 lbs. and 15 lbs. acting at a 
poiat at right angles to each other. 

V 3. If a body, acted upon by several forces, move in a straight lino 
with uniform velocity, what condition must the forces satisfy ? 

4. Find the acceleration down a smooth inclined plane. 

6. A body slides down a smooth plane inclined at an anglo of 30° 
to the horizon. Find the space described in the first second from 
rest. 

G. Find the space described from rest in 5 seconds by a body 
sliding down a smooth incline of 7 in 25. 

7. A mass of 6 oz. slides down a smooth inclined piano, whose 
height is half its length, and draws another mass from rest over a 
distance of 3 feet in 5 seconds, along a smooth horizontal tabic which 
is level with the top of the plane, tluj string passing over the top of 
tlie plane. Find the muss on the tabic. 

5, Two bodies, whose masses are P and Q, arc connected by a fine 
string ])as8ing over a pulley at the top of a smooth plane inclin.^d at 
3G° to the horizon. P hangs verticiilly, and Q rests on the inclined 
plane. If P descend from rust through a given space in twice the 
time in which it would fall freely from rest through the same space, 
find the ratio of P to Q. 

9. Show that, if a number of bodies start simultaneously from A 
and slidfB down straight lines in the same vertical plane, their positions 
at any instant all lie circle whose highest point is A. 

10. A body, whose mass is 1 kilogramme, lies on a smooth plane 
inclined at an angle i if 30° to the horizon. Find the work done Against 
gravity in moving it 1 metre up the plane. 
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Sf/ 

COxMPOSlTTON OF FORCES. 

V^159. Statics is tliat branch of Mechanics which denis 
with forces applied to a body or a number of bodie^ 
which remain at rest. Such forces are said to balance, 
or be in equilibrium. 

For the present we shall only consider the properties of 
forces applied to a single particle. In Chap. XVII I. we 
shall treat of forces acting on a body of extended size. 

It should not be forgotten, however, thnt forces are in equilibrium 
when the body on which they act moves uniformly in a straight line 
just as well as when it is at rest (§ 149). 

Thus, an express train, travelling with uniform speed, is under the 
influence of a iiumbcT oj forces which form a syhtein in equilibrium. 

V^t)0. Force has been defined (§ 62) as that which 
changes or tends to change a l>ody*8 state of rest or 
motion. 

Hitherto, wo have looked upon forces in their dynami- 
cal aspect, as being measured by the momentum they can 
generate. Statically^ we have nothing to do with motion, 
and a force is practically measured by the weight which 
it can support Moreover,\|bhero are two main classes of 
forces^ which may be desciribed as y>tive and pagaiire - 
the former being competent to originateJimotion (suchas 
Che weight of a body, the push or pull of a living agent, 
the force of moving wind or water, the attractive or 
repulsive force of a magUet, d^c.), the latter only having 
power to modify or prevent motion (such as friction, 
resistances of all kinds, or the tensij^^of a stnng tied to 

KL. MBCR. ' ' j I 
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a fixed point). If a book is let fall upon a table, tbe 
resistance of tbe table at first changes its state of motion 
into one of rest, yet continnes to act after tbe state of rest 
has been prod need, neither changing nor tending to change* 
that state, bnt only preventing motion. These passive 
forces are called into play by one or more of the active 
sort, and their nnmerical magnitude depends ohiefly on 
the magnitude of these latter. They are therefore gener- 
ally spoken of as reactions. 

^61. Equal forces. — Dynamically, two forces are said 
to be equal if, when they are applied to the same body for 
equal intervals of time, they tend to impart the same 
velocity, or change of velocity, to the body. V 

^/Statically, two forces are said to be equal if, when they 
are applied to a particle in opposite directions, tho particle 
remains at rest. 

That one of these definitions leads to the other cun bo 
seen by tho following considerations : — Jf two equal 
forces act on tho same particle in exactly op])osite direc- 
tions, tho motion which one force fends to impart is 
exactly the reverse of that which tho other tends to 
impart. The particle cannot move in opposite directions 
at the same time, and there is no reason why it should 
move in one direction rather than the other. Hence it 
will remain a.t rest, and the two forces will be said"^ 
balance, or be in equilibrium, 

1G2. Systems of forces. — The forces wif.h which we 
shall deal in Statics will always be supposed to bo kept 
in equilibrium. But it is often necessary to consider 
the properties of some of the forces apart from tlie rest. 
Any number of forces may be called a system. 

Defining the resultant as in Dynamics ( § 149), we see 
that, when a ns mb e s of forces have a resultant, we may 
reduce them to a system in equilibn'um by applying an 
additional force equal and opposite to that resnltnnt. 
For the whole system is then equivalent to two equal and 
opposite forces (viz., the original resultant and the added 
force), and is therefore in equilibrium. This additional 
force is sometimes spoken of as tbe eqnilibrant^ 
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Conversely, when any number of forces •are in equili- 
brium, each force is equal and opposite to the resultant 
of all the rest taken together. 

This theorem is of frequent application, and leads, more* 
o\y?r, to the following (alternative) statical definition: — 
>\/pEFiNiTlON. — When a system of forces can he halancrd hy 
'la single force^ a force equal and opposite to this is called 
their resultant. 

[A system of forces does not necessarily have a single resultant 
force, cx('cpt when they all act on the same particle, us in the proof 

§ 149 .] 


103. Point of application of a force. — The conditions 
of equilibrium of a system of forces do not depend on the 
nature and mass of the body on which they act, but only 
on the forces themselves. We may, therefore, speak of a 
force as acting at a point, meaning a force ^‘applied to 
any particle placed at that point And the point of 
application of the force is “ the point at which the 
particle acted on by the force is situated.” 

In (-Imp. XVTIl., however, we shall soo that the point of application 
is rather taken to signify the point of intersection of the lines of 
action I'f two or more forces. 


1(>4'. Statical n^its of force. — 'J'ho forces which occur 
most frequently in Statics are those due to weight, ITeiico 
the most convenient statical unit of forcJO is the weight of 
a pounds and this we call * a force of 1 lb.” 

'^f the French system of weights and rneasnres is nsed,* 
the statical units of force will be the weight of a gramme ^ 
or of a kilogramme (1,000 grammes). 

165. Forces may be represented, statically, by 
straight lines. — In order to detine.a force, statically, it 
is necessary to specify 

(i.) its point of ai>plication, 

(ii.) its direction, 

(iii.) its Tiiagnitudc. 

All these data will lie specified by a straight line of 
finite length, provided that 

(i.) the line is drawn fron^ the point of applicedion, 
of tlie force, 
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(ii.) it ib drawn pointing in the direction of the force, 
(iii.) its length is proportional to the magnitude of 
the force. 

Such a straight line is said to represent the force. 

The sense of the direction may be shown by an arrow 
drawn on or by the side of the line, or by the order of tlMt 
letters used in naming the line. Thus AB represents a 
force acting from A towards BA a force acting from B 
towards A. (Compare §§ 146, 148.) 

166. On the choice of a scale of representation.— In order 
that the length of a straight lino may represent the magnitude of a 
force, the line should properly contain as many units of length as the 
force contains units of force. Thus, if a line 1 inch long represents 
a force of 1 lb., a line 2 inches long will represent a force of 2 lbs., 
and so on. Very often, however, it is necessary to adopt some other 
scale of representation suggested by the conditions of the problem. 
We may so choose the scfde of representation that one of the forces is 
represmted by a straight hne of any length we please. When this has 
been done, a line of double that length will represent double that 
force, and so on, so that the lines rex>resenting all other forces will 
bo fully determined. 

It will often bo nec(3SBary to represent a force w magnittulo and 
direction only by a straight line not drawn from its point of applica- 
tion. A force will he represented to this extent by any straight line 
drawn equal and parallel to the line whieli fully represents it, for 
parallel straight lines are to he regarded as having the same direction 

167. THE FAltAZiXJSXiOGBAlIC OF FOXICES.— 
Tf two forces acting on the same particle be repre- 
.sented by two adjacent sides of a parallelogram, 
drawn from their point of application,. their resnl- 

jtant shall be represented by the diagonal of the 
I parallelogram drawn from that point. 

This has already been fully discussed in Dynamics, § 150, but the 
following treatment^of the proposition is of great interest, being based 
on Newton's original proof, modified so as to apply to constant forces. 

Let two constant forces P, Q be applied to a particle at 
rest at A, in directions AB^ respectively,. 

Let AB be" the distance the particle woafd trawW in 
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a given time t if it were set in motion the constant 
force P alone. 

Let AD hQ the distance traversed in the same time if 
'acted on similarly by Q alone. 

Complete the parallelogi*am ABCD^ and join AG. 

Then shall AC he the distance traversed by the particle 
in the time t if set in motion by both forces P, Q acting 


D C 



on it simultaneoTisly in directions parallel to AB, AD, 
respectively. 

Also ABy AD shall represent the forces 1\ Q, and AC 
shall represent their resultant on tho same scale. 

(i.) For, since the force Q always acts parallel to the 
line BC, it can hnve no effect in changing the rate at 
which tho particle iipproaches BG in consequence of the 
other force P. Therefore the particle will rt‘aeh the line 
BC in the same time, whet her the force Q be applied or 
not. Therefore at tho cud of the time t it must be some^ 
Tlffl^re in the lino BC, 

Similarly it must be soraevrhere in DC. 

Therefore it must bo at C. 

(ii.) Hence the resultant of P and Q must be that force 
which would move the particle from rest along AG in the 
lime t. It must therefore act in tho direction AC. 

And since tlie distance traversed in tlio given time t by 
a particle starting from rest is proportional to the force 
netting on it (§§ 36, 68), therefore ABy AD, AC are propor- 
tional 'to P, ft and their resultant. 

Tl.at is, AB represents P, AD represents ft, and AC 
reprqspnts the resultant of P and ft, all bn the same 
scaled' [Q.B.D.] 
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' 168. Expeiimental verification of the Parallelo- 

gram of Forces. 

(a) Mechanical Details. — Take three stringra ; knot 
them together in a point. To their ends attach any tliroe 
weights Pj Q, /?, say P, R Ib.s., respectively (any two of 
which are together greater than the thij*d). Allow one 
string to hang fi*cely with its suspended weight /?, and 
pass the other two over two smooth pulleys //, /f, fixed in 
front of a vertical ^all (Fig. 41). 

( h ) Geometrical Construction. — When the strings 
have taken up a position of equilibrium with the knot at 
A. measure olf’on tiie mill (not on the string) lengths ABt 
AD, containing P and Q niiits of Icngtli along AH, AK, 
respectively. Complete the parallelogram A BCD, and 
join AG. 



(r) Observed Facts. — Tlmi it will he invariably found 
(i.) that the diagmial AC is vertical, 

(ii.) that AC contains R units of lentjfh, 

(d) Deductions. — Now the knot A is in equilibrium 
under the pulls P, Q, R acting along the strings, respect- 
ively. Therefore the resultant of P, Q is equal and 
opposite to the weight R, that is, a force R, acting 
vertically upwards ; 
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AC represents the resultant in magnitude wd direction. 

Therefore the resultant is represented hy the diagonal of the 
parallelogram whose sides represent the two forces, [Q.E.D.] 

Fig. 41 is drawn for the case in which P -= 2 lbs., Q = 3 lbs., 
Jt = 4 lbs. The iiioasurod lengths AB^ AD must therefore contain 
2 and 3 units of length respectively. When the parallelogram is 
constructed, the diagonal AC will be found to be vertical and to con- 
tain 4 units of length. See also } 325, j&rp. 14, 15. 

Example.— To find giaphically tho resultant of forces of 7 lbs. and 
11 lbs., whose directions include an angle of C0°. 

^ Take any unit of lengtli and measure oiT ABf AD containing 7 and 
11 units respectively, making I BAD — 60''. (.'omplctc tho parallelo- 
gram ABOD. 



Then AC r(!prtjbcnts the resultant. 

mark off from A a scale of tho selected units. Then C will • 
be found to lie between the loth and 10th marks, so that AC contains 
about 15'^ units. 

Therefort; the resultant force = loj lbs. wt. roughly. 

109. Half •the parallelogram is snfficieut. Since 
BO is equal and parallel to ADj it represents the force Q 
in magnitude and direction (though not in position — see 
§ 166). Hence, if two forces acting on a particle are 
represented in magnitude and direction by two sides of a 
triangle, AB, BC, their resultant is represented in magni- 
tndo and direction by the third side AC, its point of appli- 
cation being that of the forces. This leads to the following 
theorem. 
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170. The Triangle of Porces.— T/* three forces acting 
on the same jmrtide can be represented in magnitude and 
direction (hut not in position) hy the sides of a triangle taken 
in order* they shall he in equilibrium. 

Let three forces P, Q, acting on the same particle 
at 0, be represented in magnitude and direction (bat not 



in position) by the sides BC, CA, A B of the triangle ABC, 
respectively. 

\ Then shall P, Q, P be in equilibrium. 

Complete the parallelogram ABCD, so that AD is equal 
and parallel to BG. 

The forces 7?, are i*c[»rescntod in magnitude and 

direction by AB, AD, and they act at 0, Hence, by the 
Parallelogram of Forces, their i*esultaiit is similarly- 
represented bj” AC, and also acts at 0, 

But Q is represented by CA. 

Therefore the resultant of* 11, P is equal and opponil. 
to the third force Q. 

Therefore the three forces are in equilibrium. LQ-bJ-I). ! 

171. The angle between any two forces is the supplement 
of the corresponding interior angle of the triangle. 

Thus Z between R, P (i.s., Z ROP in Fig. 43) = Z BAD = ISO**— z ARC 

Obshiivation. — The three forces must mt act along the sides of the 
triangle. They must act at a point in directions parallel to these 
sides, as in Fig. 'jiZ ; otherwise they cannot be applied to the ^ms 
particle, and the proof fails. 

• Tlie suit ff a ,^iangle^ or ptjlyg-m are said tt) be taJ,en in order wlieii of any 
two adjacent sides one 1^ drawn towards and the otliei away from their cosimou 
angular point (§ 
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1 72. Converse of the Triangle of Forces. 

if throe forces acting on a particle are in equilibrium, 
any triangle whose sides are parallel to the directions of 
fche forces shall have the lengths of these sides proportional 
to the magnitudes of the forces. 

Let Q, U be throe forces in equilibrium acting at 0, 
and let ABO be any ti*iangle whose sides BG, CA, AB are 
parallel to P, 

Then, if the scale of representation be properly chosen, 
BO, CAi AB shall represent P, R in magnitude as well 
as direction. 

For let the length BC be chosen to represent P, (§ 166.) 

If CA does not reprc.sent Q, let OK represent Q. 

Then, by the Parallelogmin or Triangle of Forces, the 
resultant of P and Q is represented by BK. But P, Q, B 



Fig, 45. Fig. 46 . 


are in equilibrium. Henco R must bo represented by /CB, 
and opposite to BK. But this is contrary to hypo-, 
thesis, since R acts in the direction AB. Therefore Q 
cannot be represented in magnitude by any other length 
than CA, and therefore also, by tlic above reasoning, R is 
represented by AB. 


OitsEiivATio.N'. — The above conditions may bo expressed by the 

, r BG Q CA n AB i-, , 

rokUpnB which may also 


be written 


r ^ Q ^ Ji 

BC CA “ AB' 


From similar triangles (see Appendix, § 8), any' triangle whose 
angles are equal to those of ABC has its sides proportional to those of 
ABC. Hence, if anif triangle bo drawn whose sides af0 j.arallol to BC, 
CA, AB, these sides also will represent F, Q, B, but on ajjiiiferent scale. 
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173. The Bolygon of Forces. — Jf any number of farces 
acHny on the same particle can be represented in maynitude 
and direction by the sides of a closed pQ.lyga7i taken in order^ 
they shall be in equilibrium. 

Let ilio forces P, Q, It^ S, acting on a particle at 0, be 
I'cprescnted in inagiiitiidc and direction (but not in 




position) by the sides AB^ BG, CD, DA of a polygon ABCD. 

Then sliall the l*<n*ccs be in e({uLlibi ium. 

For, as in the Triangle of Forces, or § lb9, the resultant 
of the forces P, Q is represented in magnitude and direc- 
tion by AC. 

Therefoj-e the resnltmit of J\ Q, U is, the same in mag- 
nitude and direction as that of forces AG and CD, and 
is similarly represented by AD. 

Ibit the force /S is resprosented by DA. 

‘ Therefore iS' is «^<ptal and opposite to the lesnlt'anf 

v,iin. 

Thereforetlie forces in equilibrium. [ Q.E.D.] 

Th(j [iropjsrties .stati-J in } 171 are equally applicable to the Polygon 
of l*'orecs. 

AVe have (’onsidered tho (•a.S(3 of four forces, but the proof may ’oe 
similarly extended to any number of forces. 

174. To conigtruct the resultant of any number of 
forces acting on a particle. 

Let the given forces be represented by the straight 
lines AB.BCjjBDfiakim in order, forming all the sides but 
one of a polygon. Then, if the polygon be completed by 
drawing the remaining side from A, the extremity of the 



<V)TMI><>S1TI0N OP POKCKS. 


171 


first side, to Dj ilie extrcuiity of the last, sidir, tlie line AD 
will represent the resultant force. 

I'his is evident from the last article. 

175. It is immaterial in what order the forces are 
represented. Tho form ct tha polygon will dopond on which forco 
is ropr(>scnted first, which next, and so on ; hnt tlie lino representing 
the resultant will be the same in every case. 

[For, consider the case of two forces P, Q, acting at A (Fig. 40). If 
we represent P first and Q second, the iini'S n presenting tluim will be 
BCt respectivclj^ and the resultant will be represented by AC. 
If we represent Q first and P second, the linos representin!* them will 
be tlie opposite sides AD, DC, respectively, and therefore the resultant 
will still be represented by AC- nio same property may bo extended 
to any number of forces by interchanging thoir order of successive 
representation, taking two at a time.] 


k 176. Converse of the Polygon of Forces. 

If any number of forces aciiii<x on a ]iarticle are in 
equilibrium, a clost'd jxil^^gon can bo drawn whoso sides 
represent tbeso forces both in magnitude and direction. 

Let the forces P, (3, i?, S, acting at 0, be represented 
by AB^ BC, CD, DE, respectively, those lines being placed 



cud to end. Then, if the figure ABODE h4}. not a closed 
polygon, the forces will have a resultant represented by 
AE f § 174), and will, therefoi-e, not be in eqSlilibrium. 

Therefore the lines representing forces in Equilibrium 
must form a closed polygon. {See also § 325, Exp. Ifi ) 
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Notr. The eonyfir/ie of the Polygon of Forces 
is less complete than that of the Triangle . — 

That is, it is not true that the aides of any 
polygon respectively parallel to tho forces 
will he necessarily proportional to them. 

For, if there are more than three forces, 
we can draw any number of different 
polygtms, such as ABCD^ ABcd (Fig. 51), 
each having its sides parallel to the direc- 
tions of the forces, and the sides of one polygon are not necessarily 
proportional to those of another. Tho sides of each polygon represent 
a system of forces in equilibrium acting in those directions, but not 
necessarily the system we started with. We cannot, therefore, except 
in the case of three forces, determine the ratios of the forces from 
merely knowing their directions. 

177. Applications of the Parallelogram, Triangle, 
and Polygon of Forces. 

s(l) The resultant of two equal forces bisects the angle 
between them. 

Tills follows from the fact that the Parallelogram becomes a rhom- 
bus, in which it is known that the diagonals bisect the angles. It 
also follows from first principle's, through considerations of symmetry. 

(2) If any three forces are in equilibrium, any two of the 
forces are together not less than the third. For, in the 
Triangle of Forces, any two sides arc together greater 
than the third (Enc. I. 20). 

If two forces are together equal to the third, the^will balance if 
the first two forces act in the same str '.ight line ana in the opposite 
sense to the third. 

(3) The resultant of two forces P, Q is greatest when 
both act in the same direction, and is then P 4- Q. It is 
least when they act in opposite senses in the same straight 
line, and is then either F—Q acting in the direction of P 
or Q— P in the direction of Q. 

This is an easy inference from (2). 

(4) If three j^equal forces are in equilibrium, the angle 
between any t^o of them is 120°.. For the Triangle of 
Farces is eqmTateral;^ therefore eac)i of its angles is $0°, 
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and the angle between the corresponding pair of forces 
= = 120 ° 

It follows also, from considerations of symmetry, that if any number 
of equal forces act on a particle at equal angles, all round, bu as to 
form a symmetrical star, they will he in equilibrium. 

1^5) The Perpendicular Triangle of Forces'. — If three 
forces proportional to the sides of a triangle act on a 
particle in directions perpendicnlar to these sides taken 
in order, they shall be in cqailibriuin. 



Fig. 62. 


For if the triangle ABO be turned through a right 
angle into the position DEF^ its sides, taken in order, 
will be brought ])aT*allel to the forces, and will therefore 
represent them botji in magnitude and direction. There- 
fore the forces will be in equilibrium. 

OoTivcrsehfy if three forces acting perpendicularly to the 
si des of a t riangle keep a particle in equilibrium, they 
"Kllhll be'ITi^CIJUfrtnjnftl to these sides.* 

(6) If two forces he represented hg the 
sides of a triangle hath drawn from 
their point of application^ their resultant 
is represented twice the bisector of the 
base draw7i from that point. 

For let AB^ AD represent the forces. Fig. 53. 

Complete the parallelogram of forces. 

ABCU; then AG represents the resultant. But the diagonals 
of a parallelogram bisect each other. Hence AG bisects 

BD in and AG is twice the bisector AE. 



* This thecweiu has au Siuportaiit application to Hydrostatfqs, id pioving that 
the pjMSttre at a point in a Quid is the same in all directions, 
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This result afG;)rd8 an easy ronstniction for the resultant of tWO 
forces acting frotn a point. Simply join BD^ and bisect it at £. Then 
the resultant is represented by twice tho bisector AE^ i.e.^ by twice 
the median line (as it is called). 

(7) To find where a particle 
0 must he placed inside a tri- 
angle ABG so that it may he 
in equilibrium under forces to 
the vertices represented hy OA, 

OB. 00. 

Let D be the niifldle point 
of BO. Then, by tlio last 
proposition, the forces OB^ 

00 have a resultant 20D 
along QD. This must be Fiff- 54. 

equal and opposite to the 

third force OA. Hence 0 ninst lie on (ho bisector AD at 
a point such that OA = 2D0. 

/. DA = WO and DO = IDA. 

Similarly, 0 must lie on each of the othtT hiRuctors, or medians. 
We thus have a mechanical proof of the gtjomt'trical theorem that the 
three medians of a triangle meet at one point, wliich is a point of 
trisHction in each of thorn. 

[The point 0 is the centre of\jravitij of the triangle ; see Chai>. XXV.] 



Eramples. — (1) Two forces act along the sides ^ 

AB, AG of a trisngle, and are re()rosented in A 

rnaifnituile by AB Jind tlireo times AG rospeo- / U 

tivtdy. To find where their resultant cuts tho / , 

'base, and to determine its maguitudo. ' \ y 

Let th«' resultant cut tho baso in 0. Then, / \ \ 

hy the Triangle of lA>rces, tho AB is / \ \ 

equivalent to forces AO along AO, OB at A / V \ 

'parallel to OB. j \ ' 

. Similarly tlie for(?e ^AG is equivalent to forces q — £>* 

along AO. WC at A paralhd to QG. •». ^ . . 

Therefore the two given forces are equivalent ^ 

to forces of magnitude and direction iAO, OB, and WG. 

If the resultant acts .along AO, the two latter forces must balance. 

.*. OB — SOG, and BG = ^OG ^ 

OG^\BG, and BO IBG. 

Also tho resultant is the remaining force, viz. AAO acting along AO. 


The alMive is a strict treatment of the question. If we remember that all Mie 
forces really act at A. we may speak more freely, as thus: “The force, is 
equivalent to foreeS AO and 06 " and so on. • 
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(2) ABC is any triangle, and E ia tho middle 
point of BC- To find the resultant of forces at A 
represented in magnitude, direction, and sonse by 
•2BA, 2AE, and AC respectively. 

By the Triangle of Forces, the resultant of 
forces 2BAj 2AE is a force 2BE parallel to BC. 
But 2BE BC ; therefore the three forces are 
equivalent to forces BCf AC acting at A, 

Produce BC to F, so that CF = BC* 

Then the two last forces aro represented by 
CF, AC respectively, and they act at A. 

Therefore the required resultant is represented 

^yaf. 


B 



F 


Fig. 56 


178. To find the ma^itnde of the resultant of 
two forces JP, Q in directions at right angles to 
one another. 



Let AB. AD represent the two forces I\ Q. 

'"''"'XJomplor.o lUU limngle ABCD, 

Then AC represents the resultant force. 

Let this be = IL Then, by Euclid 1. 47, 

.-. 12* =P- (1); 

or resultant force Ji ^ is/ 


Example . — To find the resultant of forcos of 2 lbs., 2 lbs., and 1 lb. 
at a point, tho angle betweoTi the first and second being 90', and 
that between the second and third being 46^. 

The resultant of the first and second forces is easily seen to be 
2 */2 lbs., and, as it bisects the angle between them, it is itself at right 
angles to tho third force. Henco, if M bo the resultant of the three 
forcee, JF - [2 v'2)* + l» = 8 + l*»9, and * 3 lbs. 



176 


STATICS. 


EXAMPLES XV. 


1. Draw a diagram, as well as you can to scale, showing the re- 
sultant of two forces, equal to the weights of 5 lbs. and 8 lbs., acting, 
on a particle, with an angle of 60^ between them ; and, by measuring 
the resultant, find its numerical value. 

2. A string supports a mass of 3 lbs. at its extremity, another mass 
of 5 lbs. above the first, and a third of 7 lbs. above the second. Find 
the tensions of the tliroe parts of the string. 

3. When two forces act together in the same straight line they 
have a resultant of 18 lbs., and when they act in opposite directions 
their resultant is 2 lbs. Find the two forces. 


4. Two forces act on a particle, and their greatest and least re- 
sultants are 20 lbs. and 4 lbs. respectively. Find the forces. 


6. The greatest resultant which three given forces acting at a point 
can have is 36 lbs., and the least is 0. Find the greatest and least 
possible values of the greatest of the three forces. 


6. ABC is a triangle. Find the resultant of forces acting at A 
which are represented in magnitude, direction, and sense by 
f (i.) 2AB and 7 AC ; (iii.) SBA and AO ; ^(v.) 2AB, 2AC, ABC ; 

(ii.) 2BA and CA ; (iv.) AB and iCA ; ^(vi.) 2BAt ^AC, liCB. 


Show that the three forces which are represented in magnitiido 
and direction by the straight lines drawn from the angular points of 
a triangle to the middle points of the opposite sides are in eciuilibrium. 


( 1 ^ 


Seven forces act at a point so that tb' w.. tween 'tjVfiiy** 
secutive two is 46^. The first force and the filter nate forces from 
the first are each 4 lbs. ; the second forco and those alternate irom it 
are each 10 lbs. Find the resultant of the whole. 


9. In the side AB of the triangle ABC a point D is taken so that 
AD : DB ^ 14 : 11. Forces act at C in the directions CA. OB- CD 
proportional to CA, 2CB, and CD respectively. Find the magnitude 
and direction of their resultant. 


10. Two forces act. at a point at right angles to each other. Find 
the resultant when forces are 

(i.) 15 lbs. a 20 lbs. ; (iii.) 119 lbs. and 120 lbs.; 

(ii.) 40 lbs. and 42 lbs. ; . (^y.) 240 lbs. and 100 lbs. 
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11. Tf tho roHullaiit of two forces acting at a puii^jb at right angles 
to each other be 53 lbs., and one of the forces bo 28 lbs., find the 
otbpr force. 

Two forces whose magnitudes are as 5 to 12, acting on a 
fide at right angles to each other, have a resultant of 78 lbs. 
Find the forces. 

^^3. Two forces acting in opposite directions to one another on a 
particle have a resultant of 34 lbs., and if they acted at right angles 
r roBiiltant would be 50 lbs. Find tho two forces. 


^^14. Two forces act on a particle at right angles to each other, and 
■^e greater of the two forces is 32 Ihs. less than the resultant, which 
is 305 lbs. Find the smaller force. 

15. The smaller of two forces, which act on a particle at right 
angles to each other, is 8 lbs., and the sum of the resultant and 
the larger force is 288 lbs. Find the resultant and the larger forcie. 

^ ^16. Forces represented in magnitude and direction by ABt AC, AD, 
AE, AF act at tho corner A of a regular hexagon ABCDEF^ Find the 
magnitude and direction of their resultant. 

\.17. ABDQ is a parallelogram, and AB is bisected at E, Show that 
the resultant of Die foix'es represented in magnitude and direction by 
AD and AC is double the resultant of the forces represented in mag- 
nitude and direction hytAC and AE, and ads in the same direction. 

The sides ABy AC of a triangle ABC are bisected in F and E. 
"‘r^d the resultant of forces represented in magnitude and direction 


19. Forces represented in magnitude and direction by the diagon.'ils 
AOy BD of a parallelogram ABCD act at a point 0. Find the magnitude 
and direction of their resultant. 

20. A tree is plilled north, south, cast, and west by four ropes, and 
the forces of tension in tho i-opes are equal to 85, GO, 20, and 80 lbs. 
respectively. Find the magnitude of the resultant force. 

21. Gah' three forces whose magnitudes are in the proportion of 
4, 7, and 11 keep a particle at rostP 

22. Show that the resultant of two perpendicular forces r+ Q and 
P—Q is equal in magnitude to the resultant of t^o perpendicular 
forces -v/2P and a/2Q, 

EL. MECH. 19 
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RESOfiUTION Of FORCES. 

179. Definitions. — pr<)c*ess of replacing a single 
force by two or more forces having that force for their 
resultant is known as the resolution of forces, and is the 
reverse pi*ocess to the composition of foi’ces. 

The several forces are called the components of the 
given force. 

Thns we speak of rrsnlving a force into components^ and 
of compounding two or more forces info a single resultant. 

To resolve a force into components in two given dxreotimis AB-, ADt it is 
only necosflary to draw llio straight line AC rnpresenting the fdven 
force, and to draw CD, CB through C panillcl to BA, DA, respectively. 
Then, by the I’arallelograra of Forces, AB, AD will represent the 
required components. 


180. Resolntion at right angles^ — Tt is often neces- 
sary to resolve a force into comp«y‘i4>'.'l. .siwsig' arifTTier*^ 
peudicnlar to a given line, the cases most frequently 
occurring in elementary problems Iwing those where the 
force makes angles of 30°, 45°, or 60° with the given line. 

Let AG represent the given force P, and AB bo the given 
lino, and let A BAG = A, 

Draw AD perpendicular to 
AB, and complete the paral- 
lelogram ABOD. Then AB, 

AD repre.sent the two required 
components. LetX, Y denote 
these components respect^ 
ively. 



Fig. 68. 
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By referring to § 135, or to Appendix, §§ 5, 6, or from 
trigonometry,* the student will have no difficulty in veri- 
fying the following very important results : — 


Whore the angle A — 

30* 

4;)° 

CO'^ 

The component . 

fX = 

\.r = 

^ P 

iVi . P 
i^2.P 

2^* 


^ 181. Definition. — The resolved part or resolute of 
a force along a given straight line is the component of 
the force along that line when the other component is 
perpendicular to it 

Thus, let AB bo the given straight line, and let the 
given force P be represented by AG* Drop CM perpen- 
dicular on AB, 

Then AM, MG represent the components of P along and 
perpendicular to 

Therefore AM represents the resolved part of P along AB. 

Thin is tho X-component of § 180 ; the I'^-compouent is called the 
resolved part pcrj)eiidicular to the line. 



If Pis along or parallel to the line, A” -= P. 

If F is perpmlicidar to tho line, X — 0. 

If tlio angle is obtuse, the resolved part is considered negative, as 
in Example 1, below. Hence the following results : — 


ff the inclination 
of the force P is 

-1 — — 

0° 

30° 

46° 

60° 

90° 

120“ 

136° 

150“ 

180° 

its resolved part 
along tho line is 
P Btultiplied by 

1-r 




a/0 

‘2 

• V 

1 

"" 2 

_ a/4 

2 


* Tlunw wh(ji are acqiiaiuUid with the raftiiiieutB of Trigononietr> will see tliat 
X ~ r coKwf and 1^= r sin A, whence thuie results would follow at once. 
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Examples. — (1) A force of 10 lbs. makes an angle of 135*^ with a 
given lino. To resolve it into componouts along and pori)ondicular to 
that line. 

Let XAC ^ 135°, and let AG represent 
10 lbs. 

Produce XA to and complete tlie rect- 
angle ABCD. 

Then AB, AD represent the required com- 
ponents. 

Now I BAG = 180°- 135'' = 45’. 

Hence the components along AB and AD aro 

AB = AG^/i = 10 X ^a/ 2 = 5-v^2 lbs., 

AD =- AG^^h = 10 X ^2 == lbs. 

But the force 6 lbs. along AB acts in tho opposite direction to 
that in which AX is drawn; hence this force is to be regarded as a 
mintis quantity. 

Therefore the required components are 

— 6 ^2 lbs. along AX^ + 5 \'2 lbs. perpendicular to AX, 


— Jf 



(2) Throe forces of 5 lbs., 6 lbs., and 4 lbs. are inclined to one 
another at angles of 120°. To replace thorn by two force s acting 
along and perpendicular to tho force of 5 lbs., and to hud the 
resultant of tho throe. 


Lot OP, OQ, OR represent tho throe 
forces. Produce PO to B, and draw DOE 
perpendicular to OP, 

Then BOQ = BOR - 60°. 

Therefore tlie force G lbs. along OQ is 
equivalent to 

6 X >- lbs. along OB 
and 6 X J a/ 3 lbs. along OD. 

Similarly, the force 4 lbs. along OR is 
etjui valent to 

4 X J lbs. along OB Fig. 61. 

and 4 X a/ 3 lbs. along OE, 

We also have the force 6 Ibs. along OP, 

Tlioroforo the three forces are equivalent to 

5—3-2 lbs. along OP and 3 a/3— 2 a/3 lbs, along OD, 
t,e,f rcro along OP and a/ 3 lbs. along OD. 

Therefore the required resultant acts along OD, and its magnitude 
= a/3 lbs.* 1-732 lbs. nearly. 
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182. The algebraic sum of the re^olntes of two 
forces in any direction is equal to the resolute 
of their resultant in the same direction. 

Let AX be the given direction, and let the forces P, Q 
and their resultant It be represented as in Fig. 62. 

Draw the peT^pendiculars fll, CM, DN on AX- 

Then AL, AN, AM represent the resoLutes of P, Q, Tl. 

Now it is easy to prove geometrically* that AN = LM. 



Therefore AL-{-AN = AL-\-LM = AM ; 
i.c., sum of resol ntes of P and Q = resol nto of P. 

Cor. Tho algebraic sum of tho resohites of any nuniher of forces on 
a parlii’lo is equal to tho resolute of their resultant in the samo 
direction. 

This follows at once by applying tbo theorem succossively to the 
that eonipounded of this resultant with 

a third force, and so on. 

Example. — (1) To find the resultant of two forces of 1 lb. and 3 lbs. 
inclined at an angle 30°. 

Resolve tho /tecond force into components along and perpendicular 
to the first. These components arc 3 x J a/ 3 and 3 x J lbs. respectively. 

Hence the two forces are together equivalent to forces 1 + J \/3 lbs. 
and I lb'’, acting along and perpendiciil.'ir, to the first force. 

Let their resultant be Ji. Then, by § 1.78, 

ill-- (1 + .5 a/ 3)’ + (^;-= l+3>3 + -V + ? - 10 + 3 a/3; 

.-. Ji -- a/(10 + 3aA3) = a/(1U f3x 1-732) = a/ 15-19C ; 
the resultant = 3 898 lbs. nearly. 

“ For, (IrawiTig BK AX, Hie triangles OAN, CBK are equal in every 

respect; AN - BK *- LIf, 
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(2) Two forces, of ^3 lbs. and 1 lb. include an angle of 150”. 
To find the magnitude and direction of their resultant. 

Reduce the forces to two forces X, T acting along and perpen- 
dicular to the direction of the force of v^3 lbs. Then, as in } 180, 

X - ^3 - J VS . 1 * i lbs., 

r*ilb.; 

/. R* = J[» + r* - J + } « 1 ; 

.*• resultant s l lb. 

Now J[, F, R can be represented as the sides of a semi -equilateral 
triangle ; 

/. the resultant makes an angle 30” with the force of <^3 lbs. 

183. To find the magnitude of the resultant of 
two forces inclined to each other at a given angle. 

Let AB^ AD represent the components /\ Q. 

Let -X be the resolved part of Q along AB. 

Complete tlie parallelogram A BCD. Then AO represents 
the resultant R. 

Drop CM, DN pcrpcTidicalar on AB. 

Then BM^ AN X. 



Fig. 63. 

By Euc. II. 12, AG^ = AB^ + BG^+lAB . BM. 

Tliereforo /f= = ( 1 ). 

If I BAD is obtuse, /.ABC is acute, and X is negative, and the 
same thing follows from Euc. II. 13. 

Hence, to calculate the re.«5ii]tant of any two forces, it is 
only necessary to determine X, the resolved part of me of 
the forces along the line of action of the other, and to 
substitute in the formula Zi* = Q* f uPX. 

AUe^'ni/tirc Methh'l ;^Tho triangle DAN or CBM being right-angled, 
wo find the values (X. F) of the resolutcs BM and CM from that of 
6C or AD. Then, by Euc. I. 47, we can find AC. the hypotenuso of 
the right-angled lpdangle A MG, which repreSvAtc R. 



KESOLUTION Oh' EUUlES. 


183 


Examples, — (1) To find the resultant of forces o| 7 lbs. and 11 lbs. 
inclined at an angle of fiO**. 

The resolved part of the second force in the direction of the first 
= lbs. ; therefore, if the rcanlt»int contains R lbs., 

= 72+II- + 2.7.6J 
= 49 + 121 + 77 = 247, 

whence R — a/ 247 = 15*716 lbs. wt. (</. § 168, Ex.). 

(2) To find the resultant when the 
same furc4;s include an angle of 120°. 

If the direction of the 7 lb. force is 
produced backwards, the 11 lb. force will 
be found to make an angle 60° with it. 

Hence X — — SJ, 
and = 7-+11- + 2. 7 . {-oh) 

- 49 + 121-77 = 93, * 
whence R — V93 =-- 9-043 lbs. wt. 

By the altcrnali VO method (see Fig. 64) 
since BC - \ ] and the amrle CBM — (-0°, Fig. 64. 

we have BM ^ JjJ and.CAf = J^^a/3. 

Hence AC^ --•* AM’^ + MC^ - (7-o.J)®-h J4 aji « 93. 

Thus R = VO’3 lbs., as before. 

184. Farticnlaf cases. — Foi* certain inclinations of 
the forces Q, we can npply (1) to write down the 
resultants in a convenient form : — * 


0°, 

= 

jn 

+ 


+ 

✓4. 

PQ 

30°, 


r- 

+ 

Q- 

+ 

✓3. 

PQ 

45°, 

= 

1" 

4- 

Q' 

-h 

ya. 

PQ 

60°, 

=r 


-h 


+ 

. 

PQ 

90°, , 

72' = 


+ 

(/ 


v'o. 

PQ 

120°, 

= 

P‘ 

+ 

r/ 

— 

VI 

PQ 

13.5°, 

= 

i'* 

i- 

fjr 

— 

V^2 . 

PQ 

150°, 

72' = 

p- 

-f 

(/• 


ys 

■ PQ 

180°, 

72* = 

pi 



— 


PQ. 


* Th(*«6 are particular cases of the general trigonometrical fonnuia 
/P «r>+^+aPQrfw A PcMran^/ angle 
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In this table, the exprosaious for the resultant are gpven for all 
angles that are^miiliiploM of 16^, with the exception of 15°, 75°, 
105° 166°. 

If the angle between the forces has any one of these four values, 
we must draw two porpondiculnr lines OX^ 0 Y incliiiod at angles of 
45° to the direction of one of the forces, thus 



Example . — To find the resultant 
of forces 3 and 4 lbs. inclined at 
uii angle of 76°. 

Take a line OY between the two 
forces, making angles 46° and 30° 
with them, respectively, 

Dmw OX perpendicular to OK, 
and replace each force by its com- 
ponents along OX, OY. The work 
will now be easy, and is left as an 
exercise for the student. It will 
be found that the rectangular com- 
ponents of if are 1-328 and 5*426 
lbs., and that 

It ^ 5*586 lbs. 


185. Conditions of equilibrium. — In order that a 
Bystem of forces acting on a psu*ticle in one plane rnay 
be ill equilibrium, it is necessary and suilicient that the 
sums of the resolved pads of the forces , a long t^o straight 
lines at right angles shall be separately zero. 

Let OX, OY he two straight lines at right angles. 

If the forces have a resultant^i?, let X, Y bg^ the 
resolved parts of this resultant along^T; OK. Then, by 
§178, = 

and, by § 182, Cor,, 

X = sum of resolved parts of forces along OX. 

Y= „ „ „ OY. 

Now, for equilibrium, li must = 0. Hence X®+ Y® must 
= 0. Bub square quantities, such as X“ and Y®, .cannot 
be negative; h(H|ce they must severally be zero. Thus 
the condition /i t= 0 involves the pair of conditions 
X = 0 and Y?5? 0. 

Conversely,' If these two conditions are satisfied, M = 0, 
and the forces are in equilibrium. 
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Obsbrvationb. — If X were zero and Y wore no^ zero, the forces 
would have a resultant Y perpendicular to OX, 

The proposition shows that, if the forces are in equilibrium, the sum of the 
resolvtMl parts along every straight line is zero. But this will necessarily be the 
case if tlio snius of their resolved parts along tivo perpendicular straight lines be zero, 
Tlic same thing is true if the two straight lines are not perpendicular. For, 
if the forces were not in equilibrium, tli^ir resultant wojild have to be i)eri)endicular 
to both lines, whicli is impossible. 

Examphe. — (1) A particle is in equilibrium under tbe following 
system of horizontal forces*, viz., a lorce of P units to the north, 
Q to the west, 4 to the south-west, 3 to the east. Find Pand Q. 

Hero JC = 3 - 4x Ja/2 

and r=P-2v'2. 

Since the system is in equilibrium, 

3_2-v/2-f^ = 0, 

and P-2>/2==0. 

Ilonco P = 2 ^^2 2 828 units, 

and « 3— 2^1/2 = *172 unit. 

• 

AW. — If the value of Q had turned out 
negative, this would indicate that Q must 
act in th<3 opposite sense to that assumed. 



- ->3 


Fig. 60, 


(2) To indicate the forces which enablo a ship to sail ])arth' agaiust 
the wind. 


Let OOP be the direction of the 
ship’s length, DC the direch'<m of 
the rrlativo velocity of wind, >1C?fl,ihe 
dm*ction of the sail, whi.*vi*inust lie 
within the angle DCP. Kcsolve tbe 
velocity of the wind into two eom- 
jionents, one perpendicular to AB^ the 
other along AB. The former com- 
ponent produce^ a pressure of the 
wind agiiinst the sail, while, since 
there is little friction, the effect of the 
lattcT cociponont may be neglected, 
licence the wind exerts a force if 
perpendicular to AB^ represented by 
OR. 



Now resolve the force It into its componentjS-'P Q along and 
ptTpendicular to the ship’s length. The compouact. P causes the 


• That is, thoir directions all lie in a horizont-al jkavr. 
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i^p to move ^forward. The component Q, actings broadside or 
athwart the ship, meets with very great resistance, and causes the 
ship to make Ue^way^ as it is called ; but the amount of this is so 
small that the path of the ship is very nearly in the direction (7P, 
and still makes an acute angle with CD. * 

In like manner, if a barge be drawn by a tow-rope pulled from the 
bank in the direction CR, it will move very nearly in the direction 
of its length CP. 

[When the ship moves uniformly, the forces on it arc of coiirso in equilihriu'mt 
the components of R Iieing iKilanccd by the resistances of tlie water. The greater 
the velocity of the shin, tlie greater the resistance it encounters ; hence the 
greater must be the motive force P.] 

PIX APPLES XVI. 

1. Resolve the following forces into components, along and perpen- 
dicular to the straight lines to which they are inclined at the gpven 
angles — 

(i.) olbs., 0®; (iv.) r2oz., 60®; (vii.) 4 tons, 135^; 

(ii.) 8 lbs., 30"; (v.) 5 cwt., 90®; (viii.) 24 grms., 150°; 

(iii.) 10^210118,45®; (vi.) 32kilog8., 120®; (ix.) 3 mgr., 180®. 

2. A force equal to the weight of 20 lbs., acting vei'tically upwards, 
is resolved into two forces, one of which is horizontal and equal to 
the weight of 10 lbs. What is the magnitude and direction of the 
other component ? 

3. A vertical force of 12 lbs. is resolved into two equal components, 
one of which makes an angle of 30® with the vertical. Find the 
magnitude and direction of the other. 

4. The vertical resolved part of a forcotetking an angle of 60® with 
the vertical is 5 lbs. Find the force and its horizontal component. 

5. A force of 4 Ihs. bi.sccts the angle between two straight lines 
which iucludu an angle of 120®. Find (i.) the components, (ii.) the 
resolved parts, of the force along those lines. 

6. Fiud the magnitudes of the resultants oi the following pairs of 
forces inclined at the given angles, namely — 

(i.) 8 and 10 oz., 0® ; (v.) 17 and 144 mgr , 90® ; 

(ii.) 2 and ^^3 tens, 30®; (vi.) 12 and 24 kilogp., 120° ; 

(iii.) 1 and v^24bs., 45®; (vii.) 6y<2 and 21b8.^ 135®; 

(iv.) 3 and 6 j^mmes, 60°; (▼*«•) 7 and 8 cwt., I50°' 

(ix.) 5 and 4 lbs., 180®. 
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7. Two forces of 8 lbs. and 12 lbs. act at angles of 60*, 00*, 120* in 
succession. Compare the resultants in the three cases. 

8. Two forces of 5 lbs. and 12 lbs. act at a point and are inclined 
to each other at an angle of 60**. Find the magnitude of their re- 
sultant. 

9. Indicate two forces, at right angles to each other, which could 
maintain equilibrium with the forces of Ex. 8. 

Two forces P and Q act at such an angle that their resultant is 
■’l^al to P; show that if Pbo replaced by 2P the new resultant will 
«4f^erpondicular to Q. 

^11. AB, AC represent two forces of 25 lbs. and 15 lbs. respectively. 
If CD be drawn perpendicular to AB^ AD would on the same scale 
represent 3 lbs. Find the resultant of the forces in AB^ AG, 

^ Show that the greater the angle between the lines of action of 
two forces acting at a point, the less will be their resultant. 

• 

'• 13. A force of 12 lbs., acting northwards, is resolved into three 
components, of whiidi one is 6 v^2 lbs. north-westwards, and another 
8 lbs. westwards. Find the magnitude of the third component. 

14. Find the magniti^de of the resultant of three forces of 1, 2, and 
3 lbs. acting at a point along lines making angles of 120** with one 
another. 

15. The sides AB^ BCt C^.sf thdntriangle are respectively 6, 10, 
and 8 inches long, and a force of 15 lbs. acts at the point A in the 
direction of the line joining A to the middle point of BC. Find the 
forces which, acting along AB,AC, will produce the same effect as 
this force. 

1 G. The following forces act on a particle : 4 lbs. duo east, 5 \/2 lbs. 
due north-east, 3^/2 lbs. due south-east, and 7 lbs. duo south. Find 
the magnitude of their resultant. 

17. Two forces, one of which is treble the otMr, act on a particle 
at right angles to one another, and are such that, if the smaller force 
be doubled,and 8 lbs. be added to the other, the dhe^ction of the re> 
snltant be unchanged. Find the two forces. * 
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IS. Two eqiial forces act at a certain ang;lo on a particle, and ha^e 
a certain resultant. If the direction of one of the forces he reTersed 
and its magnitude be doubled, the new rosuUnnt is of the same 
iiiagnitiido as before. Find the angle between the two equal forces. * 

19. Show that the resultant of the two equal icsultants in Ex. 18 
is equal to either of them. 

*20. Forces of 33 lbs. and 25 lbs. act at a point and have for their 
resultant a force of 52 lbs. Find the cosine of tho angle between the 
two forces. 

*21. Find the cosine of the angle between the directions of forces 
of 56 and 25 units wliioh have a resultant of 39 units. Show that 
tho angle itself excrrds a right angle. 

22. A foreo of 12 \^'l lbs. acts along a straight lino which is incline*! 
at angles of 75*" ami 15“ to two straight linos at right angles. Find 
the resolved parts of the force along these lines by first replacing it 
by its components along the internal and external bisectors of the 
angles between them. 

23. Calculate, to two places of decimals, the inagnitudo of tho 
resultant of forces of 4 ^''2 and 24 Ihs. when tho angle between them 
is 15®, and when it is 105®. 

24. Calculate, to two places of decimals, the magnitude of tho 
resultant r.f forces of a/2 and 5 Ihs. when th5 angle between them is 
75°, and when it is 105°. 

25. Sliow that, if f*n’ces of 25, 30, and 55 lbs. keep a particle at 
rest, they must act in tho samo straight*ThM. 

20. Forc(?s of 1, 2, 3, and 4 lbs. respectively act along the straight 
lines drawn from tho i-cntre 0 of a square ABCD to the angular points 
A, By CyD taken in order. Find tbeir resultant. 

27. rorce.s of 3 lbs., 4 lbs., 5 lbs. act at a point in directions parallel 
to the sides of an equilateral triangle taken iu order. Find tacir 
resultant. 

28. A boat is being, towed by a ropo making an angle of 30° with 
the boat’s length : tlie resultant pi-cssuro of tlto water on the boat and 
rudder is inclincsd at 60° to the length of the boat, and the tensirn in 
the rope is equal, to the w'eiglit of half a ton. Find the resultant 
force, supposing it to be in the direction of tlio boat’s lengtht 
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examination paper IX. 

1. Explain C4irefally the manner in which forces can be geometri- 
cally represented 

2. What is meant by the resultant of two forces, and how can it be 
determined P 

3. Euunciato the proposition known as the “Parsillelogram of 
Forces,” and describe an apparatus for verifying it experimentally. 

MM* 

4. Assuming the truth of the “ Panillologram of Forces,” enunciate 
and provo the proposition known as the Triangle of Forces.” 

/). The greatest resultant of two forces is 31 lbs., and the least 
resultant is 1 7 lbs. : what is the resultant when the two forces act at 
right angles to one another ? 

G. If five forces acting at a point can bc^ represented in nuignitudo 
and direction by tho sidt's of a pentagon, taken in order, show that 
they will bo in equilibrium. 

7. Forces of 5, 4, and 5 lbs. act at a point 0 in directions parallel 
to the sides ABf BGi CA o£>an .^quilatctul triangle respectively. Find 
their resultant. 

8. Show that a force may be rcsolwd into two components in 

any number of different a^ explain 'what is mcuTit by the 

resolved part of a force in any given direction. 

‘J Obtain the formula giving tho magnitude of the resultant of 
any two forces acting at a point, in terms of tho components and 
the resolved part of one component along the lino of action of tho 
other. 

10. Two forces of 12 lbs. and 15 lbs., respectively, act at a point, 
and the angle between their lines of aiition is G0‘ . Find, to two 
places of decimals, the in.'ignitudo of their resultant. 



CHAPTER XVII. 


THE INCLINED PLANE. 

186. Equilibrium on a smooth inclined plane. — 

The conditions of equilibrinm of a weight resting on an 
inclined piano may be found very readily by means of 
either the Tiiangle of Forces or the Principle of Work, 
when the weight is either pnslied against the piano by 
a horizontal force, or is supported by a 101*00 acting along 
the plane. 

The force employed to support or raise the weight is sometimes 
called the ov power. 

The lengthy base^ and height of the plane will sometimes be denoted 
h> the letters Ub^h^ for tht meaning of these terms, see } 152. 

In diagrams it is usual to represent an indined plane by its section 
ABC, 

For ejpei'imefital treatment see § 333. 

187. Eqnilibriiun on ah inclined plane under a 
supporting force applied horizontally. 

Let a body of weight W be supported at any point 0 
on the plane ABC by a horizontal torce P. 

It is required to find P, the dimensions of the section 
ABC being supposed given. 

The three forces which keep the body in equilibrinm * 
are: ^ 

(i.) The weight W acting vertically downwards, and 
therefore perpendicular to AB. 

(ii.) The applied force P acting horizontally, atbd there* 
fore perpendicular to BO* 
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' fin ) The leactioii of the plane, 7?, which, since the 
pUuo IS smooth, acts perpendicnlor to CA 

Therefore the three forces ir, P, R act perpendicular 
to AB, BO, CA respectively 

Turn the inclimd plane round, thiongh a rij;ht angle, 
into the position 0£P, so that its base DE is now \ertical 
and its height f£ hoiizontal (Fig 69). Thou the forces 
TT, P, li aie pai^alh 1 to P£, ££, FD 

lienee, b> the Tiiangle of Foiees, the three sides of the 
tiiangle DEF can lepiesent tlie three acting forces TP, P, R 
both in diieetion and in magnitude. 

Also the iiiangles D££, ABC aie equal in all respects; 


thcrefoie 



\V ^ R P _ 

DE FD' “ BG~AB 


It 

CA 


0 



Fir 08 1 ig 0 ) 


Tlieiofolo 

or 


II = Ul= !L 

h b I ' 
r = n X 

base of plane 

, „ length of plane 

^ ^ iHUveof plane 


( 1 ). 


( 3 ). 
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Since actio^ jind reaction are equal and opposite (bj- 
Newton’s Third Law), the weight presses against fhe 
plane with a force equal and opposite to the reaction of 
the plane, and the magnitnde of this force of pressure is * 
therefore R and is given by (2). 

Corresponding to the condition that three forces in eqnilibrinni 
must he representable by the sides of a trhingle taken in order, wc 
have the obvious condition that, lor equilibrium, Pmuat he a pushing 
force, as represented by the arrow, and not a puli in the opposite 
direction. Generally, tliis condition may he thus expressed: — If 
three forces at a point aro in equilibrium, and linos be drawn from 
the point in the sons«! (6 165) of the forces, each lino must lie outside 
the geometrical angle formed by the other two. To illmtrate this rule, 
the line of action of V should be drawn on the right of with the 
arrow pointing from 0. 

Exnmph.--«To find tho horizontal force which will support a weight 
of half a ion on an incline of 

Here BAG is a scmi-cquilateml triangle ; 

BC « ABI^>''S - /Ifl X ^ y/Z, or // *= 5 x J ; 

P — ITx J — 10 cwt, x'J y/S, 
or required force — 5*773o ... cwt. 

— 5 cwt. 3qrs. 2| lbs. wt. nearly. 


NoTjfi. The following rcsnlfs should 2)e verified by the 
student as an exercise : — 

Tf the inclination of the plane is 

0°, 60° 
tho horizontal force rcc[uired to support IT is 

W, y/SW, 

and the force of pressure on the plane is 
W, ^/aT^, y/2\V, 2W. 


188 . Equilibriiuu on an inclined plane, the sup- 
porting force acting along tlie %ilane. 

Let a given wciglit W i-est on a smooth inclined plane 
of given section and let it bo kept from sliding do^vn 
by a force P actii^ up the plane. 
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It IS required to find the magnitiide of P 
Let R be the reaction of the plane. 

Then the forces acting on the weight are 

(i.) acting vertically downwards ; 

(ii.) P, acting in the direction AC ; 

(iii.) jK, acting perpendioalar to the plane (since 
the piano is smooth). 

Produce the vertical CB to D, and make CD = CA. 
Also di-aw DE perpendicular on the j^lane. Then the 
triangles ABC, DEC are equal in all respects, and therefore 

EC = BC, DE^AB. 



Now, the forces P, TlCB ai’e parallel to the sides EG, 
CD, of the triangle DE C. Therefore, by the Triangle of 

„ P W _ It . P _W _ Jt^ 

iorcss, Yd7 Cb~ 'DE ' BC GA AB' 


whence 



Therefore 


EL. MECil. 


.p., height of plane 
length of plane 

f 


irx 


Tiaao of pl8ili,e 
length of plaiie 


( 3 ) . 

( 4 ) . 
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Example. — IV find the force acting up an incline of 30® that wiU' 
support a weight of J cwt. ' ' 

111 this case the required force 


■ J cwt. : 


length of plane 
28 lbs. wt. 


Note. The following remits should he verified hy the student 
as an exercise : — 

If the inclination of the plane is 

0, 3(r, 45", 60°, 9(/\ 

the force uj) the plane which will support W is 

0, ^/VV, v/Air, 

and tho force of pressnre on the plane is 

/iir. v/iiK, ^i\v, s/iw, u. 


lo;). Alternative method. — The exp lession for T a ho follows very 
simply from the Trhiciple of Work. 

Let the force T applied along an inclined jdane pull tho w'eight W 
from the bottom to the top of the plane with uniform velocity.* Then 
7* moves its point of apidication along the length AC, and the eight 
ir is rai.sed agjiinst gravity through the vortical ln*ight BC of the 
plane. Equating the two amounts of work, f/e have 

7*x h*rgth of plane = height of plane, 

p .. IT' ylim e 

kngthef piano 

[When one smooth hody slides on another, no work is dohe hy or 
against their reactions.] 

Example.— A road rises 440 feet in a mile. To find the pull that a 
horse must exert on a cart weighing 6 cwt. to draw it up the road. 

Let the forc«3 hi) 1* cwt. Then work done hy P in moving its point 
of ajiplication through 1 mile = work required to lift 0 cwt. through 
440 feet : /^x o260 = 440 x 6 ; 

^ ’ll*? = i- = J cwt. = 56 lbs. wt. 

5280 12 ® 


• If n»e velocity were not uuiforni, the forces IF, P, 2J would not be in 
equilibrium, and, moreover, we should have to take account of the work done 
in ]iroducing kinetic energy. 
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190. Sqnilibrinm on an inclined plane, 4]ie snpportinef 
force beinif applied in any direction whatever. 

When the supporting force P is applied 
in any direction other than those con- 
sidered above, its magnitude can, in 
general, only be calculated by Trigono- 
metry, but it may be determined graphic- 
ally thus: — 

Oil the vertical through 0 measure OD 
^ownwards containing as many units of 
ongth as there are units of force in the 
weight W. Draw DF perpendicular to 
the inclined plane, and let it meet the 
line in which P is applied in the point E. 

Then, by the Triangle of Forces, EO re- 
presents the force P, and DE represents 
the reaction P. Hence, if the figure is carefully drawn, P and P can 
ho found by measuring the lengths £0, DE. 

For different directions of P, tho point £ always lies on the straight 
line DF. Evidently EO is least when£ is at £, because the perpen- 
dicular OF is less than any other straight lino drawn from 0 to the 
line DE. 

Hence the force required to mpport a qivefi weight ie least when it 
acts along the plane. 

To find P and P, having given the inclination FOE. 

We find from the triangle"772^ (as in § 188) that 
OF^Wxhll, FD^Wxh/l; 

and, knowing 0£, tho other sides EO, FE of tho right-angled truiiigle 
OFF can generally ho found, and hence DE is also known. 



Fig. 72. 


101. The Triangle of Forces can often bo ap])licd to 
the equilibrium of weights supported by strings, rods, or 
inclined planes, when it is required to calculate the (Sup- 
porting forces. Tn drawing a diagram to represent these, 
it frequently happens that certain lines naturally form a 
triangle of forces, and the problem is then very simple. 

« 

The SsUowing may be taken as types of such problems : — 
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fr^xampUti. — (l^^Tn tho cniiio ACB^ the /I 

or rod CA is 1 2 ft. long, and is con- ^ ^ 

nectcd to the wall BO by a chain AB^ 8 ft. 
long, attached at a point B 6 ft. abovo C. p 

To find T the pull of the chain and 
T the thrust of the rod, when a weight 

equal to 18 cwt., is hung from A. * ' 

Tho forces at A are 5 X 

(i.) T along 

(ii.) P along CA, / 

(iii.) W or 18 cwt. acting vertically, C 

that is, paralhd to BO. Fig. 73. 

Hence these forces are parallel to the 
sides of the triangle ABO* 

Therefore, by the IViangle of Forces, T, P, W can be represented 
in magnitude by AB, CA, BO* 

But - S ft., CA - 12 ft., - C ft. ; 

AB — iBC and CA = 

T t^W and P=^2Tl\ 

But JF =s 18 cwt. ; 

.*. tension of ebain T ~ § x 18 *■ 24 cwt., 
and thrust of jib P « 2 x 18 = 36 cwt. 

l-jf'or experimental treatment see § 334. 

1 (2) A ball 1 ft. in radius, and w^oighing 6 lbs., rests against a smooth 
wail, and is attached to a string which passes ,, through a hole in the 
wall at A, and is pulled with a force of 10 Iba. To find the length of 
string projecting from the hole. 

Let R be the reaction of the wall. 

Tho forces on tho ball arc — * 

(i.) Its weight 5 lbs. acting vertically through its centre C ; 

(ii.) Tho reaction R acting perpendicu- 
lar to the wall, and therefore in direction 
BC\ ^ 

(iii ) The pull of the string, or 10 lbs., 
in the direction CA* \ 

The throe forces are n^^roseiited in ’ \ 

direction by AB, BC, CA. — > I 

Therefore, if the length AB represents i J 

the weight 5 lbs., fiC^will represent the V J 

reaction R and (?>l'the pull of 10 lbs. 

Now OBA = Oqj; and AC — 2AB’, 
iBCA==St, BAC^m'’-, 

. . BS-ABy/S-, Fig., 74. 



TJIL' INOLTNlCn I'LAXK. 


197 


whence Ji — 5^/311)0. — 8-66... lbs# 

But BC — 12 inches; 

o 24 

AC — --- BG = inches = 8 \/3 inches; 


iindy if D is the point of attachment of the string, 

AD = 8^/8- 12 = 1*866 in. 


Therefore the required reaction is 8*66.. 
ig projects I'rcm the wall. 


, lbs., and 1*866 in. of the 


A weight of 1 ton is attached at ^ to a rod AB, whicli is drawn 
^side from the veitical position through 80° bv a chain BD attached 
to B. Find the pull in the rod, supposing BD to make an angle of 
60° with the downward drawn vertical. 


Let It be the required pull in the rod BA, P the pull in the chain 
BD, Q (= 1 ton) the given weight. 



Take any point A on the rod, and let the vertical through A meet 
DB produced in C. 

Then the forges P, Q, P are represented in din‘ction by CB, AC^ BA. 
Thorefoi’o they can also bo represented in magnitudo by those linrs. 

In the figure, 

z BAC - 30°, Z ECB - 60° ; and Z CBA = 80°. 
Therefore ACB is un isosci les tiiangle having its base angles each 
30°, and i£C‘ he joined to the middle point of AB, the triangle AG^ 
will be divided into two triangles whose angles are 30°, 60° 90°. 

required pull P ^ Q ^ v'S tons ti^ight. 
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EXAMPLES XVII. 

1. Find the horizontal forces required to support the following 
weights on the given inclined planes — 

(i.) 12 lbs. on an incline of length 10 ft. and height 6 ft. ; 

(ii.J CO lbs. on an incline of height 7 ft. and base 24 ft. ; 4 

(iii.) 180 kilogs. on an incline of 11 in 61 of length 122 metres. 

2. Find also the works done in drawing each of the weights of 
Ex. I up the plane on which it is placed. 

0. Find the forces up the piano required to support the following 
weights on the given inclined planes— 

(i.) 117 lbs. on an incline of length 13 ft. and height 5 it. ; 

(ii.) 40 tons on an incline of 7 in 2f5 of length 50 yds. ; 

(iii.) 170 grammes on an incline of length 85 cm. and base 84 cm. 

4. Find the works done in drawing each of the weights of Ex. 3 
up tho plane on which it is supported. 

5. Find the horizontal force, and also tho force up the plane, 
required to support a weight of 

(i.) 36 oz. on an incline of 30'^; 

(ii.) 12 a/2 lbs. on an incline of 15® ; 

(iii ) 1 20 grammes on an incline of 60®. 

C. Find in each case of 5 the reaction of the plane. 

7 . Tho lengths of the three inclined planes of Ex. 5 are 24 feet, 
<5 yards, and 75 ceulinietrcs respectively^ Find the works done in 
drawing the weights up ihe planes. 

8. A weight resting on a smooth inclined plane is held in position 
by a horizontal force. Draw a diagram exhibiting tho directions 
and magnitudes of the forces acting, and calculate ihe force neces- 
sary to hold 1 cwt. on a piano tilted 30® from the level (a) if acting 
horizontally, (b) if acting at the best angle. 

|» 9. A weight is placed on an inclined plane, and it is found 
that it can bo sui;porte(l by either a horizontal force 2F or a force 
P along the })laiio. Find the inclination of the plane. 

10. An inclined' plane is 20 ft. long, and a horizontal force of 
30 lbs. Biifiports on it a weight of 10 lbs. Show that, if the piano 
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be still further tilted until its top is 3 ft. hig^her^thmi before, and 
the force act along: the plane, it will still support the weight. 

. *11. A weight of 576 lbs. is supported on an incline of 16 in 65 

by two equal forces, one acting horizontally and the other along 
the plane. Find the forces. 

If a force P acting along an inclined jdano can support a 
weight JFf and when acting horizontally can support a weight w, 
show that P- -= 

13. Find into what two parts a weight of 50 lbs. must ho divided 
so that one part hanging over the top of a plane whose length is 
13 ft. and height 5 ft. may balance the other part resting on the 
plane. 

•14. A body, whose mass is 6 kilogs., rests on a smooth plane 
inclined at an angle of 30° to the horizon, and is supported by tw'o 
forces. One of these forces is equal to the weight of 2 kilogs. and 
acts upwards along the plane, and the other is a force P acting 
upwards at an angle of 30° to the plane. I)ct<n’mino the valiio of 
P when there is equililbrium. 

15. A weight of 10 Ihs. is suspended by two strings, which are 
incliiit'd to tne vortical at angles of 45°. Find the pull in each string. 

16. A weight of 16 lbs. is supported by two strings, which are 
inclini.'d at angles of 30^ and 60'* to the vertical respectively. Kind 
the tension of the strings. 

•17. An iron hall weighhif^l Ih. is hold up by a string, the upper 
end of which is fixed. If the hall be drawn aside until the string 
iiiak^s an angle of 30° with the vertical and then let go, state clearly 
what forces act on the hall at the moment of release. 

18. A stone^ weighing 1 ton, is suspended in the air by a chain ; 
a rope fastened to the stone is pulled so that the chain makes an 
angle of 30°, and the rope an angle of 60°, with the vertical. Draw 
a very careful figure, showing the three forces acting on the stone, 
and a triangle Tepresenting them. Find the pull on the rope. 

19. A weight of 20 lbs., suspended by a string from a peg P, is 
pulled aside by another string knotted to the' first at a point K and 
pulled horizontally. Find the force necessary to- pull it until PK is 
60° from the vertical ; and find, at the same time, the force on the peg. 
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20. A picture, weighing o6 lbs., is slung over a nail in the ordinary 
way by a cord attached to two eyes in the top horizontal bar of 
its frame. If the height of the nail above this bar is half the 
distance between the eyes, what is the tension in the cord P Under 
what circumstances would the tension be equal in or greater than 
the whole weight of tho picture P 

21. A picture is hung by a siring fastened at two corners of itll 
frame and passing over a smooth nail. What are the forces producing 
equilibrium, and how will the pull on tho string vary as it is made 
longer or shorter ? 

22. A weight of 12 lbs. is susi>ondcJ by two strings of equal length 
attached to two pegs in the same horizontal lino. If the strings will 
just break under a tension of 12 lbs., find the greatest angle that 
they can malco with each other. 

23. A picture, weighing 40 lbs., is hung wdth its upper and lower 
cdgc.s horizontal by a ^ord fastened at its two upper corners and 
passing O'-tCr a nail so that the parts of the cord at the two sides of 
the nail make an angle of GO'’ with each othen. Find tho pull in tho 
cord in pounds weight. 

*24. A weight of 0 Ihs. is sui)portcd on an inclined plane by a 
certain force ; the inclinations of tho force to the inclined piano and 
of the inclined plane to tho horizon are each 30*’. Find the reaction 
of the plane. 

25. A weight of 5 lbs. rests on a smooth plane inclined at an angle 
of 45° to the horizon. Find the least of the force required to 
support it, aud the thrust on the plane. 

*20. A bodj’ weighing 10 lbs. is placed on a smooth plane inclined 
at an angle of 30° to the horizon. Find the two directions in W'hi(;h 
a force equal to the weight of tlic body may act to> produce equi- 
librium ; also 6nd tho reaction of the plane in ca'^h ease. 

27. A mass of 30 lbs. is supported by two strings, one of wnich is 
horizontal and the other is inclined at an angle of 30° to the vertical. 
Find the tensions of the strings. 

28. AB aud AC arc tWo chains 9 ft. and 12 ft. long attached to pegs 
B, C at a horizontal ^stance of 15 ft. apart. Find the pulls in the 
chains when a wei^(t of 1 ton is suspended from A. 
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\/ TRANSMISSION OF FORCE— THE WEDGE. 

192. Rigid bodies. — In treating the conditions of 

equilibrium of several forces acting a we have 

supposed the forces to be all applic»d to a single particle 
placed at that point When two or more forces act in 
parallel straight lines^ it is impossible to suppose them to 
be applied to the same particle, for parallel lines never 
meet. They must, therefore, be supposed to be applied 
to a body of extended size. Accordingly, it will he 
necessary to state what is meant by a rigid body before 
proceeding fui’ther, 

' .Dkfinu’ION. — - 1 rigid body iv a body whofic size and 
' sJiape always remain the same ivhatcvcr forces he applied to* 
different parts nf if. 

By this it is implied that the distance hekceen any hvo 
particles of a rigid body always remains the same. 

In reality no body is perfectly rigid, but many solid bodies may be 
regarded as rigid for all practical purposes. 

193. Statical Property of a Rigid Body. — In 

tlie first place, it will be observed that 

Two forces acting at two jwiuts of a rfgid body are in 
equilibrium if ^ and only ifj tiny are eqnaX ^nd (ipposite, and 
act in the. same straight line.. ‘L 
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'I'hifl may mul'ly be veri6ed by attaching atrinf'S to two i>oiiit8 
A, B of a body (say a board) resting on a table (Fig. 76), and pulling 
their c-nda apart horizontally. The body will turn round until the 
strings MA, BN are both in one straight line, and will then come to 
rest. And, siiieo the forces produce no moti(»n of the body as a whole 
{i.e , no motion of translation), they must be equal and oppoi>ite. 

[If the b(«ly is af;}un displaced so as to bring the strings out cf one straight line, 
it will not ivrnain at ii\st, but will rotate Iwiek to its former position. Ifioiee two 
equal anil opposite forees whieh do nut net in the same straight line are not in 
eqiiilibriiini, but tend to nroduee rotation. ] 


From the above properly avc dednee iiie following 
principle : — 

194. Principle of Transmission (or Transmissi- 
bility) of Force : 

A force acting on a rigid body may have its 
point of application transferred to any point what- 
ever in the straight line in which it acts without 
affecting the conditions of equilibrium. 



Fig. 76. 


Let P be any force applie<FTo a body at fl .in the 
direction BN. Let A be any point of the body in the 
straight line BN or BN produced. At A apply two equal 
and opposite forces of magnitude P in the straight line 
AB. These two forces balance each other, and therefore 
do not affect the conditions of equilibnnm of the original 
forces. Now consider the two forces -|-P at B aud — P 
at A. By the property just proved, these two forces 
balance each other, and therefore they can be removed 
without affoctiug the conditions of equilibrium. We are, 
therefore, left with the force -f-P at ^ as the statical 
equivalent of the original force P at ^ applied in the 
same straight line ; as was to be proved. 
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Tlio principle may also be stiated thus : 

When a force acts on a rigid body, it is immaterial what 
point in its line of action is considered to he the point of 
application of the force. 

The point of application may even bo taken mUside the hodi/, 
provided that the force is applied to a particle rigidly connected with 
the body. But a force cannot be replaced by an equal and parallel 
force acting at any point not in its original lino of action. 

Tension of a stringf. — Tn the same way it is evident that the 
tension of a stretched string is the same at all points of its length. This 
property is very important. 


195. Conditions of eqnilibrinm of three forces in 
/one plane. 

If a rigid body is in equilibrium under three forces in one 
plane^ their lines of action must all he parallel or all pass 
through one common point. 

For lot tlio throe .forces bo not 
all i)aralle1. Then the linos of 
action of two of them mn.st meet 
in some point, say 0. By tho 
principle of Transmission of Force, 
wc may suppose these two forces 
to be applied to a particle of the 
body (or rif^idly connected with 
the body) at 0. Hencp^ as in 
Chap XV., they are equivalent to a 
sintrlp resultant force «acting at 0. This resultant and the 
third force balance; thereforo they must bo equal and 
opposite and in the same straight line 19*^). lienee the 
line of action* of the third force must pass through 0, and 
therefore the thi*ee lines of action must all pass through 
one common point. 

In addition to passing through one common point, the 
forces must be capable of l)eing represented in magni- 
tude and direction by the sides of a triangle taken in 
order. 

The conditions of equilibrium of thrde parallel forces 
will be investigated in Chap. XX. 
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UK). The pf^nnt of intersection of the forces need not he 
within the body. 

Thus, let throe cords be attached to a ring or hoop at the equi- 
disUiiit points 4, By 0 (Fig. 77), and let these cords be pulled with 
equal forces in the direction of radii OA, OB, OC. Then these forces 
will bo in equilibrium, for their directions pass through one common 
point (viz., the centre 0), and are inclined at angles cf 120*’. Hence 
the ring will remain at rest notwithstanding the fact that the point 0 
is not in the substance of the ring itself. (Sue also { 199, Ex. 1.) 


197. The wedge is a triangular block which is used 
either for splitting a body a piece of wood) into two 
parts, for separating two bodies, or for slightly raising 
heavy weights off the ground. The section of the blf>ck 
is a triangltJ, and the wedge generally studied on account 
of its gvenicr utility and simplicity is isosceles, and could 
be formed by two right-angled inclined planes put back to 
back. A knife and a chisel afford good illustrations of 
the principle of the wedge. 



198. Couditiong of eqailibriam of a smooth wedge. 

— Let a smooth wedge, wliose section is the triangle 
be driven in between two bodies Af, /l^ by a force F 
applied on its f^cc 8(7. Let Q, B bo the reactions with 
which Af, N resist the insertion of the wedge. 
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Then the wedge is kept in oquilibnun: by the three 
forces P, Q, P, and, since the wedge is smooth, these 
forces act perpendicularly to BC, CA^ AB, their dii ections 
meeting in some point 0, 

Therefore, by the Perpendicular Triangle of Forces (or 
as shown by the triangle DEF), P, Q, li can be represented 
ill magnitude by BC, OA, ABj respectively, that is, 

^ Q ^ . 

BG^GA"' AB' 


or, if o, ft, c denote the lengths of BG, CA, AB, 


i ( 1 ). 

a b c 

In the case generally considered the section of a wedge 
isisosceles, or ft = c. Therefore 


Q ^B = rx 

a 

By sufficiently increasing the length ft and making the 
breadth a very small, a very small force B can bo made 
to overcome a very large resistance Q, 


11)0. Equilibrium of a heavy body. — Applications 
to problems. — The theorem of § 195 is very useful in 
enabling us to find the conditions of equilibrium of a 
heavy body supported at two given points by forces that 
are not vertical. The cases where the supporting forces 
are vertical will be considered later. 

It will bo proved in Chap. XXIV. that the weigh o of 
a ri^d body may always be supposed to act vertically at 
a single point of the body, called its cevtre of gravity or 
centre of mass. For the present, the following particular 
results will bo assumed : — 

(1) The weight of a lieavy uniform rod or beam acts at 
its middle point. 

(2) The weight of a uniform sphere or cwfte, or of a 
circular disc, acts at its centre. 

It ^ill also be necessary to rcmeniber.that— 

The reaction of a perfectly smooth surf dee is always per- 
pendicular'*to that surface. 
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Examples. — (1) Equilibrium of a ladde^\^\. aniform ladder of 
weight W h>MTi8 against a perfectly smooth wall. To find the 
thrusts which it exerts against the wall and gprourd when the ladder 
is 20 ft. long and roaches a height of 16 ft. 

Let AB he the laddor. G its middle point. 

Let P denote the reaction of the wall, 

R that of the ground. 

Then the three forces acting on the 
ladder are — 

(i.) Its weight TV acting vertically 
through 6 (since the ladder is uniform) ; 

(ii.) The reaction I* a.t B acting hori- 
zontally (since the wall is smooth and 
vertical) ; 

(iii.) The reaction R acting at A. 

Since these forces are in cqnilihriiim, 
they must pass through one point. Lot 
the vertit'al through G meet the horizontal 
through B in M. 'Phen the reaction R 
must act in the line AM. 

lict MG meet the ground in N. Then 
Uie forces P. H act in the directions of Af.V, NAy AM^ the sides of 
the. triangle AMN tiikcii iu oiHlcr. Thoiefore, by the Triangle of 
t'orcos, these sides maybe made to represent the forces in magnitude, 

• that if BO or ME represents /P, NA and AM will represent P and R 
respectively. Therefore 

R ^ JV K 

MN' ^ MN' 

Now- AB - 20 ft., BO — 16 ft. ; 

.-. AO " ---- 202 162 = t2.;52_42j ^ 42 ^ 32 ^ 12* ; 

>IO=12ftr; 

ind it is easily seen* that 

AN - hAO - 0 ft. 

Therefore also 



P - f/'x 


AM- - AN- + NM^ - 6 - + 162 ^ 22 ( 3 = + 82} - 2- x 73 ; 

AM 

Reaction of wall P = 7F x r.-. 

16 8 

Reaction of ground R ^ Wx 

* For AQ — QB\ ^tiiaiiKle.s AQN^ B6M aro equal in all respects ; AN •- BM 
- NO (the opposite siw of the iiarallelogram MBON) ; AN ^ \A0, 



THE TRANSMISSION OF FORCE. 


207 


(2) Indicate the forces which maintain (i.) a uniform door, (il.) a 
kite, in equilibrium. 

(i.) For the door, let CD be the median 
line ; then G, its middle point, will be the 
centre of mass of the door, t./?., the point 
of action of its weight. In brief, the 
weight acts along CD^ The reactions 
J2 and S at tho hinges A and B must act 
80 that their linr>s of direction meet at 
some point £ in CO. (What precise point 
this will be is indeterminate without 
further data.) The forces It, W w'ill 
then be riiprescntcd by ££, EAj AB. 

Note. — In a f/atc which merely rests 
against a peg at B, tho reaction BE is 
horizontal, and tiic forces 6' Jf arc com- 
pletely determined. 

(ii.) For tho kite, wo must premise that, 
owing to tho absenco of friction, whatever bo tho direction of the 
wind, tho only effect of it will be to prt)iluco a pressure ])orp(jndicnlar 
to tlic face of the kite, and the force due to this pressure may be 
taken to act at the centre of gravity cf tho face, say at C, on tVio 
stem AB. Tho actual centre of gravity of the kite, with its tail, will 
be at G, somewhat lower down on AB ; thus If (the kite’s weigld) 
will act vertically through G- T-«et the directions of F and W meet 
at a point D behind the kite. Then, at any nionu-nt when the kite is 
sUitionary, tho directiq^i of the tension T of the string tliat holds the 
kite must pass through D. Moreover, it will he scim from the figure 
that the line of action of 2’ must be atM,re that of F. Hence tho point 


k! 

n. 






Fiff. 80 . 



of attachment of the string should he slightly above the centre of Ihe 
face of the kite. Take any convenient point H on the string, and 
draw HK vertically to meet the direction of F at K. Then tho 
triangle HDK is a triimgle of forces, and shows that the weight of 
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the kite and the tension in the string must he smaller than the force 
of pressure of the wind. (For, since KHD is obtuse, KD is the 
greatest side of the triangle.) 

(3) A uniform rod AB weighing 1 cwt., hinged at A, is supported in 
a horizontal position hy a ro ])0 attached to and making an angle of 
45° with the rod. To find tho tension in the rope and the force at 
the hinge. 

Let G be the middle point of AB\ 

Let F bo the tension in the rope, Q iho 
force at the hinge, and let JF denote the 
weight of the beam (1 cwt.). 

Then the forces acting on tlie rod arc — 

(i.) Its weight 1 cwt. acting vertically 
through G ; 

(ii.) The tension P acting along the 
string at B ; 

(Hi.) The reaction Q of the hinge at A. 

These three forces must all pass through 
one point. Let tho vertical through G 
meet tho rope at C. Then 0 must act 
along AC. Draw AD parallel to CB, mooting 
GC produced in D. 

Then J®, Q, JP aro reproscntfihle in dirt'ction, and Ihereforo also in 
magnitude, hy DAt ACt CD. 

Since I ABC — 4.V’ and GA = GBt every triangle in the figure is 
easily seen to bo a right-angled isosceles triangle, and every angle in 
the figure is either 90° or 45°. Jn the triangle DACj 
DA=^AC = . CD ; 

P^ Q 

Therefore the tension in tho string is -h y/'l of a cwt., and tho force 
at the hinge is also o of a cwt., and its direction makes an angle 
45° with tho horizon. 



% 

Fig. 82. 


EXAMPLES XVII I. 

1. A heavy uniform ladder rests with its upper end against a smoDth 
vertical wall ; show by a figure how to determin'^ the direction of the 
resultant force acting upon the foot of the ladder. 

2. A uniform straight rod is supported by means of two strings 
attached to a fixed pebit and to the ends of the rod. Show thtat the 
tensions of the strings' aro proportional to their lengths. 

*3. A uniform heavy rod, whose length is 8 ft., is placed Sross a 
smooth horizontal rjiil, and rests with one end against a smooth vertical 
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wall, the dislaiico of which from the rail id | ft. tSh^w that it will htj 
in equilibrium if the angle which the rod makes with the vertical 
is 30**. 

4. A uniform heavy rod, whoso weight is 16 lbs., is movable about 
its lower extremity and lebts agaiiibi a amooth vortical wall. The 
rod makes an angle of 46 * with the wall ; find the thrust of the rod 
against the wall. 

Si. A weightless rod, 3 ft. long, is supported horizontally, one end 
being hinged to a vertical wall, and the other attached by a string to 
a point 4 ft. above the hinge ; a weight of 180 lbs. is hung from the 
end supported by the string. Calculate the tension of tho string and 
the pressure along the rod. 

6. A rod AB is hinged at A and is supported in a horizontal position 
by a string BCt making an angle of 45** wdth tho rod. The rod has a 
weight of 10 lbs. suspended from B. Find tho tension in tho string 
and the force at tho hinge. The weight of tho rod may be neglected. 

♦7. A uniform rod, whoso length is 12 ft. and weight 20 lbs., is 
placod over a smooth peg so that one end robts against a smooth 
vertical wall. The distance of the peg from tho wall is inches. 
Find the position of equilibrium and th(? force of pressure on tho peg. 

♦8. A uniform rod, whose length is 12 ft. and weight 1 2 o/., is placc<l 
over a smooth peg, so^that one end rests against a smooth vertical 
wall. The thrust on the peg is 24 oz. Find tho distance of the peg 
from the wall and the position of «'(piilibriiim. 

*[). A pole, 24 it. long, weighing 00 lbs,, rests with one end against 
the foot of a wall, and from a point *1 ft. from the other end a cord* 
runs horizontally to a point in the wall 16 ft. fr(»m the. grouTid. Find 
t.ho tension of the cord, .and tho pressure of the lower end of IIkj pole 
on the ground. 

10. A rectangular box, containing a ball of weight 12 lbs., is placed 
on an. incline of 30® to the horizon. I’ho box is prevented from 
moving on the plane by a small projection. Find the thrusts between 
the ball and the box. 

11. A uniform rod, 10 ft. long and weighm^ 25 lbs., is hinged at 
one end* and to the other end is fastened a rop'q,16 ft. long, which is 
also fanned to a point 10 ft. vertically above tite hinge. Find the 
tension of the rope and the reaction of the hinge^'v' 

EL. .MUCH. "^11 
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12. A rod >4i9,^weig^hing 12 lbs., is binged at A and supported in a 
horizontal position by a string BC making an angle of 45*^ with the 
rod. Find t)ie tension of the string. 

*13. A uniform rod ABy inclined at an angle of 30" to the horizon, 
and weighing 8 lbs., rests with the end A against a rough horizontal 
table, the end B being supported by a string attached to a point C 
vertically above A. If BC bo at right angles to ABy find the reaction 
of the table and tlie tension of the string. 

14. A unifonri rod, whose length is 8 ins. and weight 2 lbs., is 
supported with its upper end resting against a rough vertical wall 
by means of a stiing attached to tho lower end of the rod and to a 
point in the wall 8 inches vertically above the end of the rod against 
the wall. Find the tension of the string and tho pressure against the 
wall, if tho string makes an angle of 30" with the rod. 

1 >). AC and BC are two smooth inclined planes at right angles to one 
another, and intersecting at their lowest point C. A uniform heavy 
rod AB rests in equilibrium agnlnst them. Show that its middle point 
is vertically above C. 

16. Construct a triangle whose sides represent ibc forces acting on 
tho rod in Ex. 1*5, and calculate the forces of pressure of tlic rod 
against tho planes, the inclinations of the planes to the horizon being 
30" and 60", and the weight of the rod 1 lb. 

•17. A polo 12 ft. long, weighing 25 lbs., rests with one end against 
the foot of a vrall, and from a point in tho wall 0 ft, vertically above 
the bottom of the pule, a cord runs horizontally to a point in tho pole 
2 ft. from its top extremit}. Find the tension of tho cord, and the 
pressure <if the lower end of tho pohj. 

18. A uniform rod, 15 ins. long and weighing 12 lbs., is sus- 
pended by two strings, 9 and 12 ins. long, respectively, which are 
attached to the ends of tho rod and also to a nail above tho rod. Find 
the position of equilibrium and the tension of each string. 

19. A wedge, whoso triangular section is isosceles, and has its sides 
10, 13, and 13 ins. loi^", is used in splitting u stone. If tho force 
applied to the hack the wedge bo 200 lbs, , find tho force of pressure 
of the stone on eachtjsurface of the wedge in contact with it. 
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EXAMINATION PAPER X. 

1. Find the niiio of the effort to the weight on an inclined plane 
when the effort acts parallel to tlie plane. 

2. Find tho force up the piano required to support a weight of 
125 lbs. on an incline whose height is 7 ft. and base 24 ft. 

3. IVo forces, one of which acts up tho plane and the other is 
horizontal, support a weight of 32 lbs. on an incline of 3 in 5. If tho 
horizontal force be 9 lbs., find the force acting up the plane. Find 
also the total thrust on the plane. 

J 4. State and prove tho principle of Transmission of Force. 

^^-6. Show that, if three forces in ono plane keep a body in equi- 
librium, their lines of action must either meet in a point or bo all 
parallel. 

. 6. A string H ft. long has its extremities fastened to two points in 
a horizontal line whiclf are 10 ft. apart, and a weight of 75 lbs. is 
attachi'd to a point of the string G ft. from one end. Find the tensions 
in the two portions of the string. 

7. A picture weighing 12 lbs, is supported by a cord which passes 
over a nail, and the tvso portions of the string are at right angles to 
each other, the top of the picture being horizontal. Find the tension 
of the string and the reaction of tlic nail. 

8. A smooth wedge, whose triangular section is ihOsceles and lia^ 
its sides 14, 25, and 25 ins. long, is used for separating two stones 
lying* close together. If the force applied to the back of the wedge he 
70 lbs., find the force of pressuro of each stone against the wodgo. 

9. A plumme't, whoso weight is 7f^, is immersed in a current of 
water, the string being held iu the hand, and the string ultimately 
settles ill a position in which it mukesan angle of 30*^ w ith the vortical. 
Draw a diagram showing the nature of the forces acting on the 
plummet, and determine tbr tension of the siring. 

10. A ladder weighing 60 lbs. rests against a smootli wall of a 
house at au inclination of 60^ to the horizon.. £^d, to two places of 
decimals, the fcKToe exerted by the ground on the JM^er. 
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MOMENTS AND DAEALLEL FORGES. 
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MOMENTS OP FORCES IN ONE PLANE. 

200. Forces tending to produce rotation. ->I£ a body 
is attached to a fixed axis or bingo abont winch it can 
turn freely, w© can set the body in motion by o.pplying io 
it a force in any direction not passing through the axis. 
And it is easy to verify by a few simple experiments that, 
the further off from the axis the force is applied, the more 
effect it has in turning the body'. 

Consider, for example, a door which can turn about its hinges. To 
open or shut the door, we apply a force to its handle in a direction 
perpendicular to the plane uf the door, and at a considerable distance 
from the hinge. If we press against the woodwork of the door at a 
l)oint very near the hinge, we shall have to exert a much greater 
effort to set the door turning, while if we lean against the (Mlge of 
the door and push it directly towards the hinge, it will not turn 
at all. 

In this chapter we shall consider the equilibrium of bodies under 
forces which tend to turn them about a fixed point or axis; but shrll 
not consider the actij^l motion such bodies when the forco<? cause 
them to rotate. 

DLFiNrnoN.^'Ae moment of a force abont a 
fixed point is the product of the measure if the force into the 
perpendicular distance of the point from its line of action. 
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Thns, if P be the force, and if OM in dunvn from 
any point. 0 perpendicular to the line of action of P, 
the product P X OM 
is called the moment of the force 
P about 0, (See § 326 ) 

The length OM may be called 
the arm of the moment. Therefore 
moment = force x arm. 

The product PxOM becomes 
zero if cither of its factors diminish 
to zero, that is, 

if r = 0 , or if OM = 0 . 

In the latter case 0 is on the line of action of P. 

Hence tlio moment of a force about a point vanishes 
when cither — 
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(i.) the force itself is zero ; 

(ii.) the lino* of action of the force passes through 
the point. 

If the body be fixed so that it can only turn about 0, 
the foive P cannot set the body in motion if its line of 
action passes through 0. (For, by the Principle of Trans- 
mission of Force, may be supposed to act at 0, and 0 is 
prevented from moving by the hinge or support.) 

Hence, when the viomcvt of a force about a fixed •point 
vanishes, the force has no teudencij to turn the body about 
thatjpoint. 

On the other hand, if the moment is not zero, the force 
P cannot pass through 0. Hut the reaction of the hinge 
or support passes tlirough 0. Hence these two forces 
cannot act in the same straight line, and the body cannot 
remain in equilibrium. It must therefore turn about 0, 
sinco ijo other motion is possible. 


202. Positive and negative moments, 

III forming the algebraic sum of ib^e moments of any 

number of forces, each mument is taU^tj. with its proper 
algebraic sign, defined as follows ; — ' 
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^romentH wHich tend to produce rotation in the oppostie 
direction to that in which the hands of a watch go are 
considered positive (Figs. 83, 84). 

Moments which tend to produce rotation in the same 
direction as the hands of a watch go are therefore to be 
regarded as negative, and a minus sign is prefixed to 
their amount (Fig. 85)- 



Fig. 84. Pig. 85. 

Moments positive about 0 . Moments negative about 0 . 


Thus, if two forces have rqual moments about a point, but tnul f») 
produce rotation in opposite directions, the algebraic sum is zero, 
for one moment is aplm and the other a minus quantity. 

203. Geometrical representation of the moment of 
a force. 

If a force he. comphtely represented hy a straight Hue, its 
moment about any point shall he measured hy twice the area 
of the. triangle which the straight line subtends at that point. 

Let AB represent any force P, then shall the moment of 
P about 0 be represented by twice the area OAB. 



Draw OM perpendicular to AB. Then 

area of AOAB = f base X altitude = l^AB X OM. 

Now AB represe^s the h>rce P, therefore AB must 
contain 7^ units of length. Hence jj;. 

moment of P ablrut 0 = P x OM = AB x OM s= 2£^pAB. 
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204. If a force P is applied at aii;f point Af its 
moment about any point 0 is equal to the product 

OA X resolved part of T perpendicular to OA. 

For let AC represent the force P. Complete the rect- 
angle ABGD^ whose shle AD passes through 0. Then, by 
the Paralhlogi’am of Forces, AD^ AB represent the com- 
])onents of P along and perpendicular to OA. 

Now AOAB = AOAG 
(since they are on the same base 
and between the same parallels). 

Therefore moment of P about 0 

= 2aOAC= 2aOAB 
=:OAxAB 

=:OAx resolved ]>art 

of Pnperp. to OA. *7. 

205. The moments of two intersecting forces about 
any point in the line of action of their resultant 
are equal and opposite. 

Let two force.s P, Q act in the lines ABy AD, and let G 
bo any point in tjie line of action of their resultant E. 

Complete the parallelogiam A BCD. 

(lioose the scale of representation such that AD representH 
the /(tree Q in magnitude. 

Tlien, by the Pamllelo- 
gvani of b\jrccs, AB and 
AG represent the forces 

It. 

Since ABCD is a 
parallelogram, 

acab = aGDA. 

But the triangles CAB, CAD represent luilf the inomonts 
of P and (I about C. and these inothgnls tend to turn aboui 
G in opposite directions. v 

Tln^forc the nioincrits of P, Q al)^t C are e«jual and 
opposite. 
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v206. The «algebraic snm of the moments of two 
intersecting forces about any point in their plane 
is equal to the moment of their resultant about 
that point (Varignon’s Theorem). 

Lot two forces P, Q act along tlic lines AB^ AD. 

Lot 0 be any point in the plane of tlio forces abont 
whicli moments arc to bo talceu. 

Draw OD pa vail el to AB to meet AD in D. 

Choose the scale of representation so that AD represents Q 
in macfnituilc (§ IGtJ; also compare § 20i5), and on the same 
scale let AB he the length which represents F* 

Let tlio ]>aralIelogram ABCD be completed, and join AC, 
so that AC represents the resultant R of P, Q. 



Cask i. — Tf 0 lies vnfhmi the angle BAD^ as in Fig. 8P, 
then the moments of 1\ Q, R abont 0 are positive and 
measured by twice the triangles OAB, DAD, OAC respcc- 
tively; hence wo have to show that 

'2a0AB-^2A0AD - 2aOAC. 

Now aOAB - aD AC 

(*.' bases AB, DC are equal and DC is parallel to AB ) ; 
2aOAB i 2aOAD, 2aDAC^2aOAD = 2aOAC, 

or moment of /^-f-pioraent of Q = moment of force R. 

* This ol tin- fihoTilil Im* pan-fiilly Diilcil, as it is must 
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(<ASE ii. — If 0 lies williin tlic angle BA[h, siy between 
AC and AD^ as in Fig. 00, Ibe moment of Q is negative 



and is represented by minus twice the area ODAy nnd we 
have to show that 

= '1/S.OAC. 

,Now, as before, AOAB = ADAC, 

2A0AB-2A0DA = 2aDAC- 2aODA = 2A0AC. 

Therefore, making allowance lor the ])ositivo and negative 
signs of the moments themselves, wo have algebraically 
moment of P -1- moment of Q = moment of force if, 
as before. 

Alfernaiire Proof. --J3y § 204 (using Fig. C»2, p. 171 'I, 
Algebraic sum of moiiioiifs of Q about 0 

^OA X algebraic sum of resolved parts of i*, Q 
jierpendicidar to OA 

-- OA X resolved part of //per pend icnlar to OA (§ 1S2) 
= moment of 11 about 0. 

in Iho TiPxt chapter, we shall show that Yari^uon’s Theorem holds* 
good^or two pamilol forces as w'cll as for two intersecting ones, and, 
generally, that tlio algebraic sum of the moments about a point of 
anij nwnher of forces in one plane through that jioint is equal to the 
moment of their resultant. 

207. Eqnilibriuxii about a fixed point. — If a rigid 
body, moveable alwiit a fixed point, is kcj)t in equilibrium 
by two forces in any piano Containing that jioint, the 
moments of these forces about the point will be equal and 
opposite. 

For, if the forci'S balance, their rcsnltrnt must pass 
through the fixed j)oint. Flcncc the rhoments of the forces 
about that point must be equal and opposite (§ 205). 
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Either of forces, if it were to act alone, would set the body 
turning round about the fixed point. Hence, since the body does not 
turn when both act, we are led to infer that the tendencies of the 
forces to produce rotation are equal and opposite. 

Hence equal momonta about a point represent equal tendencies to 
produco rotation about that point, filoreover, if a force bo doubled, 
its moment about any point is also doubled ; and it is natural to sup- 
pose that its tendency to produce rotation about any point is doubled. 
Hence we infer that tho moment of a forco about any point is a 
measure of its tendency to produco rotation about that point. 

Examplf'. — A uniform rod AB^ of weight IF, is hinged at its end A, 
and held at an inclination of to the horizon hy means of a string 
attached at B, a.id making an angle of 30*^ with the rod. To find T, 
the tension of tho string. 

I'he student should draw the figure. Let G he the middle point 
of AB : tlum jr acts vertically through G. Drop AM perpendicular on 
its lino of a<‘tioTi, and AL perpendicular on the string. Equating tho 
moments of 2\ JF, we have 

TyiAL - W>^AM. 

Xow GAM is a right-angled isosceles triangle, and BAL is a seini- 
oqiiilatoial triangle ; 

AM =-AG^ 1 v^2 -- AB ^ 1 v'2 and AL - ^JB, 
whemro we readily fin»l T = lV2. /K 


208 . Conditions of Equilibrium of Coplanar Forces. — 

Although it is impossible here to fully investigate the conditions of 
equilibrium of forces acting on a rigid Mg (that is to say, not all at 
one point) in one p/unc, yet it is well to note the main results. 

To the two conditions of equilibrium given in § 18o, must bes added 
a third. 

Hence the conditions of equilibrium, when any number of forces in 
one plane act upon a rigid body, are as follows : - 

(rt) Tho sums of tho resolved parts of tho forces along two direc- 
tions in the plane must ho severally zero. 

(A) The algebraic sum of the moments of the forces about a point 

in their plane must be zero. 

y 

[Tlie fnniipr CMiiditums prevent any motion t-f trandoHoiif tho latter .iVcvci.ts 
any motion of oofat ion. r 

The conilitloTiH for p’irallelf forces (seC Cliap. XX.) Avi]! be found to be included 
In these.] 
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EXAMPLES XIX 


1. Find the momonts aboat u point 0 of the following; forces acting; 
at the extremities of the given arms : — 

(i.) 4 lbs. ; arm, 5 ft.; (iii.) 4 cwt. ; arm, 2 yds. ; 

(ii.) IGlbs. ; arm, 9in8. ; (iv.) lOgrms ; arm, 5 cm. 

2. Find the moment about a point 0 of a force of 18 lbs. acting at 
a point A along a lino AB, where the length of OA is 20 ins., and the 
angle OAB is (i.) 30®, (ii.) GO®, (iii.) 90®, (iv.) 135% (v.) l50^ 


3. A horizontal rod, 10 ft. long, has a weight of 211)8. at one end, 
an upward force of 12 lbs. at a distance of 2 ft. from that end, a down- 
ward force of 4 lbs. at a distance of 6 ft. from the same end, and a 
weight of 6 lbs. at the other end. Taking the first end of the rod as 
the left-hand end of tho figure, write down tho moments of the forces 
about ea(‘h end of the rod and about its middle point, prefixing tho 
proper sign to each. Also find the algebraic sum of the moments 
about these points. ^ 

4. ABC is an ccpiilaterul triangle whoso side is 5 ins. long. Forces 
of 2, 4, and 8 lbs. act along AB, BC, CA, respectively. Find the 
moment of each force about the opposite angular point. 

'^6. ABC is an isoscftle-s triangle, right-angled at C, and forces of 
3 %/2, 2, and 4 units act along AB, BC, CA, respectively. Find the 
moment of each force about tho o-jiposito angiilsr point. 

OA, OB are chords, 5 and 12 ins. in length, of a circular disc, 
WKiP, whose diameter OC is 13 ins. If forces of 2 and 5 lbs. act 
aloii^ these chords, respectively, find how the disc will begin to move 
if the chords lie on opposite sides of the diameter OC. 

^ 7 . Two forces, of 5 and 12 lbs., respectively, act along the sides 
AB, AD of the square ABCD. Find tho pcrpentlicular distance of tho 
line of action of their resultant from C if tht! side of tho square be 
13 ins. long. 

8. Show that, if two forcts be represented in magnitude and direction 
by two sides of a triangle, taken in ordev,) tho sum of thrir moments 
about every point in the base is the same. . 

9. Two forces of ^bs. and 10 lbs. act alo^ the sides AB, AC of an 
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equilateral triangle ABCy whose side is 14 ins. Find the perpendicular 
distances of their resultant from B and C. 

10. A system of forces in a plane is such that the sum of their 
moi^ents about a point 0 in that plane vanishes. If the forces are 
not in equilibrium, what do we know about their resultant ? (See 
Note at end of § 206.) 

11. Equal forces of 10 lbs. each act along the sides ABy BC, &c., of 
a regular hexagon ABCDEF, taken in order. The side of the hexagon 
is 4 ins. long. Find the moment of each force about the point A. 

12. Forces of Pand Q units act along the sides AB, AD of a square 
ABCD. Find the perpendicular distances of their resultant from the 
three corners B,C, D. 

l.'l. Forces of 6 and 12 lbs. act from A to B and from A to Cy respec- 
tively, along the sides of an equilateral triangle ABCy whoso side is 
3 ft. long. Find the moment of each force about the middle point 
of BC. 

' 14. Forces of 2 and 7 lbs. act from A to By and from C to Ay respec- 
tively, along the sides of an equilateral triangle ABCy whose side is 
10 ins. long. Find a point in BC about which the algebraic sum of 
the moments of the two forces will be zero. 

lo. ABCD is a square. Equal forces P act from DiuAyA to By and 
B to Cf respectively, and a fourth force 2P acts from C to D. Find 
the algebraic sum of the moments of theso forces about oach of the 
corners in turn. 

16. Parallel forces of 2, 4, 6, and 8 lbs., respectively, act at, .inter- 
vals of a foot along a straight line, and their lines of action are at 
right angles to the line. Find a point in the line about which the 
algebraic sum of their moments is zero. 

17. Forces of P and 2P units act from A to B and from D to Ay 
respectively, along the sides of a square ABCD. Find th^ perpen- 
dicular distance of the lino of action of their resultant from C. 

18. Forces act along the sides of a triangle, taken in order, and are 
proportional to thi3 sides along which they act. Show that their 
moments about tiie opposite angular points are all equal, and that each 
moment is represented by twice the area of the triangle. ^ 
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PARALLEL FORCES. 

209. “Like” and “unlike” parallel forces. — In the 

preceding chapters wo have considered the oqaiiibi'Lum of 
forces whose directions intersect one another. In the 
practical applications of mechanics, however, parallel 
forces are of even more frequent oeciirrenco than inter- 
secting forces. 

The following definitions will be required : — 

DKb’iNlTiON'. — PaAilel forces which tend in tlie same 
direction are said to be like. Those which tend in 
opposite directions are said to be unlike. 

jUf a force acting in one direction be regarded as. 
poUijivey it i.s convenient to regard any unlike force as 
ftegaKve. 

Thus, if there bo forces of 28 lbs. acting up wauls and 50 lbs. 
acting downwards, the two forces will bo unlike, and if we consider 
the upward direction as positive, the downward one will be negative, 
and the complete expressions for them will bo -i 28 lbs. and - 56 lbs., 
respectively. 

In compounding two parallel forces, their resultant, if it 
exists, may be deduced from the resultant of two inter- 
secting forces by making use of the property that two 
equal and opposite forces in the saifle stiaight line ma}'^ bo 
applied at any two points of -a rigiM body without affecting 
the eqnil^riuro of the body (see §§ 193, 194)* 
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210. To find the resultant of two like parallel 
forces. 

Let P, Q be the two parallel forces, B any two points 
on their lines of action which we may suppose to be their 
points of application. 

At A introduce a force of afiy magnitude F along AB ; 
at B introduce an equal and opposite force F along BA 
(that is, — P along >}fl) these two forces will balance 
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each other, and will not affect the resultant. 

Now compound P with P, and Q. with — P, 

The two former are equivalent to »a single force S at 
A, whose direction is within the angle BAP, and the two 
latter to a single force T at B vjithin the angle ABQ. 

Thus the forces 8 and T will intersect at a j)oint M 
betvreen the forces P, Q, and will have a resultant A 
acting at M, which will also be the resultant of P.awj Q. 

Draw CM parallel to P or Q, cutting AB in (?. 

Replace the force jS at Af by its components along CM, 
and parallel to AC. These components are, of course, the 
same as when 8 acted at A, and are therefore P, P. 
Similai-ly, replace the force T at M by its components 
along CM and parallel to BC ; these components ar^ 
0, F. 

Thus the two forces P, Q or 8, T ure together 
equivalent to forces P + Q acting along CM, and P— P or 
zero parallel Uy AC. , 
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TIevice the resultmU of 1\ Q if J* + fj acting along CM ; 
or, in words — 

.V'The magnitude of the resultant is the sum of 
the components. 

v/^he dircetlou of the resultant is parallel to the 
Components, and in the same sense. 

\/The position of the resultant lies between the 
two forces, and may be found as follows ; — 

Since the forces at A arc parallel to the sides c f aACM. 
therefore, by the Triang'le of Forces, 

Similarly, since the forces at B arc parallel to the 
sides of ABCM, 

-^•"=■- 2 ?- Q^0B = Fx.CM. 

r tf Dm 

pxAC QxCB, 

If AB is taken at riglit angles to the forces, this relation 
expresses the fact that the moments of Q about C 
are equal and opposite. 

We may also Avrite the above relation, 

AG ^ Q 

4 CB r ’ 

AVi^h shows that AG is greater or less than Cfl, according 
as Q Ts greater or less Uian 7*. Hence 

The resultant is nearer to the greater force. 

It divides ' the line AB into parts which are in 
the inverse ratio of the forces, 


• 211. When two iniliH forces P, Q act at A^ S, respec- 
tively, and wo apply to the body equal and opposite forces 
F and — F, both acting in the straight line AB, these, 
compounded with P, Q, give us two new forces N, T, and 
we must examine whether these intersect or not. 
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If r, Q his^nlike aud unequal forces, let ns suppose P 
ti) be the g^rcater, and coustriict tl)e Parallelograms of 
Porucs ADGH, BEKL, so that AG,BK represent T respec- 
tively (Fig. 92). 

Since P > Q, DG > EK. Hence, 
by placing the triangle DAG with 
its vertices A,D on £ (as in 
proof of fine. [. 4), wo see that 
/.DAG> lEBK, and it readily 
lullow.s from find id’s twelfth 
axiom that BK produced will 
meet GA prodncjcd through^ in 
a point M on the side of the lino 
of action of P remote fi'oiii Q 
(Fig. 93). Therefoie aS and T 
or P and Q, have a single resultant through M. 



.212. To find the resultant of two unequal tinlike 
parallel forces. 



Let P, Q be the forces, P being the greater, A^ B any two 
j)oints on their lines of action. Introduce two equal and 
opposite forces P, — P at A, B acting along AB Let S 
be the force compounded of P and b\ T the force coiu- 
jiouuded of Q and — Then the forces T lie in the 
alternate angles at A. and B, and their lines of action 
will inter.sect at a point M on the side of P remote from 
Q (§211). Draw MD parallel to P, cutting AB in C. 
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Replace the force 8 a,t M hy its components P, F along 
MC and parallel to AB, and replace tbe force T at M by 
its components Q, F along CM and parallel to BA. Thus 
• the two forces P, Q or 8, T are together equivalent to 
P— Q along MCi and P—Por zero parallel to AB. 

Hence the resultant of Q is P— 0 acting along MG ; 
or, in words — 

( The magnittule of the resultant is the difference 
of the components. 

' The direction of the resultant is parallel to, and 
in the sense of, the greater component. 

^ The position of the resultant lies on the side of 
the greater force which is remote from the lesser 
force, and is found thus — 

Since the forces at^ are parallel to the sides of AMCA^ 

^ = Jf, or rxCA = FxMC. 

F CA 

Similarly, since the forces at B are parallel to the 
sides of ABCM, 

l^'xMG. 

* PxCA = oxCB; 

or*^he moments of 1*, U about C are equal and 
op^site. 

We may also write this relation 
CA^Q 
CB P ' 

and, since we have taken Q less than P, GA is less than 

‘CB, which affords another proof that C lies on BA pro- 
duced beyond A. Hence ^ 

The resultant divides the line AB externally into 
parts which are in the inverse, ratio of the forces. 

EL. M£CU. 15 
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Example. — ^ carries a bundle, weiprht 20 lbs., at the end 
of a stick a yard lon^ over his shoulder, his hand holding' the forwanl 
end. Find the forces of pressure supported by his hand and his 
shoulder respectively (i.) when 1 foot of the stick's length projects 
behind his shoulder, (ii.) when 2 feet so project. 

I f i* and Ji denote the forces supported by the hand and shoulder, 
in the first case, J*x 2 =* 20 x I, or P = 10 lbs. ; hence it » 20 + 10 
= 30 lbs. In the second case, Px I = 20 x 2, nr P = 40 lbs. ; 
hence if * 20 4 40 = GO lbs. Thus, by the second arrangement, 
li is doubled, and Pis increased fourfold. 


21 o. Couples. — If P, Q arc unlike and equals the method 
fails, for the forces aS, T are themselves parallel, as is 
evident from the const miction of § 211. Two equal unlike 
parallel forces are said to constitute a couple.* 

Tn the present chapter \vc shall deal with parallel 
forces that do not form coaplcs. We shall, therefore, 
always assume that they have a resultant or else that 
three or more of them are in equilibrium. 


214. The resultant of tmmhet* of parallel 
forces is parallel to the forces and equal to their 
algebraic sum. 

Let P, h\ S be the parallel forces taken with their 
proper signs. Then tlie-two forces P, Q have a resultant 
P+f3 parallel to them; the forces P-\-Q aud P have a 
resultant paivallcl to them, whi(;h is therefore 

the re.sultant of the three forcc.s P, Q, R\ the foref's 
P+Q-b K and have a resultant P-^-Q-^-R-^S ])aral>!j!l to 
them, whicli is therefore the resultant of the four forces 
I\ P, /S', and so on. 

ITliis is trill’ wlietlu-i- thi* forces an; like or unlike, jirovided^tliry are lakeu with 
j.Dsitive fir ucfjative sif^iis, as in § 200.] 

It has been proved in § 20G that the sum of the moments 
of two intersecting forces about any point is equal to the 
moment of their resultant. Hence it now remains tg 
extend the tlieoicm to the case when the forces are 
parallel. 

* HeiiC'.' a coupU in Statics does not simply mean ‘*two of anything" as in 
ordinary langua^'e. 
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' ' 215. The algebraic STun of the moments of two 
parallel forces (not forming a conpl^ about any 
point in theirn?iahe~lLS 'eq®I "W~tEe moment of 
their resultant about that point. 

(Varignon’s Theorem for Parallel Forces.) 

Let P, Q bo the two parallel forces, It their resaltan t, 
0 any point in their plane. Through 0 draw a straight 
line perpendicular to the forces 1\ Q, U and cutting them 
in A, B, C, respectively. In this straight line apply two 
eqnal and opposite forces P, — P. Let S, T be the forces 


R 



• ' Fig. 94. 


compounded of P, P and Q, —P, respectively; then P, 
the resultant of parallel forces P, Q, is also the resultant 
of the forces S, Now the forces Sj T intersect one 
another (since P, Q do not form a couple) ; tlierefore, 
by § 20(1, 

rlomcnt of R aboat 0 = algebraic sum of moments of S, 

^so P, Q are the resolved parts of <S’, T perpendicular 
to OB ; therefore, by § 204, 

moment of S about 0 — RxOA = moment of P, 
moment of T about 0 = Qx OB = moment of Q. 

Hence moment of R about 0 = algebraic sum of moments 
' of P, Q about 0, 

or RxOC = RxOA -\-Qx OB, algebraically. 

This relation is sometimes called the Equation of 
Moments, 
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AltemativenProof. — With the notation of Fig. 94, let 
P, Q be like forces. Then 

Algebraic sum of moments of P, Q about 0 
=rxOA + QxOB 
1 = r{0C-AG) + Q(0C+CB) 

= (P+Q)OG+(.Q.CB-P.AC) 

= (P + G) OG + 0 ( L^lO)j = Ex OG 
= moment of E about 0. 

A Bimilar proof applies to unlike forces or to the case where 0 is 
between the forces, provided that the moments are subject to the 
usual conventions regarding signs. The student is stronghj recom- 
mended to work out these cases as exorcises. 

Col!. When three parallel forecs are in equilibrium, 
the algebraic sum of tlieir moments about any point in 
their plane is zero. 

For each foi'ce is equal aud opposite to the resultant of 
the other two ; therefore its moment is equal anti opposite 
to the moment of that resultant, i.t., to tlio sum (»f the 
moments of the other two forces. 

216. Oeneralization. — If any numher uf forccB act on a body in 
one plane f the alyehraic sum ff their momenta about ajiy point in that 
plane is equal to the moment of their resultant. 

Consider two of the forces. AVhether these intersect or are parallel, 
algebraic sum of their moments about 0 = moment of their resultant. 

Combine this robiiltant with a third force; then, f 

algebraic sum of moments of the three 

= moment of third force + moment of resultant of fi^st two 
= moment of resultant of all three forces, 
aud so on, till all the forces have been compounded together. 

CoK. 1. If any number offerees acting on a body in one piano aro in 
equilibrium, tho algebraic sum c£ their moments about any point in 
the plane is zero. 

For their resultant is zero ; therefore its moment about any point 
is zero, and therefore, by above, the sum of all tho moments is zero. * 

Coil. 2. If tho algebraic sum of the moments of any number of 
forces about a point 0 in Ihoir plane vanishes, then either Jt must be 
zero, or the arm of JK must bo zero. That is either" tho fOf^s are in 
equilibrium or they have, a resultant passing through 0. 
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Examples. — (1) To find the rosultant of two like^forccs of 5 lbs. 
and 4 lbs. applied at the enda of a rod 3 ft. long perimudiculur to ita 
length. 

Tiet AB be the rod, C tho point at which the rosultant cuts it. 
(Fig. 94 may be used, taking i* =s 0 n>H. and Q ~ 4 lbs.) 

Since the forces arc like, their resulbint = 4+5 lbs. = 9 lbs. 

Take moments about Then the moment of 9 lbs. at C equals 
the sum of tho moments of 5 lbs. at A and 4 lbs. at B, whence, taking 
a foot as the unit of length, 

9x>l£? = ox0 + 4x>l5 = 0 + 4x3 = 12; 

... AC = V = 1^ ft. = Ifi ins. 

Therefore the resultant acts at a distance of 10 ins. from the 
5 lb. force. 

' (2) To find the resultant of two unlike forces of 5 lbs. and 4 lbs. 
applied at points distant 3 ft. apart. 

lict Aj Bt C be the points of application of the fon'es and their 
resultant. 

Since the forces arc unlike, their resultant = 5-4 lbs. -- I lb. 
Taking moments about C, the equation of moments givc'S 
r^CA -QxCB or vCA^iCB; 
whence, if CA — <*, 5*- 4 (.»*+ 3), giving x 12 ; 

CA =-. 12 ft., CB =12 + 3 = 15 ft. 


Ilk 

C A 

Fig. 95. 

'.'T'lierefore Iluj resultant acts at distances of 12 and 15 ft. from the* 
a-lhj^nd 4 -lb. forces rcispcctively. 


(3) To find the parallel forces which must be applied to a bar C ft. long 
in order that their resultant may he a force of 12 lbs. acting at 2 ft. 
distance from one end. 

Let Pf Q be the required forcc.s, BC the bar, A tiic point at which 
tho resultant acts. 

Taking momenta about C, wc have 


. PxCB^^VlxCA; 

.-. 7^x9 = 12x2 = 24; 

V' = V lbs. = f lbs. = 2| lbs. 
Also 7*+ (2 = 12 lbs. ; 



l2-2» = 9i lbs. Fig 96. 
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217. Conditions of equilibrium of three parallel 
forces. 


Let P, Q, B be the three ? 
forces of 'wliicli P, Q are |_ 

like forces. Let a straight A 
line be drawn, catling them in 

A, B, C, 


C B 

R 


In the figure of § 210, reverse Fig. 97. 

the force It .so a.s to make it 
the eqnilibrant instead of the resnltant of P and Q- 

B has thus been cbanged in direction only, not in 
magnitude nor line of action. Hence we see that, when 
three parallel force.s are in equilibrium, the middle one is 
equal to the sum of the two outer ones, and acts in the 
ojqiosite sense. Also 

r* = Q . 

BG CA * 


and, by a well-known theoroin*, each- member 

^ ^ P-fQ 

BCVC'A BA ■ 


Now B is equal and ojqm.site to 
A1.SO AB is equal and opposite to BA\ 


Hence the conditions of equilibrium may be 
written in the symmetrical form, 

P ^ Q ^ B 
BG^ GA AB 




This result is analogous to the Triangle of Forces, and 
may bo deduced from it. 

The conditions inay also be stated thus : 

The tico extreme forces act in the same direction, and the 
middle force acts in the reverse direction and is eo'ail and 
opposite to their sum. Also each force is proportional to the 
distance between the other two. 


fNotiPft that h1 iiida over tlio length which does not ooiitaiii the letter A 
Q, li ovei- the lengths w'hich do not contain B, C, respeolivoly.] 


. If 


_ ' , each fraction = “± ‘ = “““ “f . 

Ii c/ i+d aum ordenouiinator. 



PAIlALl.EIi F(JHCES. 


2:^1 


\\218. Iixperimental verification. — (<^) Details ok 
KXPKU iMKNT. — To Verify, experimentally, the conditions 
of equilibrium of three parallel forces, take any rod, and 
first find C the centre of gravity (t e., tlio*’point at which 
its weight acts) by making it balance on a snppoj-t placed 
at that point. Now suspend the rod from two spring 
balances attached at any two points Ay 6, and hanging 
vertically; at 0 attach any known weight, and road off the 
spring balances. 



Fig. 98. 

(b) OnsEKVEO PACTS. — It Avill be found tlmt the two 
readings, when added together, are exactly equal to the 
weight of the rod together with its attached weight, both 
cd which act at C. 

^ Now let the distances AOy CB ho rncasiirod. Tli(‘n, if* 
thh ^experiment be carefully performed, it will bo found 
that the readings of the two balances attached at Ay 6, 
and the total weight at 0, are proportional, respectively, 
to the lengthy BG, CAy AB. 

(c) DfmucTiONS. — Hence, if U denote the total weight at 
Gy and P, Q denote the upward thrusts cxei'teil on the 
rod by the two spring balances, wo sliall Iiave 

P=-(Z fQ), PxAG =r QxGBy 
1 P (i P 

^ BG ~ CA~ AB ’ 

agreeiltlf with the conditions of equilibiium already found. 
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OnsEiivATiON«— The experiment can be varied by attaching a lhii4 
Hpring balance instead ot‘ the weight at C. If the three spring 
balanctis arc held horizontally, the rod resting on a table, the 
weiglit of the rod will not affect the equilibrium, and it will be found 
that the readings of tlie three spring balances altat'hed to fl, C are 
respectively proportional to fiC, CA, AB, thus verifying the conditions 
of } 217. See 327-329. 


EXAMPLEPi XX. 

1 . Find the resultants of each of the following pairs of like parallel 
forces at the given distances apart, stating in each case'^ the magnitude 
of this resultant and its distances from each of the two components, 
and illustrating by figures— 

(i.) 2 lbs. and 3 lbs., «30ins. apart. 

(ii.) 12 oz. ana 4 oz., 8 ft. apart. 

(lii.) 7^ tons and 1 tons, 48 yds. apart. 

(iv.) 3 lbs. and 11 lbs., 56 ft. apart ; 

(v.) 4 and 16 grammes, 180 cm. apart ; 

(vi.) 100 aTi<l 80 kiloga., 45 metres ap:irt. 

2. Find, in like manner, t-hc resultants of 'pairs ol Ufiitfce parallel 
forces whose magnitudes and distances apart are given by the data of 
Ea-. 1. 

3. Parallel forces of 4 lbs. and 8 lbs. act on a bar 12 ft. long,/^i}io 
former at one end of the bar and the latter at the middle point. 
Find the magnitude and point of application of the force which will 
balance them (i.) if they are like, (ii.) if they are^unlike. 

4. Tiikft parallel forces of 10 Ihs. and 15 lbs. act at the ends of a 

bar 5 ft. long. Find the force required to balance then.' and the 
distance of its point of application ftom the end of the bar at which 
the smaller force acls. - * 

5. A uniform bar, 10 f^^lciQg, balances over a'^tail, with a boy, 
weighing three times as much as the bar, h^ging.ond^ extreme 
end of it. Draw a figur|^^8howing the balancing positi^^ ‘ 
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6. Two parallt;] forcos, acting in opposite directions, are to one 
another us 5 : C, and the distance between their lines of action is 
1 2 ft. Determine the line of action of their resultant. 

7. Two unlike parallel forces, the less of whicli is 12 dynes, have 
a resultant equal to 8 dynes, which acts at a distance of 18 cm. from 
the smaller force. Find the line of action of the greater force. 

8. A man carries a bundle at the end of a stic'.k over his shouldet 
If the distance between his hand and the bundle be kept constant, 
and the distance between his hand and shoulder be varied, how does 
the force on his shoulder change ? 

f 9. Forces J\ 2P, 37*, 47* act along the sides of a square ABCD, 
taken in order. Find the magnitude, direction, and line of action of 
the resultant. 

10. A man supports two weights slung on the ends of a weightless 
stick, 42 ins. long, placed over his shoulder. Find the point of 
support, if one of the weights is throe-fourths of the other. 

' 11. A uniform rod, 6 ft. long and weighing 24 lbs., is laid on a 
table with 6 ins. projecting over the edge. What weight can be 
bung at the end of the rod before the rod will be pulled over r 

12. A weight of 4 c\jft. is carried by two men on a weightless rod 
8 ft. long. The weight is hung at the middle of the rod ; one man is 
1 ft. from one end and the other 2^ ft from ihe other end of the 
i#d. Find the weight borne by each. 

1?^ Two like parallel forces P and Q act at two points in a straight 
line, 21 ins. apart. Their resultant is a for(3e of 7 lbs. aiding at a 
point in the lino 9 ins. from P, the larger of the two forces. Find thy 
magnitude of the forces P and Q. 

14. T^o unlike paralhd forces P and Q act at two points of a 
woiglitiess rod, 4 ins. apart. Their resultant is a force of I lb. acting 
at a point of the rod 3 ft. from P, the larger of the two forces. De- 
termine the values of P and Q. 

15. Show tl^ the i^^lant of ■ t^o^^nlike parallel forces acts 
towards thp side pt the greater of the twp^forces, and can never act 
between theiftf. "V^at happens if the forcoA^become equal ? 



' 10. Ily how tfiuch must /’, the greater of two like parallel forces 
1* and Qf bo diminishod in order that the diatanco of the lino of 
action of tho resultant from V may be the sumo as that of thcj 
lino of action of the former resultant was from Q ? 

1 7. Two like parallel force's of 4 lbs. and fi lbs., respectively, act at 
two points in a straight line, the distance between tho two points 
being 0 ft. How far is tho point of application of their resultant 
moved when each force is increased by 1 lb., and in which direction r 

IS. Two unlike parallel forces of 4 lbs. and C lbs., respectively » act at 
two points in a straight lini*, and the distance bet\^ e(*u the points of 
application of tnu forces is 2 ft. When eqiuil additions are made to 
the two forces the point of application of thi'ir resultant is moved 
through 2 ft. Find what force is added to each of thcj given forces. 

1!). A iiniforin heavy beam, S ft. long, rests horizontally on two 
supports, one at one cud and the other 3 ft. from the other end. If 
the greatest mass that can bo hung at the latter end without upsetting 
the beam be 20 lbs., lind the weight of the b^am. 

20. Two men carry a uniform beam 15 ft long and weighing 120 lbs. 

One man supports it at a distance of IJ ft fron one enti, and the 
other man st i distance of ft. from tho other end. What weight 
dues each man support P , 

21, A weightless rod, loins, long, rests horizontally with one end 
on tho cdgci of a table and the other suitported by a vortical string. 
,lf a weight of C lbs. uo Huap-iided from the rod at ii certain distand') 
from tho table, the tc*naioii of the string will be 4 lbs. Find the fo/e 
of pressure on the table and the point where tho weight is Jittaclfeu. 
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SYSTEMS OF PARALLEL FORCES. - COUPLES. 


219. Method of finding the resultant of coplanar 
parallel forces. * 

When a number of parallel forces act on a rigid body, 
it would of course be pos.sible lo find tlioir resultant by 
compounding two of them into a single resultant, then 
compounding this Resultant with a third, and so on. Rut 
if the forces all act in the same plane, tLo same thing can 
be done more easily by writing down the equations which 
^press the facts th.at — 

(i.) The magnitude of the resultant equals the ahjehraic 
sunt^of its components (§ 214) ; 

(ii.) The moment of the result a^tt about any point equals 
the algebraic ^um of the moments of its romponents (§ 216). 

The point about which moments are taken may be 
ehoseu anyw'hcre in the plane of the forces, but some 
points (very often one point) arc generally more con- 
*venient than others. Rut it is important to notice tliaii 
the final result is the same whatever point is eho.sen. 

An outside point is generjilly the best to choose, as there 
is then no difficulty in distinguishing the signs ni the 
various moments. 
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^ Example. — W<il^}itsor4 lbs. aii<l 12 lbs. arc attached to the ends 
of a unit'uriii rod, 14 I't. long, weighing 12 lbs. To find the joint at 
which their resultant acts. 

The three forces on the rod are 4 lbs. and 12 lbs. acting at its ends, 
and its weight 12 lbs., which, since the rod is uniform, may be sup- 
posed to act at its middle point, 7 ft. from either end. 

1 

J2 

Fig. 99. 

The magnitude of thtdr resultant ~ 1*2 + 12 + 4 lbs. -■= 28 lbs. 

The requirtjd point Ot at wl.ich this resultant cuts the rod. may be 
found by taking iiioinonts about the end at which the 4 lbs. acts. 
Let the distance of 0 from this end bo x ft. Then the equation of 
moments gives 28 . a: =* 4 . 0 + 12 . 7 + 12 . 14 = 252. 

it = 9 ft., 

or the point () is 9 ft. from the weight of 4 lbs., and 5 ft. from the 
other end. ,, 

220. To find the resultant of any number of given 
parallel forces acting in one plane. 

Let P„ 7 2 , /'a, ... denote the given farces both in magni- 
tude and algebraic sign. Draw any line OAiA^A^... at 
right angles to the forces. On it take any point 0, the 
'distances OAi, OA^j ... being known. ^ 

(i.) To find the magnitude of 
the resultant. 

The* resultant of Pj is a 
parallel force of magnitude Fig. lOO 

Pj + Pj; the resultant of this 

force and P^ is therefore Pj+Pj+Pj; and so on. Hence 
the final resultant is a parallel force P, such that 

ji = p,fp,+p,+ ( 1 ) 

= algebraic sum of the forces. 
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(li.) To find the position of the resultant .72. 

Let it cut 0^1 ... in a point G, the position of which, is 
required. Since the moment of the resultant is equal to 
the algebraic sum of the moments of the components, 

i2 . 06 = I \ . OA , -h P, . 0A,-{-P , . ... . 

Hence OG = 

U ’ 

or 06 = J^^0^^+l\-0A,+ P».0A,+ ... 

/',+ /*, +i^,+ ... • 

Equations (Ij, (2) determine, respectively, the magni* 
tude and position of the resultant. 


If :r|, .To, ... denote the hnown distunecs of the component forces 
from Of and x the required distance of tluir resultant ; equation (2) 


becomes .r s: ^ 1. 


( 2 «). 


221. Equilibrium of a loaded beam resting on two sup- 
ports. — Wlicn a beam is loaded with f^iven weij^hts placed at given 
points, and rests in a horizonUi) position on two props, it is often 
necessary to determine the forces of pressure on the props, or, what 
amounts to the same* thing, the reactions of tho props on the rod 
(which are equal and opposite to them). 

These reactions, together with tiie weights on the beam, form a 
fystem in equilibrium, and therefore 

(i.) The sum of the forces is zero, 

(ii.) The sum of their moments about any point is zero. 

If wo want to iiiid tho reactions one at a time, we therefore 
procetd as follo.ws ; — 

(i.) Equate to zero the algehraic snm of the forces [inchidvig the tu'o 
reuctioni^. The equation gives the sum of the reactions. 

(ii.) Take mmients about one of the props. The reaction of that prop 
•^has no moment y atid thcrefoie the equation of moments at once gwes the 
reaction of the other prop. 

If, in anjr example, the thrust on one of the propj ^ould como out 
negativcy it Is to he inferred that the rod ‘presses upwards on its sup- 
port, and that tho latter has to held it down. 
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ExampU»,—‘\)^K uniform rod, 10 ft. long, of weight is supported 
on trestles at both ends, and a weight bWis placed on it 4 tt. from 
one end. To find the forces of pressure on the trestles. 

Let AB be the rod, C the middle point at which its weight W may 
be supposed to act, D the point of application of the weight 5 W. 

Let Hf S be the required forces of pressure at >1. B. 

Then, by equating forces, we have 

i2 + S = 57r4 jr=GW (i.). 


K S 



Fig. 101. 

Taking moments about A, wc have 

.Sx 10 = Jrx 5 + 57rx^ (il.). 

From (ii.), f 77'. Hence, by ^i.), It ^ 

(2) A uniform rod, 12 ft. long, weighing 20 Ihs., has weights 
of 12 lbs. and 4 lbs. attached to its ends, and 8 lbs. attached at a 
distance of 4 ft. from the 4-ib, weight. It is placed on two props, 
8 ft. apart, so that the <nd with the 4-lb. weight projects I ft. To 
find the reactions of the props. 

, In Fig. 102, let My N be the props, and let their reactions be R IbA 
and S lbs., respectively. 

Let G be the middle point of the rod at which its wdght 
(20 lbs.) acts. 


B .3 N .3 02C 3 A 


r 

T 

T” 

8lhs 


izihs 

s 

HM is 

R 


Fig. 102. 


(i.) Herc^pifi the sum of th4 upward forces is equal and oppo- 
site to the Mmof the downward ones (or the algebraic* sum oi' the 
forces is, aero), 

+ 5 = l2f20 + 8 + 4 * 44. 
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(ii.) Tal«m«j: Tnoments about Af, we have 

S.MN - l'l.MB-^20.MG¥S.MC-i .AM, 

or 65- 12.11 +20 . 0 + 8. 3-4.1 

= 132 + 100 + 24 -4 = 252; 
whence S = 31 J Iba. 

ThorL-foro Ji - 44— 31^ ibs. - 12.1 lbs. 

Hence the thrusts on the prr)ps arc 12|- lbs. and 31} lbs. 

[Ii‘ we had taken moments about M, wo should have liad 
7? . yV^ - 4 . /V>l 4 8 . /VC+ 20 . NG-\2 . BN, 

8A‘ - 4.9 + 8.5 + 3.20-12.3 
= 30 + 40 + 60-36 = 100; 
whence Ji ~ 12.} lbs., 

aEtrceiiij? with the value just found and affording a test of the accuracy 
of the calculation.] 

Ukfjnition. — A couple consists of two equal forces 
in opposite directions along two parallel straight 
‘^lilies. A vovyle ccAmot Jeerp a hady in cqnilihrinm, for 
it tends to rotate the body : tlic points of application 
of the two forces of the conple tending to move in opf)Osito 
directions (§ 19l3). Moreover, the j)roof that two paralhd 
forces have a single resultant fails for the case of a couiile 
f§L>i;5). 

J^jitmjyh’.’i of coupha - Tn windin*, a deck we apply a couple to the 
i^y, for we do not try to mako it move to one sidi! or tlio otlicr, hut 
simply turn it rourul. To spin a small top between the fingf'r and* 
thumb, we apjdy a couple to it by moving the fingesr and tbiiinb 
sharply in opposite directions. I’o op(‘n a door wo ajiply a coaph to 
tho handle. 


223. Drfinittons. — The arm of a conple is tho perpen- 
dicular distiuico {AB, Fig. IttH) between the lines of action 
of its two components (i.c., the two forces forming the 
gouple). 

The moment of a conple is the algebraic sum of the 
moments of its two components about any in their 

plane. 

The following is the fundamental property of couples: — 
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■ / 

Th^ moment of a couple is the same about 
all points in its plane. 

Let the couple consist of two equal and opposite forces 
P, —1* at S and A. Let 0 bo any point in tbeir piano. 
Draw O^B pcr[)ondicular to the forces. 

, I 

8 H "" B d|""5 a 

Fig. lOU. Fig. 104. 

Then, if 0 does not lie between ^ and fi, as in Fig. 103, 
algebraic sum of inomouts of forces = P.OS — P.OA 

^P(0B-0A)^l\AB. 

If 0 lies betwe< n A and B, as in Fig. 104, we have 

algebraic sum of moments = P ,0B P.AO 

^ i\A0^0B)^ V.AB. 

Hence the moment of the covple about 0 is iudcpenffent of 
the position of 0 and is equal to the product JP,AB, 

For an instructive experiment soo ^331. ' 

225. Alternative expressions for the moment of a 

conple. ^ 

The moment of a couple may therefore be defined as - - 

(i.) The product of the measura of either force into the 
arm of the couple. 

(ii.) The moment of either of the two forces about any 
point in the line of action of the other force,. For 

moment = PxAB ^ moment about A of P aotirg at B. 

226 . A couple cannot be replaced by a single force. , 

For tho moment of a single force about any i)oint on its lino of 
action 18 zero (§ 201 ). But the moment of a couple about every 
point in its plunu is a constant quantity, differing from sere. 

Hence a couple cannot have a reeultant. 
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Two couples in the same plane whose 
moments are equal and opposite will balance one 
another. 

Let one of the cnaples consist of two forces i\ —V 
acting oil the arm AB^ and let the other couple consist of 
forces Q, —Q acting on the ai*rn CD, 

Suppose that the forces P and Q are not })arallel. 
Then the lines of action of the four forces must form 
a parallelogram obcd. 



Since the momenta of the coujdos are equal and oppo* 
site about any point in the piano, therefore tlie moments 
about b of P and Q acting along ad anti cd are equal and 
opposite, and thercftirc the moment of the resultant of 
those forces about ti is zero (§ 20f)). 

Therefore tlie resultant of P snd Q. at d must pass 
through 6, and therefore it acts along bd, 

' Similarly the resultant of — at 6 acts along db. , 

But the latter resultant is equal and opposite to tlie 
former, for the two components of the latter are respect- 
ively equal and opposite to those of the former. 

Hence the. two resultants balance each other, and 
therefore the four forces forming the two couples are in 
oqnilibriam. 

CoR. PHnciple of transmission of couples , — A couple may 
Be replaced by any other couple of equal moment. 

From this result we also see that a coup^ has no particular 
position of application, but that it may. bo shifted iriywbero in its 
plane without altering its statical effect. The effect of the c‘ouple 
depends therefore only on its moment and the plane in wliJch it acts. 

EL. MECK. ‘ 1») 
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*228. A force, acting at any point of a ibody, is 
equivalent to an equal and parallel force acting at 
any other point together with a couple. 

JjL*t 1* 1)(‘ a ^iveii force acting at any 
poiiit 0 ; to show that it is equiva- 
lent to an equal and parallel force V, 
acting at any other point A, togetlier 
with a couple. 

Introduce two equal and opposite 
forces acting at >4, numeri- 

cally Cijual and parallel to the force 

V at 0. 

I'he effect of these forces will be to 
neiiti'alize one another. 

But the foiees V at 0 and — at A form a couple 
whoso moment (about A) i& equal to the moment of the 
original forec /‘ about A, 

Thus the original force P at 0 is equivalent to this 
couplo and a pm a llcl and equal force V at A 

V Note. Any number of eopbomr coupUs ate eqmrahnl to o binyle emtph 
who^e moment the ahjehrau bum oj that momenta 
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EXAMPLKS XXT. 

1 A uni form utiai^hl lod, 16 iiia. lung, is acted on hy 6vc like 
piiiallel fortes of ‘J, if, 4, •>, and G Ibt9.,roBp(*ciivily, acting at inturvils 
ot 4 ins. Find the point of application of their lesultauL 

1?. Weights of 16 lbs and 9 lbs. are nttiiolied co tJie ends of a 
uniform stiaight lod 20 ins. long and weighing lo lbs. Where must 
the rod be supported in older that it may balance, and what is the 
liressuie on the point of support ? 

3. A iinifoiin beam, ft. long, rests horizontally on two prop? 
jildced under its extremities, and the pressuru of the beam on each 4! 
piop is 5 lbs. ¥''h(re mast a weight of 61 lbs, be placed so that the 
whole pressure on one of the props may be 12 11^. V 
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4. A uniform lioain, lift lung and weighing 120db8., ]8 attached 
l<j two props, one of whicli is 3 ft. and the other /> ft. from its centre. 
Calculate the forces on tho props when a weiglit of 100 lbs. is pl:«eod 
first on one end and then on the other end of the beam. 

6. To a uniform rod weighing 28 lbs., weights of 6, 8, 10, iinil 12 lbs. 
are attached at equal distances, the wtught of 0 lbs. being at the 
middle point of the rod. Fii d tho point about which the rod will 
balance. 

G. Forces of 3, 5, 7, and 0 lbs., respectively, act veitically down- 
wards at equal distances of 4 ins. along a horizontal line. Find the 
point of application of fheir resultant. 

7. Weights of 1, 2, 3, 4, and 5 lbs. aiu hung at equal intervals of 
Gins, along a weiglitless rod 24 ins. long. Whcio iiiust the rod he 
supported in order that it may remain horizonbil P 

8. A uniform ^team, 21 ft. long and weighing 200 Ihs., is siippoLtfd 
on two props, one G ft. from one end and the other Oft. from the 
other end of the beam. 4Jalculato tho i>rt‘bsine on t‘aeh prop when a 
man weighing 180 lbs. shinds as near this laticr end a<« he (an 
without upsetting tho Ix'aiu, and find his position. 

0. A uniform hoiizojit.il bar, IGft. long and wisghing 20 lbs , is 
supported at both endf^ while 4 ft, from one end a weight of Gl Ihs. 
is hung. Find the roactioms of the .supports. 

^10. A uniform beam. 12 ft. long jud weighing .56 Ihs , rests on and 
is fastened to two projis o ft. iqiart, one of whieli ih 3 ft. from one* 
end of tho heain. A load of 35 lbs. is placed ((/) on the middle of the 
beam, (^) at tho (uid nearest a prop, (c) at the end furthe.st from a 
prop. Find the wi iglit iMeh ])rop lias to bear in each case. 

11. A see-saw'consists of u pbink 1 1 if. long, weighing 80 lbs., and 
two hoys, whose weights are 60 lbs. and 100 Jbs., sit on the plank at 
a distance of 1 it. fi-om each end. Find whore tho plank must h(> 
supported in order that it may halanci*. 

^ 12. Two men carry a load of 1 cwt. suspended &om a huxizoutal 
uniform pole 12 ft. long, wLofte weight is 20 lbs , and whose ends rest 
on their shoulders. , Where must the load be susponded in order that 
one of the men may^bear ^4 lb«. of the whole weight f 
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13. A uuifom rod, 3 ft. and weighing 14 lbs., rests on a 
horizontal table with one end projecting 6 ins. over the edge. Find 
the greatest weight which can be hung on the end without making 
the rod topple over. 

*14. Find the resultant of a force of 5 lbs. and a couple whose arm 
is 2^ ft. long and whose forces are each 4 lbs. State its position 
clearly with reference to the 5 lbs. force. 

*15. Find the resultant of a force and a couple acting in the same 
plane on a rigid body. 

16. Show that a couple has no particular point application, but 
may be shifted about any whero in the same plane without disturbing 
the equilibrium of a body to which it is applied. Is this true of a 
force ? Explain the dill'erence, if any. 

*17. Pand Q are like parallel forces whose lines of action are at a 
distance p apart ; another unlike parallel force Q acts in the same 
plane with F and Q at a distance q from !ihe force F, Find the 
moment of the couple formed by the three forces (i.) when F + Q and 
Q are on the same side of P, (ii.) wlien they are on opposite sides. 

18. Two forces of 10 lbs. each act from A to B and from C to 0, 
respectively, along the sides AS, CD of a square ABCD ; a third force 
of 12 lbs. acts along the diagonal CA. Find their resultant, and 
show in a diagram exactly how, it aids. 

19. Three forces act along the sides of a triangle ABC, taken in 
order, and are proportional to the sides along which they act, their 
magnitudes being F.AB, V.BCy F.CA. Find the moment of the 
couple formed by the forces. 

*20. P and Q are like pirallel forces, and an unlike parallel force 
F-\- Q acts in the same pbine at distances and q, respectively, from 
the two former, and between them. Find the moment of the couple 
foriiHid by the three forces. 

21. Forces of 4, 6, and 4 lbs. act along the sides AB, CB, CD of a 
rectangle ABCD ; and the sides AB^ BC are 8 and 12 ins. long respec • 
lively. Find how another force of Gibs, must act in order that the 
four forces may produce equilibrium. 
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EXAMINATION PAPER XI. 

1. What is meant by the iwnnetit of a force about a point P Explain 
clearly how it can be repre? anted geometrically. 

\2. Equal forces, each of 10 lbs., act along the sides BC, CA, AB of 
a triangle ABC. If the lengths of these sides be 3, 4, and 6 ft., 
respectively, find the moment of each force about the opposite angular 
point. 

3. Show how to find the resultant of two unliko parallel forces. 

4. A uniform bar, 20 ft. long and weighing 300 lbs., rests in a 
horizontal position on two supports, ono of which is 4 ft from one 
end of the bar, while the oilier is 1 ft. from the other end. Find the 
force of pressure on each support. 

o. Show that the algebraic sum of the moiuenls of two parallel 
forces (not forming a couple) about any point in their plaue is equal 
to the moment of their resultant about that point. 

6. How would you verify, experimentally, the conditions of equi- 
librium of three parallel forces acting upon a rigid body. 

7. What is meant by a couple in Mechanics? Show that the 
nfomciit of a couple is the san'.c aboui all points in its plane. 

8. vShow that a force acting at any point of a body is equivalent to 
an equal aud parallel force acting at any other point and a couple 
about that point. 

9. State (without proof) the conditions which must be satisfied in 
order that two couples may balance. 

10. If six forces aro represented, fully, by the sides of a regular 
hexagon, taken in order, show that they constitute a couple, and 
obtain a measure of its moment. 



CHAPTER XXTI. 


MACHINES -THR LKVRR— THE WHEEL AND 
AXLE. 


A maohiue in Mechanics means any contrivance 
in which a force applied at one point is made to raise a 
weight or overcome a resisting force actfiig at anothei 
point. The former foi*ce is called the (effort or power, the 
latter the resistance or weight.'* 

In what follows, the ollbrt will he denoted by I\ and 
the resistance by cither Q or W, the letter TF being gene- 
rally used when the resistance is a heavy weight which 
the machine has to lift. , 

Machines are used for the following purposes: — 

(1) To enable a person to raise weights or overcome 
’resistaiujcs so great that the efFort he is capable of exert- 
ing would be insufficient without the use of a machine. 

Example , — A truck drawn up an inclitiod piano to any required 
lioight when it is too heavy to ho lifted hodily ofP the ground. 

(2) To enable tlie motion imparted to ofie point of a 
machine to produce a much more rapid motion at some 
other point. 

Example. — A hicyclo, Or a winnowing machine. 

To enable the effort to be applied at a more con- 

* Tho toms “i)0\vr " ami ** weijehf' nr« iiswl in tljo oMcr iNioks on* Mcclianics, 
ami still somtitiincs oociii- in oxaniiiiatioii iKiprrs ; but “ixiwi-r” alko siiL'nififs 
“ rate of working;,’' suclj as JotV-sh-iioww, ami inachirios are often ugis^ in over- 
ooining resistanmjs other J,hj<h those due to gravity or “ weiglit.” 
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Tenient point, or in a more convenient direction, than 
that in which the resistance acts. 

Example, — A poker used to stir the fire, a rope and pulley for 
raising a bucket from a wcdl. 

In every case a machine must be capable of moving the 
point of application of the resistance, i.e., of doing worJc 
against the resistance, and the Principle of Work teaches 
ns that, in all cases, an equal amount of work must bo 
done by the cfFort in moving the machine ; in other words, 
ive must put as much work into the machine as we want to 
get out of it. 

230. The mechanical powers. — The si nij)lest forms of 
machines arc called the mechanical powers, and it is 
usual to distinguish the following six forms of them ■ 

The inclined plane. [Chap. XV^II.] 

The wedge. [Chap. XVllI.] 

The lever. « 

Tlic whetd and axle, and windlass. 

. The pulley and systems of pulleys. [Chap. XXI 1 1. ] 
The screw. [Chap. XXIII.J 

111 every case wq suppose these inaeliines to he devoid 
of friction, and in Statics w'o are chiefly concerned with 
finding the relations between the effort and the rcssisiance, 
^fhen there is eqiiililjrium. 

231. Mechanical advantage. — Dkfi.nition. — The 
mechanical advantage is the number Avhich expresses 
what multiple the resistance is of the cflbrt, i.c , 

mechanical advantage = or 01. 

^ effort P 

Coufiidor, for example, a smooth inclinnd piano at a slope of, say, 
I in 2C. By applying a force of 1 cwt. along the plane, it is possible 
•to draw a weight of 20 cwt. or I ton ii]) the piano, and if the plane be 
long onoilgh, this weight may be raised to any desired height. The 
resistance to ho overcome is that due to gravity, viz. , the weight cu 
20 cwt. Tt is therefore twi-nty limes the eJTort, and wo say that 
the f?iechanical advantage is 20. Gtnorally, if the effort acts up a 
smooth incline of 1 in' n, the mechanical advantage is n. 
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232. The^ever is a rigid bar capable of turning freely 
about a fixed point of support. This point is called tbo 
fulcrum. The effort is a force applied at any point of 
the lever, so as to turn it about the fulcrum, and thus to 
raise a weight or overcome a resistance applied at any 
other point. 

The lever is most often a straight rod, the two arms therefore 
being in one straight line, and the cflV'rt and resistance generally 
act x^^^i^udicular to the arms. Ihit these arc mere matters of 
convenience. 

In theoretical CMlcnlations we neglect the thickness of the lever and 
most frequently assume it to be without weight. 

For experimentt on lever* see \ 332. 


233. To find the mechanical advantage of the lever 
when the forces act perpendicular to the arms. — 

Let G be the fulcrum, OA^ CB the arms, and let a force T 
applied iit A perpendicular to CA support a resistance Q 
applied at B perpendicular to CB* Then the condition of 



equilibrium requires the moraenfs of V and Q, about C to 
be equal and opposite, and therefore (Fig. 107) 

PxCA==QxCB. 

This condition may be written 

Q _ OA 
P CB ' 


mechanical advantage 


= arm of effort . 
/• arm of resistance ' 


or the effort and resistance arc wvc^'sely proportional to the 
arms on which they act. { 
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Hence, by applying the ofFort at the end oT a long arm 
and the resistance very near the fulcrum, the mechanical 
advantage may be made very great, and a man may raise 
a weight many times greater than he could lift bodily off 
the ground. 

Example, — Thus, hy exerting a force of 1 lb. at a distance of 2 ft. 
from the fulcrum, we can lift a weight of 2 lbs. applied at a distance 
of 1 ft. from the fulcrum, or a weight of *24 lbs. applied an inch away 
from the fulcrum. 


2^4f. nCecliauical advantage of levers in general. — 

Where Q do not act perpendicular to GA, CB, wc must 
drop Ctti Gb perpend icuhii* on their lines of action ( Fig. 108). 

Taking moments about G, the condition of* cijui librium 
now bccornca VxCa — QxGb* 


V 

■<— 


mechanical a^antage -p = ~ 

perp. dist. of effort from fnlcrnm 
perp. dist. of resistance from fulcrum 

Example.^ A straighj lever, whoso arms arc 2 ft. and o ft. long, 
rests at an iTii-linalion ^f fiO" to tliC horizon, and a weiglit of IS lbs. 
hangs vt-rtically from its shorter arm. To find tlic horizontal force 
which must be applied to its longcjr arm in order Ui balance. 

'liHiACB bo the lever (Fig. 109). 

Then, if 1\ Q dt iiottj the eilort and 
weight, tbo directions of thc.so 
forces make acute angles of (>0'^ 
and .'10® respectively with AB ; 
therefore CAa, BCb are seuii-eqiii- 
lateial triangles.' 

Hence Ca ^ J x 3 
and (?6 “ X 2 = 1 . 

Then 3 the Lever E<iuaUon 
gives 

Px /;jx3 == gx 1 =- 18; 
whciice required force E 

” y' 


4^/3lhfl. 
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235. Condijitions of equUibritmi of a heavy lever. — 

When the weight of a lever itself has to bo taken 
into accoant, the condition of eqnilibiiiim may be found 
as in other cases by taking moments about the fulcrum. 


Example . — In u uniform hoavy lover, whose j» 

fulcrum is at one end, & force of 3 lbs. at the ^ 


other end will lift a load of 8 lbs, and a forco i 

Bl G 

— J 

of 4 lbs. will lift a load of 12 Iba. To lind A 
the weight of the lever and the p«)int of J 

i 

A 


application of the load. 

Let w he the weight of the lover acting Fig. UO. 

at its middle point G- T^ot the load be placed 

at fl, and let CA ■ GB = x. Then, hy taking moments about (?, 
we have 

3 X a = X Jrt + 8 X .r, 

4 X rt == X 12 X X. 

Subtracting, we bavii a = Ax : 

X — .j/f, or CB \CA\ 
whence, hy substitution, tv 2 lbs. 

'That is, the weight of the lever is 2 lbs. *aiul the distance (»f the 
loH<l from the fulcrum is the distance of the effort. 


23t5. The three classes of lever. — Straight levers 
are sometimes divided into three classes, according to the 
relative positions of A, B, (7, the points of application of 
the effort and resistance and the fulcrum. 'We shall sny- 
j»oso the efforl. and resistance to bo panillel. In considering 
the different cases, it is convenient to use tbe sym- 
metrical conditions of equilibrium of three parallel forces. 
If Ji be the reaction of the fulcrum on tbe lever, we have, 
therefore, by § 21 7, 

Q. ^ 7/ 

BC^CA ' AB^ 

the 'tnhldle force acting in the opposite direclio'’. tp the 
outer ones and being equal to tbeir aum. f 

The thrust of tbe lever against its' support at C in a 
force equal and opposite to Jf. 

For convenience .wc shall often' suppose that the 
resistance Q is a weight which acts downwards. 
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which the fulcrum m placed iHjtwceii the effort and 
resistance. 


R 



111 . 


Here is the middle force; therefore r, Q act in the 
same direction, and li in Ihe opposite dircclion, also 

Thus, in oi der to lift a weight, the effort must be applied 
downwards, and thjB reaction acts v^mnirds (so that the 
lever pi*esses doimwards on tho fulcrum). 

In this lover, BG may either be greater or less than or 
equal to GA, Therefore the effort may either be greater 
or leas than or equal to the weight which it has to lift* 
so that the lurchanical advantage may he less or greater than 
01 equal to unity. 

y '^^Ijraniplcs of this class. — The handle of a pump ; a crow- 
b;ir wlien it rc.'-ts on ji block in front of the weight to bo 

A 
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lifted and not with its end on tho ground (Fig. J12) ; a 
poker, used to raise the coals in a gnite, a bar of wdiinh 
ia the fulcrum ; a spade, in digging ; , a see-saw. 
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Double leverr — A pair of scisflorB. Fig. 113 shows the 
forces acting on the arms of the scissors, those on the 
clotted arm being accented. 



238 , A lever of the second class (Fig. 114) is one in 
which the resistance is placed between the fulcrum and 
the effort. • 


A 


P 


I 





I 

1 

c 

r 

i 


Fig. 114. 



Here Q is the middle foi’ce ; therefore P and U act in 
the same direction, and Q in the opposite direction, also 

Q=:P+i.\ U = Q-P. 

Thus, in order to lift a weight, the effort be 
applied upwards^ and the reaction of the fulcrum also , 
acts upioards (so tliat the lever presses downwards on 
the fulcrum). 

Since GA >CB^ the effort is less than the weight; so 
that the mechanical advantage is always greater than unity. 
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Examples of this class , — A wheelbarrow (4'tg. 115), the 
falcram beinj^ wliere the wheel touches the ground ; a 
crowbar, when the lower end rests on the ground. 

XoTR. In the wheelbarrow half the eifort is ajjpliedat each handle. 



Fig. 116. 


Double lever . — A pair of nut-crackers, the forces on the 
two arms being shown in Fig. IIG. 



Fig. IIG. 


'"*239. An oar IB often called a lever of the secuiid class. It cannot 
be strictly said to belong to either class, if the boat w(‘ru kept at 
rest and the oar used to scoop the water backwards, it would be a 
lever of the first class, with tlio rowlock as fulcrum. When the boat 
moves forwards instead of the water moving backwards, the relative 
moli^j^iidthc relation between the effort ax)plied to the handle and 
)he TC^tance of the water are the same as before, and c^n be eorrecthj 
found by treating the oar as a lever of the first class. 

The next class of levers is rarely usc^d, for, sincj the mechanical 
advantage is less than unity, a greater effort is necessary to overcome 
•the resistance than if no lever were used at all. 
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240. A lejer of the third class (Fig. 117) is one in 
which the effort is applied between the fnlcram and the 
resistance. 


P 



Fig. 117. 

Hei*e P is the middle force ; therefore Q, B act in the 
same direction, and the effort P acts in the opposite 
direction also, 

P= Q + B, 

or B = P— Q. 

Thus, in order to lift a weight, the effort must be 
applied upivarchy and the refiction of the fulcrum acts 
downward's; so that the lever presses upwards on the 
fulcrum. 

Since CB > CA, the effort is greater than the weight ; 
so that the nuicUanical (ulvantage is always less than unity. 

This is HometimoEi expressed by saying that there is mechanical 
dinadrantage. 

Examples oj this class . — ^Tho treadle of a turning-lathe 
or scissors-griuding machine ; the human arm. 



Fig. 118 . 

Double lever . — A pair of tongs (Fig. 118). 
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241. The wheel and axle are two cylindrical rollers 
joined together with a couinion axis terminating in two 
pivots about which they can turn freely. I'he larger 
roller is called the wheel, and the smaller the axle. 
lh)th the wheel and the axle have ropes coiled round them 
in opposite directions. The rope on the axle supports 
the weight, and the effort is a 2 )plied by pulling the rope 




attached to t)ie whecd. As the rope round the wheel 
iniwinds, that round the axle winds up and raises the 
weight. Fig. I’JO shows an end view oC tlie .•irraiigeinent . 


2M. Mechanical advantage of the wheel and axle. 

iffie condition of e^£uilihriuin is the same as if the strings 
were really in a vertical ])laii<» perpendicular to the^ 
common axis as tliey appear in Fig. 120, and tlierefore 
the moineiits of the effort P and weight IF about the axis 
are equal and opposite. Here, if a denotes the i-adius of 
the wheel, and b that of the axle, then a, h are the anus 
on which P ahd W act, and therefore 


Pn = Wh; 

rad. of wheel = weight x rad. of axle. 

mochanical advantage zz 

mecna icai aavani^age . 

By. making the whetd larger and the axle smaller, tluj 
niecj^uical advantage xvill be increased. 
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Tho wheel iiul axle is thus really equivalent to a lever whose 
arms are the radii of the wlieel and the axlo. But the lever can only 
be used for raising weights through short distances ; the wheel and 
axlo will lift thr;m to any desired height. 

[Instead of the ropu being colled round the wheel, an endless rope 
may be used, passing round u groove cut in the rim of the wheel, as 
in a common roller-blind, provided proper precautions are taken to 
prevent the rope from slipping round in the groove.] 

&43. Vke windlass (Fig. 1'21) is a modification of tbe 
wheel and axle, the only diflercnco being that the elibrt is 
applied by turning a handle AH at tlie end of an arm CA., 


A H 



Fig. 121. Fig. 122 


It is commonly used for raising buckets of water from a 
well, or earth from a shaft. [An improved form has two 
buckets BO arjtinged that the empty one goes dt)wu as the 
full one conies up.] 


244. Mechanical advantage. -If a is tlie length of 
the arm CA, tlie equation of nioincuts gives, before, 

Pa = m ^ . 

and moeh. advantage = 

b radius of axle 


the length of the arm taking the place of the radius cf the 
wheel. 
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[If there are two hncketEi, and the total aRCcndinp'^nd descending 
weights are JK and ir, we shall have, by taking moments, 

Ttf = Wb-^tcb = {\y —n')b.'] 

Example, — The a^lo of a windlass is 8 ins. in diameter, and 
carries two buckets of equal weight on opposite sides. To find the 
force which must bo applied to a handle, whoso arm is 2 ft., to raise 
3 gallons of water, a gallon weighing 10 lbs. 

Let T be the force, w Iho weight of each bucket. Then, since the 
radius of tho axlo is 4 ins., the arm of tho lumdb' 21 ins., and the 
total weights on the two sides w and w + 30 lbs., we have, b}' moments, 
r^2i + wx I = 0f + 30)x4; 
whence J* 5 lbs. 

[N<jticc that the weights of tho tw'O buckets balance each other.] 

215. The capstan (Fig. 12>i) used on bonrd ship is 
exactly similar iu principle, hiii the barrel turns on a 



vertical axis and is worked by one or more men walking* 
round and pushing a number of horizontal proj(Jcting 
arms (called liandspikes). Here the moment of the pull 
of the rope is equal to the siivi of the moments of the 
forces exerted by the men. 

Example. Tho harrcl of a capstan is 3 ft. in difiin<:tcr, and is 
worked b.v four men tjxortiiig forces of 4.j, .02, (13, and 01 lbs. on arms 
each ^Hio rope piissing round iho barrel is fastened to 

a piefvTo find the force dre wing the ship towards the pi<’i . 

Let Q lbs, bo tho required force exerted by tho lope. Then, since 
the radius of tho barrel is I J ft., w’c have, by taking iriomciits, 

C^xLi = (45 + iV2 + G3 + 64)xT» ; 

Q ss 224 X .*> lbs. = 1120 lbs. *= i ton. 
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246. Principle of Work for any mackine. — Althongli 
a HmaQ eft'oit may be made to overcome a very large 
resistance with a machine, the Pi-inciple of Work, or 
Princiide of Conservation of Energy, holds good in every 
ease, and asserts that the work done by the effort is 
always equal to the work done by the machine against 
the weight or resistance. 

Hence no work is gained or lost by the use of a fric- 
tionless macdiine. 

For instance, if, in any machine, a force of 1 lb. sup- 
ports a weight of 10 lbs., the foimcr force will have t() 
move its point of application through 10 ft. to raise the 
weight throngli 1 ft. 

This la sometimes expressed by saying that “ what is 
gained in power is lost in speed.** In more accuiate 
language, mechanical advantage is always obtaified at tlie 
€ixpense of a proportionalo disadvantage in dirniiiislicd 
speed. 

Conversely, where mcroased speed is obtained by means 
of a machine, this is only attained at the expense of 
mechanical disadvantage. 

Exnmpk. — The fiririH of a lever are 3 ft. .irid 1 ft. To find tlio force 
on the longer arm and Iho work done in raising a weiglit of 12 lb.s. 
through 1 in., and to V(3rify the Principle of Work. 

liCt r be the required force. Then, by taking moinciitH abo t the 
fulcrum, 

Px 3 = 12x1, whence P -= 4 lbs. 

Let the lever bo turned about the fulcrum. 'I'lion the points 
furthest from the fulcrum will move over tho greater di.^tarict‘^ ; and, 
by drawing a figure with tho lever in two positions, it is easy to see, 
or to prove, by similar triangles, that distances moved b}’ diffciront 
points are proportional to their distances from the fulcrum. Thus, if 
the end of the shorter arm moves 1 in., that of tho longer arm will 
move 3 in. 

Now work required to lift 12 lbs. thif'oiigh i in. 

= 12x-,v4 1 ft.-lb. . . 

Work done by P, or 4 lbs., in'itioving its point of application 
through 3 ins. r= 4 x - *5 = 1 ft. -lb. 

.*. work done by^P = work required to raise weight. 

Therefore the Principle of Work is io this case. 5 ' • 
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*247. Principle of Work for the wheehand axle. — 

Let a, b be the radii of the wheel and axle, and let tlicm 
be rotated throngb one complete turn. Then a lonjjth of 
rope equal to the circumference of the wheel, or 27ra, 
uncoils from off the wheel, and a lenfrtb equal to the 
circumference of the axh', or 27rh, coils round the axle. 

Hence, work done by P = P x 2^0, 
and work done against W = W x 2vb. 

(i.) Jf tcc assume the equation of moments 
Pxa = Wx h, 

then P X 2wa = P^X ‘JTrfe, 

or work done by P = work done against 

verifying the truth of the rriuciple of Work for the wheel 
and axie. 

(ii.) Conversely, if we assume the Vrmeijile of Work to 
be true^ then x a 17 x Z>, 

verifying the relation between the vff(yrl and resistance, yvhWM 
is otherwise obtainable from the equation of moments. 

*248. To find the mechanical advantage of any 
machine from thg Principle of Work. 

Wc^can also see that the mechanical advanlage or 
the,y)Tiditiori of equilibrinin of a machine working witliout 
rrictioii can very easily be found by means of the Priiioi-, 
pie of Work when they cannot be easily found by other 
methods. 

ExawpU, — If, by moving a liancllo throngli 1 ft , a woiglit of 
1 cwt. is raisod through 1 in , to find tho force that must ho applied 
to tho handle. • 

Let r bo tho force. Since tho works of P ami the rcsistanco are 
equal and opposite, 

Exl = 112 x Vj,. 



STATICS. 


2(:o 

EXAMPLES XXII. 

Note. — The student is at liberty to apply the Principle of Work or 
Principle of Conservation of Energy to any probbun M'hatovpr in 
Mechanics, provided its use is not precluded by the conditions of the 
question (as, for example, where it ia required to vei'ifij the principle 
so that its truth must not bo asHumed). 

1. A weight of Ii5 lbs. balances a weight of 15 lbs. at the extremi- 
ties of a uniform lover 15 ft. long. Find the lengths of the arms. 

2. I’hc arms of a lover are 8 ins. and 12 ins. in length, and the 
weight 6 lbs. is attached to the shorter arm. Find the power. 

If one end of a har rests on a beam, and a wciglit of GO lbs. bo 
suspended from it one -fifth of its length from the beam, what power 
at the other end will support the weight, and what will he the pres- 
sure on the beam ? 

4. WlUMi two weights of 12 lbs. and 4 lbs. aro suspended at the 
entls of a weightless lever, the fulcrum, is 9 ft. from the smaller 
weight. Where must the fulcrum ho wliqu the weiglits aio each 
increased by 4 lbs. ? 

5. The pressure on the fulcrum of a lever of the second class is 
7 lbs., and t'no siiin of tlio effort and weight is lU llis. Kind their 
distances from the fulcrum when they are 14 in.s. apart. 

6. A lever of the .second class, 5 ft. long, supports a weight of 
63 Ihs., and the prcs.sure on the fulcrum is SJ- times the power. .Find 
the power and the position of the weight. 

7. A lever of the third class has the power 5-J times the weight, 
and the pressure on the fulcrum is 27 lbs. Find the weight. 

8. A man who weighs IGO lbs., wisliing to raise a rock, leans with 

his whole W('igbt on one end of a horizont^il crowbar 5 ft. long, 
which is propped at a di-stanco of 4 ins. from the end in contact with 
the rock. What force docs he exert on tlici rock, and what pressure 
has the prop to sustain ? ****'' ^ 

9. A straight lover, 6 ft. long and heavier towards ono ord, is 
found to balance on a fulcrum 2 ft. from the heavier end ; but, wllbii 
placed on a fulcium at the middle, it requires a weight of 3 lbs. hung 
at the lighter end to keep it horizontal. Find tbo weight (jf the 
lever. 
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10. A weight of 5G ILb. is attached to a siraigl]^ lover without 
weight at a distance of 3 ins. from tho fuloruin, and is halancod in 
one case by a power of 6 lbs., and in another aisc by a power of 
10 lbs. Find, in each ease, tho prossnro on the fulcrum, and also 
the distance between the points of application of tho power and the 
weight whon they are applied (i.) on the sumo side of tho fulcrum, 
'^(ii.) on opposite sides of the fulcrum. 

^11. 'I’wo weights P and Q balance on a weightless lever, the 
fulcrum being 1^ ins. from tho middle point of tho lover. If each 
weight be iruTcaaed by 1 lb., tho fulcrum must bo moved in. in order 
to have equili])riuni. Find the pressure on tho fulcrum in tlie first 
case. 


' 12. A lover is in equilibrium under tho action of the forces V and 
Qt and is also in equilibrium with the same fulcrum when P is 
doubled, and Q is increased by o lbs. Find tlic magnitiido of Q. 

13. Two. forces of 4 lbs. and 8 lbs. act at tlio same point of a 
straight lovOT, on opposite sides of it, and niaintjiiri equilibrium, the 
le.ss force boibg pi'i pondicular to the lover. Find the direction of tho 
greater force. 

14. The pressure on the fulcrum of a straight lover is 12 lbs., and 
the difference of the forces is 1 lbs. Find tlic forces and the ratio of 
the arms at which they aet. 

15. /Two w'eighls hang from tho ends of a weigh I less levcjr lamt at 
,;ght angle.s, with the angle lor fulcrum, arnl liaving one arm 3 tinu*'^ 
as long as the other. If, in the position of cqiiililuiuiii, tho longiA* 
arm makes an angle of 30° with the vertical, find tlio ratio of the two 
weights. 


16. A weightless lover is 5 ft. long, and from its ends a weight is 
Buppoiled by two strings 3 ft. and 4 ft. long, reapectively. Find the 
ratjo of the lengths of the arms when the lever is horizontal. 

17. If thfi^u'L'BSuro on the fulcrum ho 10 Ihs., and mio of tho weights 


he distaht from the fulcrum one-fifth of tlie whole hiiigth of the lever, 
Hhm tho weights, supposing them tm opposite sidi;s of the fulcrum. 


18. With a wheel and axle, a power of 3 Ihs. sustains a weiglit of 
48 lbs., and the radius of the wheel is 2 ft. Find the radius of the 
axle. 
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10. Find thc^ power wliich will support a weight of It tons, if the 
circiimferonces of the wheel and the axle are respectively 56 ins. and 
G ins. 

20. The drum of a windlass is 4 ins. in diameter, and the power is 
applied to the handle 20 ins. from the axis. Find the force uecossary 
to sustain the weight of 100 llis., and the work done in turning the 
handle 10 times. 

21. Find what weight suspended from the axle can be supported 
by a weight of 10 lbs. suspended from the wheel, the radii of the 
wheel and axle being 2 ft. and 4 ins., respectively. 

22. TTic difference of the radii of a wheel and axle is 35 ins., and 
the weight is 8 times the i)Ower. Find the radii of the wheel and 
axle. 

23. A wheel and axle is used to raise a bucket weighing «36 lbs. 
from a well. The rad'us of the wheel is 24 in.s., and while it makes 
7 revolution*' the huiiket rises 1 1 ft. Find, by the Principle of Work, 
the force which will just raise the bucket. 

24. A capstan, turned by 10 men, is used to haul up an anchor; 
the levers, at th<3 ends of which the men j)ush, are 12 ft. long, and 
tho radius of the axle is 18 ins. When each man is pushing with a 
force of 1'^ cwt., they cun just raise the anchor. Find the weight of 
the anchor. 

. 25. Draw to scale a who.'d and :ixlo, by wliicli a man, sitting in a 
loop at the end of a rope wound round the axle, can haul himself up 
by pulling at a rope round the w'hcel with a force only one- fifth of 
his weight. Find tho weight 8U8tain^.d by the pivots. 

2G. A uniform straight rod without weight is befit at its middle 
point BO as to form an angle of 105''. It is supported at the angle, 
and it is found that, when weights P <aiid Q aio suspeniLed -froir. the 
ends, the arm to which tlie weight P is attached makes an angle of 
60'* with the vertical. Show that 3P^ = 2Q^. 

*27. In a weightless straight lever of the first class, show that in 
the case of equilibiium the power, the weight, and the reaction of 
tho fulcrum form two unlike couples of equal moment. 
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MACKINKS: THE PULLEYS AND SCREW. 

249. The pulley, or pally is a wheel with a fjtoove 
cut round its riiu so that it can cany a string or ropo or 
chain passing round it. It turns on an axis or axle, 
which is fixed in a framework called a blank or sheave^ 
and this block is either fixed, or is attached to a string 
and is then moveable. 



250. In the fixed pulley the weight is attached to 
one end of the string }^)aKsiiig rcnind the groove, and the 
effort is applied by pulling the other end. Since the 
wheel is only supported by the Jixle, the moments of the 
effort P and weight W about the centre 0 are equal and 
Vpffposite ; that is (Fig. 125), 


rxOA = WxOB, 


The word may either l-e six.*!! p^iUe]/^ plural yulUySf or ifuUy, plmal jmllUa, 
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or 7* radius of pulley = II' x radius of ])ull 0 y. 

•. r— in 

mechanical advantage ^ ^ (^)- 

Thus exactly the same force must be applied to lift a 
given weight as without the pulley. 

Cor. Since P = IF, the tension is the same in both 
parts of the string. 


2.M. In disenssing the ecpiilibriuni of forces acting on 
pulleys, we may tJierefore iissurne that Oie tension is the 
same throiKjhonl every part of the same siring, no matter 
hotc many pulleys it may po<s round. Wo likewise suppose 
the sbingsto be weightless, and perfectly flexible (and 
also iiiextcnsibl(j). 


252. In the single moveable piilley, the weight is 
attached to the block, and the olTort is a]>p1icd to one end 
(»f the siring vsdiicli j)asses round the pulley, the other 
end being fixed u]). 



Fiff. l‘2G. 





Fig. 127. 


Tn this arrangement, if the strings are parallel, the 
mechanical advantage is 2. 
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For let- P be the effort, Q. the total weipflit to be raised 
{includintj the tceigkt W of the ivullvij itself). Then the 
tension in eaeh part of the string? is cqnal to P f§ 251) ; 
also the tensions at A, B (Fi^. 127) both help to support 
the weight Q. 

*. Q-2I\ 

and meclianical advantage Q-i-l*ssz2 (2). 


253. If w is tlio weight 
of the pulley itself, W the 
weight of the attaehed load, 
Q = IF-h //;; and, therefore, 

ir-b,r = 2P... (2a). 

The single inovfablts pull<*y ij4 
much used on cranes (Fig. 126). 

254. The single-string 
system of pulleys.* — A 

greater mechauicai advantage 
may be obtained with a num- 
ber of pulleys. Several sueh 
“ systems of pulleys " are 
generally described, but the 
most praciicallyuseful system 
is that in which the pulleys 
are aii’anged in two blocks, 
one fixed and the other at- 
tached to the weight (Fig. 
128). The same siring passes 
round all tlie pulleys; it 
passes alternately over a 
fixed and under a moveable 
pulley, and is finally attached 
i^gX)ne of the blocks. 

* The ■iiiglu-atring svelctn if uften 
callod the uetmd tytUm of pulKys and 
the «e(>arat« - atring ayateni of & 268 ia 
then called thc^Iral igttem. 



I 
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4r 

w 

Fig. 128 . 
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Ill iiructiai tlte«pulltiys are arniiiKi'-'l »h in Fi{;. 1*28, but it is ffcrieriillj easier 
tn draw the diagram as in Fig. witii all the pulleys in the saiur plane. 


255. Mechanical Advantage. — If ^lie applied effort be 
a force P, the tension throughout is 


F. Hence, if n be the number oi 
parts of the string supporting the 
lower bloet, Q the weight to be 
raised (including that of the lower 
block and pulleys), the n upward 
forces P support Q acting down- 
wards ; hence, supposing the parts 
of the string vertical, 

Q::z nP (3). 

mechanical advantage^ = n. 


256. If io is the weight of the lower 
block, W that of the attached load, 
Qr=z ir-f IV ; and, therefore, 

W+wzznr (3a). 

In order that the effort may l>e 
applied downwards, the free end of 
tlie string must hang from a fixed 
I)ulley, and this is almost invariably 
ilone for convenience iu working the 
system. In such cases the number n 



is also the total number of pulleys iu 
the tv/o blocks. 


Thus Kig. 12.S represents a system with altogether 8 pulleys, in 
which the ineulianical advantage is tkeiefore 14. In, Kig. r2!), there 
are altogether o pulleys, and the nieclianical advantage is 5. 

257. We would here call the student's attenti''u to the. 
twofold aspect of a tension, or stress of any kind. 

Keferring to Fig. 129, the tension in the string isNP^ 
The upward arrows indicate the upward forco.s on the 
lower block, but there are equal downward pulls on the' 
upper block, the total puli uu which is easily seen to be 
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(n-hl) P. So, too, ill Fig. 127, the string «xerts upward 
p^ls P at At Bt and a downward pull P at C. 

'Example . — To find the least numlx'r of pulleys in a movoable block 
weighing 10 lbs., in order that a weight of r.20 lbs. may bo liftod by 
a downward force not exceeding 28 lbs., and to find this force. 

Let n be the total number of portions of the string supporting the 
lower block, P the required effort. Then the pulls P in the strings 
have to support both the attached w'eight of 120 lbs. and tlie block 
weighing 10 lbs. ; thoreforo 

«P= 120 + 10 -- 130 lbs. 

But P is mt more than 28 lbs. ; therefoi'e n must be greater than 4 ; 

that is, n — f). 

Hence five parts of the string must support the lower block. Tliere- 
fure tliat block mu^t contain two pulleys, and must have the end of 
the string attached to it as well (Fig. 120). Also, putting n — we 
have 5P = 130 lbs. ; .*. required force P ~ 26 lbs. 

258. The separate-string system of pulleys^ con- 
sistfl of a number* of single moveable pulleys like that 
described in § 252, so arranged that the string hanging 
from one pulley passes round the pulley next below, the 
other ends of the strings being attached to a fixed beam or 
other support (such as the mast of a ship), considerably 
above the highest points to which weights Jiave to be 
raised (Fig. 130). 


259. The mechanical advantage may he found thus : — 
In the single moveable pulley a force P applied to the 
string supports a force 21' applied to the block. 

Now suppose the moveable pulley, instead of being 
attached to the weight, supports a string passing under a 
second moveable pulley. Then the mechanical advantage 
gained by the first pulley is evidently doubled by the 
second, the pull 2Z^ in the second string suppoi-tirig a 
jireight 4P attached to the second ])ulloy. 

Next suppose the second pulley supports a string 
passing under a third pulley. 'This again doubles the 
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mechanical a^lyantage, and the system will now support 
a weight 8P. 



Fig. 130. 


In this way each additional pulley doubles the mechani- 
cal advantage of the system, liy using 1, 2, 3 pulleys, 
we get mechanical advantages 2, 4, 0. 

Qeuerally, let there bo n jmlleys, and let Q denote the 
weight attached to the last pulley. Then, if we leave out 
of account the weights of the pulleys themselves, wo have 

e = 2r. 

Therefore also p = .^ ) 

2 '* ( 4 ). 

and mechanical adyantagfe = 2" / 


260. If the weights of the pulleys Ay B. C are Wj 

respectively, we must consider the equilibrium of each 
pulley separately. If T, bo the tensions of tlie strings 
hanging from >1, fi, and W the load attached to (?, wc have, 
by § 253, 

2P=2\-f-tOi, = 

From equations such as those, it znay he deduced that, fur n pull jys, 
2"F « ir-h w„ + + ... + i4a). 
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Examples. — (1) If there are (t> ») 4 moveable pulleys, a force of 
(i* ») 10 lbs. will support a w'oiglit 

i Q=) = 2^ X 10 lbs. 160 lbs. 

(2) Tf there are (ti =») 3 moveablo pulleys, the force required to 
support a weight ( Q=) 64 lbs. is 

(P =) Q+2'* - 64-^23 « 64 + 8 = 8 lbs. 

■ (3) What load can he supported by a forco of 1 0 lbs. in a system of 
.8 inovi'uble pulleys whoso weights, beginning with tho highest, aro 
1, 2, 3 lbs., respectively:' 

Consider, first, the* equilibrium of the highest pulley (A, Fig. 130) 
The forces on it aro tho two equal ])ulls of 10 lbs. in the two parts of 
the string round it, acting upwards, and the weight of tho pulley 
(1 lb.) and tho tension 2] of tht; string next below, acting downwards. 


Hence 2/* ~ 1 + Tj (1). 

Consider, now, the imlley fi, acted upon by 27\ ujiw'ards, and by 
Tn and its own weight (2 lbs.) downw'ards. 

Hence 27’, — 2 + 23 (2). 

Similarly, for the pulley C, wo g<;t the equation of forces 

27’2 - 3 + /r (3). 


Since E— 10, we find, from c-quation (1), that 7’, —20 — 1 ^ 19 ; 
then, from equation (2), T. ~ 2Ti — 2 — 3S— 2 = 36 ; and lastly, 
from equation ^3;, /r — - ‘iT’j— 3 -- 72 — 3 -- 69 lbs. 

(4) Wbat forco is required to 8U]>porL a lou»l of 13 lbs. in a system 
of 4 inovoablo pulleys whose weights, commencing with the highest, 
aro 3, 5, 7, 9 lbs., respectively ? • 

Here we are given the weight, and have to find tho effort. Hence 
the process is the reverse of that of Ex. (3). We must begin w'ith 
the lowest pulley. Adding its Avcight (9 lbs.) to the attached weight 
(13 lbs.), we liave the total weight 8Uppt>rted by the two pulls (7*3) in 
tb.i parts of thf) string round the lowest pulley. 

Hence 27*3 =- 22 lbs., T;^ — 11 lbs. 

SimUarly, in tho lowest pulley but one, w’o have 11+7 lbs. 
supported by 2 7j. 

, Hence 27’2 - 18 lbs., To = 9 lbs. 

Tn like manner, 27, -= 9 + 5, 7’i =- 7 lbs., 

2/'=. 7 + 3, P= 5 11)8. 

That is, the required force » 5 lbs. 
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*261. The converted separate - string 
system of pulleys,* in which the strings 
are all attached to the weight, is merely 
the system last described (i,e., the “first”) 
turned upside down (the fixed pulley being 
omitted). The strings are all attached to 
the weight, or rather to a rod carrying 
the weight, and the uppermost pulley is 
fixed to some support. If Fig. 131 be turned 
upside down, it will present a similar ap- 
pearance to ITig. 130. 

*262. The mechanical adrantage (when 
the weights of the individual pulleys are 
neglected) is easily deduced from this 
property. Let be the pull which the 
system exerts on its support, Q the weight, P the effort, 
and let there he 7i pulleys. By inverting the system or 
otherwise, we see that the total force? supported by the 
several pulleys, c(miTnencing with the lowest, arc 2P, 47^, 
8/^ &c. ; thus H in tliis present system corresponds to the 
weight in the last system, and therefore 

= 2”/\ 

Now consider the equilibrium of tlft.* wliole system, 
consisting of the weigh t^ and the pulleys. The foi'ces 
acting on it are Q and .7' pulling downwards and a reactiftn 
equal and oii'positc to P holding the f^ystem np. 

Hence, U = PH- Q. 

O zz. ft -r =: 

and mechanical advantage. = 2"-— 1 .. .... (5). 

Example. — To find tho xmnibor of woipfhtloss pulloys, having 
givni that a form of 5 Ihs. anpports a weight of 75 Ihs., and all the 
strings being attached to the w’oight. 

Here the pnll on the beam supporting the upper puU( 3 y 
— 75 lbs. + 5 lbs. = 80 lbs. 

Now 80 — 5 X (2 X 2 X 2 X 2), aj?d, since tho total pull is doubled by 
each pulley, the uiimher of .pulleys must be 4. 

• The so-called third This systton is jiractically useless (see § SStaX 



Fig. 131. 
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*263. If the weights of the pulleys are tahen into aecgunty wo prooood 
as follows : — 

‘ \Mxample . — To find the force required to support a weiiyht of 112 Iba. 
in a system of three pulleys, the weights of the lowest and next 
pulleys being 3 and 5 lbs.,* and the strings all being attached to the 
weight. 

Let J' be the force. Then, by considering the equilibrium of each 
pulley, we have 

Pull of lowest string = V 

Pull in second lowest string T, = 2 7’ + 3 

Pull in last string — 27| + o — 4/'+ 1 1 

weight supported = P+ 1\ + 7^ 7P + 14 
77*+ 14 = 112. 

.*. required force P = 14 lbs. . 

Tho inverted sepamte-string system, or “tliird system,” 
is of no practical use wliatever, for it is fonnd that the 
strings arc almost certain to get hopcdcssly entangled, 
even in ttio few working inodelsi that arc constructed for 
the lecture- room. • 

264. Man raising himself with a system of 
pulleys, — When a man, sitting in a loop or seat sns- 
jicndcd by any arrangement of pulleys, pulls himself up, 
the rope which he jmlis will support part of his weight, 
and only tho rcraaiiring part of his weight will have to be 
supported by the syskun. 

Examples , — (1) Connider a man of weight //' raising hinisi.df by 
pulling a ropo passing over a fixed puih y with a force 7*. The 
man’s wqight is really supported by tho pulls V in two parts of 
rope — the part wlicrc ho piilW'aiid 'the part supporting tho loop. 
Hence tho condition of equilibrium gives IE = 27*; 

• p^yn 

or the man pulls with a force of half his weight. 

(2; If the man pulls a rope which jiasscs over a fixed pulley and 
under a moveable pulley supporting tho loop, there are three portions 
of the siring supporting his weight, inol’isivo of tlio one that ho is 
pulling. Hi'nco the relation between the pulling force P .and tho 
weight is W — ^P, or P = so that tho man pulls with a forc‘e 

of one^third of his woiglil. 

^'fiince the iij»pcr pulley la fued^ Its weight does enter into tho rclfttion 
lietwecn r and W. '‘j;' 
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*2G5. Applications of the Principle of Work . — W e 

may also apply tbo Principle of Work to find tlie relations 
between the effort and weight in the vai-ious systems of 
pulleys. 

The single moveable pnlley. — Let the pulley 
(weight u?) and its attached weight W he raised through 
a height h. Then the portions of .string on the two sides 
of the pulley will each bo shortened by h ; hcMico the end at 
which P is applied will rise through a distance 2/*. Since 

sum of works done against W, tv = work done by P ; 
117/ -f-W/ = Px2//, 

or ir+?r = 2J* 

the rccjiiircd relation between W and J*. This agrees 
with § 


*200. The single-string system. — Let there he n 
strings from whidi the lower block ot ])ullcys hangs. If 
the clTort P lifts Q through a height //, each of the n por- 
tions of string will have shoHened by an amount /i, and 
so P will have to pull the end of tlie string down through 
a distance nh. Ily the Principle of Work, therefore 

Q,k=z]\uh. 

Q:=ttr (3w), 

the required relation between Q and i*, which agrees 
witli § 255. 

*207. The separate-string system. — Neglecting the 
weights of the pulleys, and referring to Fig. 1:10, if Q is 
drawn up through a height k, the pulley C is also raised 
through and, as in § 205, the pulley B will bo rarsed 
2//, and A will be raised 4//,' and, finally, P must move 
though a distance Sh. 

Therefore, by the Principle of Work, 

PxSh=Wh, or IP = 
which agi*ees with (4) on patting n = 3. 
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^68. The screw. — Evcx'j one is familinr with a screw. 
It consists essentially of a cylindrical bolt OAf, whoso 
surface carries a thread or has a gnoce cut in it along a 
spiral curve. The form of this spii-al can easily be con- 
structed by taking a strip of paper with a straight edge, 
and wrapping it round a pencil in a slanting direction ; 
the edge forms the curve like that along which the thread 
or groove runs. 

The screw works in a collar of nnt C, through which a 
hole is box’ed, having a groove to tit tlu; thread or a thread 
to fit the groove of I he screw. 

When the screw turns in a 
fixed collar, it moves forward 
in the direction of its length. Tn 
each turn of the screw, the dis- 
tance moved forward is erjual to 
the distance hetw(‘en consecutive 
threads : i.e.^ the distance DE be- 
tween two cons'ccutive tiii’ns of 
the thread, measured along the 
length of the bolt. This distance 
is called the step. Hence, by turn- 
ing the screw round, it may bt; 
used to raise weigh t?j or overcome 
resistances applied to its end. Pisr. 1^2. 

The effort must tend to 
turn the screw, and must 
therefore have a moment 
about in a plane perpen- 
dicular to OM. Hence the A 
effort may be a single force 
P applied at the end of a 
long arm OA^ proiecting at 
right an-lcs to OM. More 
•often the arm projects in 
both directions, as in the 
common screw-press of Fig. 
li^ 3 , and two equal and 
opposite foi*ces constituting pjg. 133, 

• EL. MECH. ly 
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a ample then applied perpendicularly to its two 

extremities >}, B. 

269. To find the mechanical advantage of a screw 
working without friction. 

Let the effort be applied 
j)erpL*ndicnlarly at t he c‘iid t)f 
an arm OA of IcJij^tli (If and 
let it overcome a resistance 
Q acting alonp- the axis OM. 

Let & be th'i ‘*st<*p’^ or dis- 
tance between two coiisecMi- 
tivc tlireads. Then, if Ihc 
screw niabes one complete 
turn, A the point of a])plica- 
tion of will describe a <*ircle 
of radius a about t), and will 
therefore move tlirouj^h a 
distance 27 ra in tlio direction 
of r. Also tlio screw will 
move tlifou^h a distance b against the resistance U 

ThcrefiJiv, by the Priiiciph; of AVork, wo have 

rx'l-a ~ i)xb. 

mechanical advantage -j- = (6j 

_ circumference of circ le d escribed by the arm 
step of screw 

Example . — A scn*w-prui3s is turned l»y applying? two forces of 21 lbs. 
in opposite directions at tlic ends o[ an arm 2 ft. Icmi?. Tf the step is 
^ in., to Jii\(l tlio resistunco overeoiiio. 

Lot 0 bi‘ the resistance. I’lieii in one lovolatioii of tlio screw 
the works done by the effoi ts and {^{jainst Q are 

2 21 X 2ir 1 ft.-lbs. and Q x i x ft-lbs. 

•• T.o^^ = «4ir, or (?«9Cx«4ir. 

— Yf this gives (J = 25344 lbs. — 11} tons, roughly. 



Taking ir 
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269a. Disadvantage of the wheel and aale. — In the 

simple wheel and axle the “ mechanical advantage *' 
radins of wheel 
radius of axle 

can be made larger only bj 

(1) increasing the radius of the wheel ; or 

(2) diminishing the radius of the axle. 

The former leads to an unwieldy machine ; the latter 
aiTangement is limited owing to the necessity for the axle 
being sufficiently strong to bear the forces to which it is 
subjected. This disadvantage is absent in the modified 
form known as the differential wheel and axle, 

269b. The Differential Wheel and Axle, or Chinese 
Windlass. — In this machine a handle II takes the place of 
the “ wheel/’ while the axle *’ consists of two cylinders 
(^, B) on a common axis but with different radii. The 
body to be raised is attached to a moveable pulley 0. 
This is supported by* a cord one end of which is wound 
round A and the other end is wound in the opposite 
direction round B. When the handle H is turned, the 
cord winds on to A and winds off B, 

Let a and 6 be the radii of the 
larger and smaller portions of 
the axle, c the radius of the arm 
at which the power acts. Let 
P lbs. bo the force exerted, W lbs. 
the weight of the body raised. 

Then, supposing the strings on 
both sides of the pulley vertical, 
when there is equilibrium the 
tension of the string is ^W, 

Taking moments round the axis 
of the axle, we have, since the vertical portions of the 
stnng tend to turn the axle in opposite directions, 

therefore the mechaiiionl advantage 

2r 

P a-6’ 
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The sanies result can be obtained b]^' the Prinoiple of 
Work as follows. 

Imagine a complete reyolution of the axle to take place. 

A length 2ira of stnng is wrapped on to the larger 
cjlindei'i and a length 2ir& is unwrapped from the smaller 
cylinder. Thus the string not on the cylinders is 
shortened by 2ir(a — b), and therefore the pulley is raised 
a distance ir(a— b). 

Therefore the work done against the weight is W ir(a— b). 

Also the weight done by the power P in a complete 
revolution is P . 2irc ; 

P.2irc= T7ir(a-b) 
or the meohanical advantage 

= 2c 

P i-b‘ 

We see, then, that in this machine the “ mechanical 
advantage can be made yery large mei'ely by diminish- 
ing a~b , that is, by making the radii of the two 
cylinders nearly the same. Thus these cylinders can be 
of iiicdiuin size, and the mechanical advantage increased 
as mucii as desired by making their radii nearly equal. 

269c. The Differential Fnlley. — Tlie prinoiple em- 
ployed in the differential wheel and axle is utilized in a 
more practical machine known as the differential pulley. 
This differs fi*om the pulley of the second system in the 
following points ; — The upper pulley, which is the dif- 
ferential ])ortiou, consists of two concentric wheels of 
different radii, a and b, cut t*n one block. The rope is 
replaced by a long endless chain of the same type as a 
bicycle chain, and the pulley grooves by cogs on to which 
the links of the chain fit. 

In one complete revolution of the upper pulley the 
length of chain which passes over the larger circumference 
of the differential pulley is 2wa, and the length wound 
over the smaller circumference is 2v-b. Hence the total 
length of chain connecting the upper and lower pulleys 
is diminished by 2ir(a— b). But ibis decrease is divided 
between the two vertiosd lengtlm of chain; thus, the 
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weight W is raised a yertical height equal tiOvthe half of 
this decrease, or w (a— ft). 

Therefore the work done on W is 

Trxir(a— ft). 

Also the work done by P is obvionsly 
P X 2ira. 

Equating these two amoants of work 
we have P x 2ira = W x ir(a—ft), 
whence mechanical advantage 
rr_ 2a 
r a-b"" 

The mechanical advantage may he 
made very great by making ft nearly 
equal to a. In addition to its groat 
mechanical advantage, another useful property of the 
differential pulley is that when the weight is being 
raised it can safely be left, as the largo friction in the 
machine will prevent the weight running down. 

269d. If a large mechanical advantage were required in 
a screw^ it could be seenred by making t he power-arm very 
long or by diminishing the “ step ” considerably. The 
former wonld result in a cumbrous machine, while the 
latter would make the thread too weak for the forces to 
which it is subjected. These disadvantages are absent in 
the differential screw. 



269e. The Differential 
Screw. — The screw Af, 
which is turned by the 
lever, works as usual in a 
eolhv^ or nut ip the frame- 
work at 0, To the top of 
the press A is fastened 
another screw N of smaller 
diameter than If. The 
screw N works in a nut 
which is ent in the lower 
extremity of the screw M, 
and both M and N fire 
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“ right-hai\c!ed ” screwB. Also h, the “ step ” of the screw 
If, is slightly larger than c, the step of the screw N. 

Now let P be the force applied at the end of the 
lever, whose length is a, and let Q be the resist- 
ance of the press. Then the work done by P in 
one revolution is Px2wa, Again, in one revolution 
the screw M travels downwards through a distance b, 
while the screw N penetrates a distance e into the screw 
3f. Hence the press A is only forced down through a 
distance (6--c), and the work done against Q is Q x (h— c). 

Hence from the equation of work we have 

Px27ra = Qx(6-c), 

i.e., mechanical advantage — = 

1 * 6— c 

Since c is very nearly equal to 6, the denominntor of 
this fraction is very small, and the mechanical advantage 
is very great. 

269f. On the work done by a variable force. — The 

problem of determining the work <lono by a variable force 
is similar to that of <letorinining tlie distance travelled 



Fig. 134d. 

under a variable velocity; and the method of graphic 
representation, which we applied to the latter problem 
in § 41 , may with advantage applied to the former also. 
Tn Fig. 134(Z let the line or curve PQ be so drawn that, 
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for anj poiut Bt the ordinate hB represents the ma-gnitude 
of the force its point of ppplication has travelled a 
distance represented by the abscissa Ob. Then the area 
OPQM (between the curve, the extreme ordinates, and the 
avis OX) will represent the work done by the force. 

Work is the product of force and distance ; as the point 
of application moves over a distance represented by be, 
the magnitude of the force increases from bB to cC. Thus 
the work done must be greater than would be done by a 
force hB acting through a distance be, and less than would 
he done hy a force cC acting through :i4listin(*e he. Hence 
the work done must be greater than bB X he and less than 
eO X he, i.e. greater than that represented hy tlie area hBGc, 
and less than that represente<l by the area bgCc. Applying 
tlie same argument to each of the distances represeiilod by 
Oot ab, etc., it follows that the total work done is less than 
that represented by the circumscribed figure OeAfBgChDJcQM 
and greater than tliat represented by the inscribed figure 
OPEAFBGCHDKM. • 

In a similar way we can show that, into however many 
parts we divide the base line OM, the work «h>iie by the 
variable force must be represented by an area which is 
iutcriiiediate in magnitude between the corresponding 
circumscribed and%iiiscribed figures. 

But if the divisions of OM become very numerous and 
very small both the circumscribed and in.scribed figures 
approximate very closely to the area OPQM* Hence the 
area OPQM represents the work done by the force. 

N()T«. — If the curve werotnviMl frmn Q to (irinlfvul of from 
P to Q) thiB would n»prc.scnt the case where the of applicatiort 

ia travelling in the opposite directuin to the force. 'I'ho area OPQM 
would as before represent the work done, but it would have to be 
reckoned as negative work. 

269g. On the efficiency of a machine. — In § 246 

we see that, if a miichine is frictionless and its moving 
parts are weightless, then the work done by the machine 
against the resistance is equal to the work done on the 
machine by the effort. 

In actual practice the work done by the machine is 



2R0 


STATICS. ' 


always less fhan the work done on the machine, and the 
ratio 

work done by machine against r e sistance 
work done on machine by effort 
is called the efficiency of the machine. 

Thus the efficiency of a locomotiye is the ratio of the 
work done by the locomotive in pulling the train to the 
work done on the pistons by the steam. 

2691i. Velocity Ratio. — If we consider any typical 
weightless and frictionless miichiae (say for example the 




wheel and tixle, Pigs. 13t«?, 131-/’) we have an effort (P) 
acting in the imichine n.t one point, and the initchine over- 
coming a resistance ( W) at anotlier point. 

Definition, — Tne velocity of a machim ia the 

ratio of the velocity of the resistance to the velocity of the 
effort. 

l.e. in this case the ratio of the velocity of W to that of P. 

We can now show that the mechanical advanfage of 
such a machine is eqtial to the reciprocal of its velocity ratio. * 

Suppose that in Pig. 134e the velocity of^ is u ft./sec. 
and that of Mr is v ft. /sec. 

Then in one second P moves a disUnce w downwards, 
and W moves a distance v upwards. But using the 
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Principle of Work "we have : — 

work done by P = work done by IV, 
hence P X tt = IV X v. 


Whence 


IV 

P 


i.e. mechanical advantage = reciprocal of velocity ratio. 


‘ Example . — Calculate the velocity ratio o/ the wheel and axle 
without usinE the Principle of Work ; deduce the mechanical advantage. 
Ueiiig figure 134/: — 

In one revolution of the machine P describoa a downward distance 
equal to the circumference of a circle of radius a, and W describes 
aa uj'ward distance equal to the circumference of a circle of radius d. 


Thus 


velocity ratio = 


vol. of W 
vel. of P 


2vb __ b 
'J.rra a 


Also mechanical advaniane = reciprocal of velocity ratio = 


Example . — Using Fig. 129, p 256, find the velocity ratio of the 
systeiii of pulleys without using the Principle of Work ; then 
deduce the mechanical advantage. 

Suppose that Q rises I inch, then each of the five strings which 
support Q must have been shortened by 1 inch. But the strings are 
kept taut and they are not elastic. 

It follows that 6 inches of string must have passed over the top- 
most pulley, and accordingly that the effort P must have moved 5 
inches downward. Thus — 

velocity ratio = = }. . 

^ vel. of P 5 

Hence mechanical advantage = reciprocal of velocity ratio 6, 


EXAMPLES XX I If. 

1. In a single moveable pulley with parallel strings find the force « 
required to 6upx)ort a weight of 1 cwt., tho weight of the pulley being 

^ 8 lbs. 

2. A man, whoso weight is 180 lbs., is seated in a loop at one end 
of a rope which jmssos over a smooth fixed pulley, and ho grasps the 
other end of the rope with both hands. Find the weight supported 
by each of his arms, assuming that they support ef^ual weights and 
that the two portions of the rope are parallel. 
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3. Find the ^tio of tho power to tho weight in that syhtem of 
pulleys in which each moveable pulley hangs by a separate string, 
the number of moveable pulleys being 4. (First system.) 

4. If tho weights of the pulleys in the preceding Example be taken 
into account, and bo 1, 2, 3, and 4 lbs. respectively, beginning with 
the lowest, what weight will be supported by a power of 6 lbs. ? 

6. If in the first system with weightless pulleys a power of 1 oz. 
supports a weight of 8 lbs., find tho number of moveable pulleys. 

*0. Find tho ratio of the power to the weight in that system of 
pulleys in which each string is attached to tho weight, the number 
of moveable pull.'^ys h(‘i ug lliroo. 

♦7. If the weights of the ptilleys in tho preceding Example he taken 
into account, and ho 1, 2, and Slhs., respectively, beginning with tho 
lowest, find tho ]K)Wer rcipiisite to Aup])Ort a weight of 91 lbs. 

5. If, in the system of pulleys in which each moveable pulley hangs 
by a separate string, a man supports a weight (JK) equal to his own, 
and there are 5 moveable pulleys, find his pressure on the floor on 
which ho stands, 

9. Is it more advantageous in raising a weight by (i.) the first 
system, (ii.) Jio third system, of pulleys to have tlie pulleys heavy 
or light ? 

♦10. If, in a system of pulleys in wdiich each string is attached to 
tho weight, there ho throe nioveuhle pulleys, each weighing I lb., and 
the power required to support a certain weight is half that which 
would be rc<iiuro<l if the pulleys were weightless, find that weight. 

V^n. In the single-htTing system of juilloys find the number 
strings at tho lower block if a iiower of 8 oz. supports a weight of 
8 lbs. 

12. Find tbo weight which can he supported by a power P used in 
connection with a block an«l iackje, tho numl\'‘r of pulleys in Jie 
lower block, which vreighs 2P, being 8, and tbo string being fastened j 
to the upper bloi k. 

In tho first system of pulleys, with three movcablo^pulleys, 
find the weight whith can he supported by a power of 80 lbs., Ibe 
weights of ibe pulleys, begiiiziing with the lowest, being 7, 5, and 
3 lbs. 
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*14. If, in the syetem of pulleys in which each sinn^ is atta(*he<l to 
the weight, there be four moveable pulleys whose weights, beginning 
with the lowest, are 2, 3, 4, and 5 lbs., respectively, find the power 
which will support a weight of 440 lbs. 


15. In tho second sysf i^m of pulleys, there aro four pulleys in the 
lower block, which weighs 24 lbs., and tho string is fastened to the 
lower block. Find tho weight which can bo niised by a power 
of 16 lbs. 


16. If there arc six parts of tho string at tho lower block of a block 
and tackle, find tho greatest weight which a man weighing 12 atone 
can possibly support. 

17. If a man weighing 10 stone supports a weight of 5 stono by 
means of a block and tacklo hairing Ihroo pulleys in the lower block 
and tho rope attached to that block, find his pressure on the floor on 
which ho stands, and also tho pressure on tho beam to which the 
upper block is fastened. 

If, in tho first sj^stem, the weight of each moveable pulley be 
find tho weight that will be supported by a power I* when thcro 
are four moveable pulleys. 

19. In tho last question find the pressure on the beam to which the 
strings aro fastened. , 

20. If there are five moveable pulleys in tho third system, each 
weighing I lb., show that a power of 4 lbs. will support a weight of 
309 Ihs. 


21. There are four pulleys in tho lower block of a block and tackle, 
and the ropo is attached to the upper block. It is required to raise 

a box 4 ft. How much ropo must be used ? 

• 

22. How would you arrange a number of weightless pulleys so that 
a force f^rpial to the weight of 1 Ij). would just support a weight of 
63 Ihs. t 


23. Hescriho and sketch a system of pulleys on which (neglecting 
tho weight of tho pulleys) a power of 10^ lbs. would balance a weight 
of 84 lbs., and show how far the power must move in order to raise 
the weight 3 ft. 
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.✓'^24. If there he four moveable pullcj's in the first system, and each 
weighs 2 Ihs., wHat weight can he raised hy a force of 20 Ihs. P 

25 . Find the ratio of the power and the weight in a screw which 
has 10 threads to the inch and is moved hy a power acting perpen- 
dicular to an arm a foot long. 

26. A screw whose step is inch is turned hy means of a lever 4 ft. 
long. Find the powder which will raise 55 cwt. 

27. The arm of a screw-jack is 1 yard long, and the screw has two 
threads to the inch. What force must be applied to the arm to raise 
a weight of 1 ton ? 

28. Find the work done w»hcn a force equal to the weight of 7 lbs. 
revolves 6 times tangentially round a circle of 10 ft. radius. 

20. 'J’lie diameter of a screw is 7 ins., and the distance between the 
threads is J in. What power must bo applied at the circumforenco of 
the screw in order to support a weight of 440 i})8. P 

80. In an ordinary screw press the power Is applied at the ends of 
two lovers each 2 ft. long, and the step of the screw is in. Find 
tlie force winch must he applied to each lever to produce a total 
pressure of 2 tons. 

*31 . In a screw-press a power equal to 10 lbs, weight, acting on an 
arm 34 ft. long, produces a pressure of 4 tons. What in the*' stop*' 
of the screw ? 

32. Find the force necessary to mise a weight of 2 tons by means of 
a diiTerontial wheel and axle, if the diameter of the wheel is 6 ft. and 
those of the portions of the axle are 5 ins. and 7 ins. 

33. In a differential wheel and axle the radii of the two parts of the 
axle fire 5 ins. and 4^ ins. respectively. The force is applied at the 
end of an arm 16 ins. long. Find the ratio of the velocity of the end 
of the arm to that of the weight raised. 

34. Prove, by the principle of moments, the relation between the 
power and the weight in the differential pulley. 
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35, In a differential pulley the diameters of the puyeye in the upper 
block are 6 ins. and 6| ins. reapectiyely. Find the weight tout cun 
be supported by a force of 10 Iba. 

30. A block of stone is to be raised by a differential pulley to a 
height of 10 ft. The radii of the two wheels are ins. and TJ ins. 
Through how many feet must the power be exerted ? 

37. The ** steps ” in a differential scrow are ^ and | in. Find the 
pressure that can be exerted by means of it if a power of 3 lbs. be 
applied at the end of an arm 8 ins. long. 

38. Determine the mechanical advantage of a differential screw 
composed of a screw of 6 threads to the inch ami a screw of (> threads 
to the inch, the power being applied at the circumference of a wheel 
4 ft. in diameter. 


39. In a single string system of pulleys there are 4 pulleys on the 
lower block, and the string is fastened to the lower block If it 
takes a force of 20 lb. to raise a mass of 1 10 lb., find the efficiency 
of the pulley system. 


10. A yariable force drives a body 32 feet along the ground. If 
the following table gives the magnitude of the force at different 
points of the motion, ffud the total work done by the force. 


Distance from the start 
in feet 

0 

4 

8 

14 19 

22 

23 

Force in Ib.wt. 

44-4 

•ib-i 

2r 

20’7 la-b 

r3”i; 

11 


J2 

i6-2 


4 1. A crane is lifting a weight of 3 tons at the i-ate of 1 ft. 'soc. and 
the engine is working at the rate of 14 h.p. Find the efficiency of 
the engine. 

42. A waterfall is to be used ti drive a turbine, t.m tons of water 
passing through per minute. If the height of the fall is 50 feet find 
what h.p. can he supplied by the tuibine if the efricicncy is 45 per 
cent. ? 


43. (1) If the velocity ratio of a machine (working with friction) 
and the*mechanical advantage is ^ find the efliciency. 

(ii) Conversely, give that velocity ratio is - and the efficiency is 


p per cent., find the mechanical advantage. 
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EXAMINATION PAPER XII. 

1. ClaBsify the different kinds of leyors, giving examples, and 
point out those in which thero is a mechanical advantage. 

Explain clearly what is meant by the statement, **What is 
gained in power is lost in speed.” Show that it is true in the 
case of a lever of the first class. 

2. A uniform weightless lever, 12 ft. long, is in equilibrium when 
weights of 3 lbs. and 9 lbs. are suspended from its ends. How far 
will the fulcrum bo shifted when 1 lb. is added to each weight ? 

3. If a man has to raise a weight, and has only one pulley at his 
disposal, show how he must employ it in ordor to obtain the utmost 
advantage. 

4. A weight is to be raised by means of a rope passing round a 
horizontal cylinder 10 ins. in diameter, turned by a u^inch with an 
arm 3 ft. 4 ins long. Kind the groatest wei^rht which a man could 
so raise without exerting a force of more than 2.5 lbs. oii the handle of 
the winch. 

5. Find tlie mechanical advantage of moveable 2 >ulleys arranged 
in the seiiarato-string system ; and draw the figure with five 2 )ulloys. 

C. In the first system of pullo}*s, what weight will a power of 
12 lbs. support if there are three moveable pulleys each weighing 
i lb. ? 

7. State the Principle of Work, and apply it to find the relation 
between the effort and the weight in the single >atnng systezn of 
pulleys, the strings being parallel and the number of pulleys n. 

8. Draw the figure of the third system of luilleys with four move- 
able pulleys ; and prove that, if there are n pulley;^ including the 
fixed one, the mechanical advantage in this system is 2”— 1. 

9. In the second system of pulleys, if a weight of 3 lbs. E'.ipports 
a weight of 18 lbs., and a weight of 6 lbs. supports a weight of 39 lbH.< 
find the weight of the lower block. What would be the mechanical 
advantage if the lower block were weightless ? 

10. In a screw-press a power of 20 lbs., acting on an arm 4 ft. long, 
produces a fort‘p of pressure of 7 tons. What is the step of the screw P 
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CHAPTER XXIV. 


OKNTRKrf OF FAliALLFL FORCES. 
DEFINITIONS. 

2r(>. Wc Ikivc freqneutly assiiincd ilio fact tliai the 
weiirhl, of a lieav}* straight iiiiiform roil or hoaiii may bo 
RUjiposcd to a(.*t al*its miildle [»oint, and, goiKnully, that 
tho weight of a rigid body of any sliape ma} l)e supposed 
to bo concentrated at a siriglo point, called the centre of 
gravity of I ho body. Wo shall now prove this property, 
and in Ohap. XXV. wc shall show how to deterniine tho 
position of this pt^iiii for iDodies of certain shapes. 

W(' comiiiencts by ])roving a few further theorems about 
jtarallol forces. 

271. To find the resultant of any number 6f 
parallel forces of given magnitudes applied at given 
points of a rigid body, not necessarily in the same 
plane. , 

]jet tho given parallel forces be J' actitig at^, Q at B, 
R at C\ S at fl, and so on. 

Join AB, and in AB take a point E sucli that 
rxAE:=^QxEB. 

Then, by § 210, tho forces R and are equivalent to a 
single resultant force 1*+Q acting at f, parallel to both 
of them. 



288 


STATICS.' 


Now tiompouiid this resultant with the force 11 at 0. 
Join £(?, and on it take a point £, such that 

(P4-Q)xff = /ixfC; 

then the forces P-^Q at f and It at 0 are equivalent to a 
single resultant force acting at F parallel to 

them. 



This resultant is therefore the resultant of the three 
forces 2^ It at A, respectively. 

Now join FD, and in it take a point G, sucli that 

(P-^Q-bLi)xFG=^ HxGD ; 

then the forces P+Q-\- It at F and S at D arc equivalent 
to a single resultant 2^+(2-f 2i+*S acting at G parallel to 
them. 

This resultant is therefore the resultant of tlic fuur 
forces P, 2i*, S, at A, B, C, D, respectively. 

Proceeding in this way, wo may find the resnltant of 
any number of parallel forces acting at different points of 
a body. 

We might have oompouii(lcd,the four forces P, Q, P, S, in any other 
order whatever. Thus, if wo had first found tho resultant of J{ and 
Sy then compounded tliis with <2, and eompoundod the resultant so 
obtained with I\ wc should have a diff#Tent construction for the 
resultant of thu four forf'os. Thu point G finally arrived at will bo- 
the same iu every case, as will be shown in } 273 and } 277. 
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372, The Centre of Parallel Forces. — ^X)EFmiT:oN.— 
The above constructions show that — 

The resultant of any number of jiarallel foros jmsscs 
throuyh a certain point whose position depends only on the 
magnitudes and the poi'its of application of the forces and 
not on their direction. 

, This pioint is emailed the centre of the parallel forces. 

Thus, in Fij?. l.'io, E ia the centre of P and F is the contro of 
J\ Qt Itf and G is the centre of /*, Ji, 

If tlic forces F, Q, 72, iS', instead of actinir as in Fi«r. 
135, are applied at the same points Ay B, Cj D, but in a 



different direction (though still parallel), as in Fig. 13(5, 
their resultant will still pass tlmiugh the same point 6 as 
before. And this ean be saivl of no other point. 

OiisEKVATiox. — 'J'h(! Ktudcnt Khoiild <‘»irctuUy iiol.icc the dilhircnco 
botwreu Iluj point of nppliration of the temUant and tin* cn/Z/r mJ' uhy«U*m 
of paralk-l f<»n ca. • 

If Q, H. act at A, B, C, D in a ywen diorcHun, th(dr rc.s'dt- 
ant ac-ta» in a «tr!iiiL!:ht Iiihj GL-, parallel to this dirvclwn nnd foissmy 
through the centre G- TJie rc.siiUaiit mag he supposed to net nl G, init it 
need ttol neeessarilg be applied at G; for, by tliu Frincijde of 'Jrans- 
mission of Force, it may bu ai»plii*d at any i)oint (r-ay L) in its lino of 
action (Fig. ISoJ. bullet 1\ Qy Jt, Hlill acting at >4, G, G, G, bo 
turned round into a difforent dinx-lion. ^rimir n'Multant will hIIJI 
]ms.s through G, the centre of the forces, but it will no longer ijass 
through L ^Fig. 13tij. 


273. A system of parallel forces cannot have more 
than one centre. — Fur the resultant of several imj'allel 
forces cannot pass through two definite points except 
when the forces arc j)‘cirallel to tho lino joining the ptnnts. 

KL. MK.CH. 1V» 
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274. Centre of parallel forces actinia at points in a 
Straiglit line. - If a number of pjirallel forces Pj, Pj, P3 .. . are ai)plicd 
at points ^ 2 » Ai ••• along a straight rod or beam, the construction 
for the centre of parallel forces shows that this point also lies in 
tliat straight line. If Xi^ ... are the distances of A^ .. 

from a fixed point 0 on the line, the distance from 0 of the centre of 
the parallel forces is therefore given by the formula of § 220, 

s + ^2-'‘2+ + ••• 

For, ainco the position of the centre does not dej)cnd on the 
dirciction of the forces, we may suppose the forces applied perpen- 
dicular to the rod, and the result then follows at oiicc by taking 
moments about 0, in the proof of § 220. 

27f). Every body has a centre of gravity. — De- 
fining? grnoiiy as the attraotioii which the Karth exerts 
on all bodies, and the ivright of a body as the force with 
which that body is attracted to tht bhiith, il is known 
that at any given place the weights of dilTerent bodies 
are proportional to ibcir masses. 

The weight of a body always fends to pull it towards 
the centre of the Kavlh. Hence, defining the vertical as 
the direction of gravity, the verticals at dilTerent places 
would, if produced, meet in the Earth’s centre. But the 
Earth’s radius is nearly 4000 miles ; coiiso(picntly the 
vorl.ica.ls at two places would have to he prodiici'd nearly 
4000 niiles below the Earth's surface before tlu^y would 
meet'. Hence, uidess the plaoe.s themsedves are at a eon- 
siderablij distance apart, the verticals are vci*y appj-oxi- 
mately parallel, and we shall consider them as parall d in 
treating of the centre of gravity. 

Kow suppose a body to be built np of a number of 
heavy particles rigidly Connected together. Then the*^ 
weights of the ])articlea will form a system of parallel 
forces, and, by § -272, these forces will have a centre 
through which their resultant always passes. This centre 
Ls railed the centre of gravity of the particles. 
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The same thinor is true for any body, whatover bo its 
nainre or the distribution of its parts. For if wo subdivide 
any body into a very lai’^je number of parts, we may make 
these pni-ts so small that each may (for nil ])rfictical pur- 
poses) be regarded as a single lu avy partich*. Uenoe the 
resultant weight due to the weights of the different 
portions of a body always passes through a certain point 
in the bodj^ and this point is called the centre of gravity 
of- the body. 

The centre of a system of parallel forces was detined by 
the prnpe*rty that the resultant force continues to pass 
through this point, even whin the direction of the forces 
is changed, jn-ovided that they remain parallel forces and 
have the siimc magnitudes as before. We cannot alter 
the direidion of gravity, but it will amount tr) tlio f'aiue 
thing if, instead, w'e tiun tho body itself round, provided 
that in doing so wo do not niter its size and shape, an«l 
that we suppose tin? centre of gravity to iriove as if 
rigidly connected with it. 

The cent**o of gravity of a body is therefore jU'fd 
relative to the hodf/^ so that, when the body moves as a 
rigid body, the centre of gravity moves willi it. 

The centre of gravity nred not he ia tho body itself. 
Thus the centre of gravity of a circular ring of wire is at 
the centre of the circle, not in the wire. 

It is not necessary that tho body itself .should la* l igid 
in order to have a, centre of gravity, but the centre of 
gravity remaiils fixed relative to the body only as long as 
its size and shape remain un.altercd, 

^ Thus a straight piece of wi-e has a conf ••o of gravity at its middle 
point, and its weight will act at that point a.j long as it remains 
straight. If the wire be bent, it will no longer Imvc tho same centre 
of gravity. A bicycle has a centre of gravity throigh which it*’* 
weight will always act, so long as its difForent parts (the steering- 
wheel and handle, and the frame, &c.) preserve! the same relative 
position. 
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276. Deficiition of the Centre of Gravity.— We may 

tLerefbre give tlie following important definition : — 

( Definition. — The centre of gravity of a body is that 
pointy fixed relative to the hody^ through which the resultant 
force due to the Eartlis attraction on it always passes^ wliat^ 
ever he the position of the body, so long as its size and shape 
remain constant. 

Ill short, the centre if gravity is the point at which the 
wJiole weight of the body may always he supposed to axt. 

The abbreviation for centre oF gravity is C.G. \ 

277. A body cannot have more than one C.G. — 

For if the body had two eentri‘S of i^ravity fi, //, tlie lino 
of action of the body^s weight would always have to pasr 
through both G and //, and would therefore have to bo 
the line GH. But this is impossible, except when GH is 
vortical, for the weight of a body always acts vertically. 
Honoo the Imdy cannot have two o.o.V. 

\Compare ttiis proof u'tth § 273 .] 

278. Centre of mass. — Supposing gravity wore not to 
exist, a body would not hsve weiyht, but it would still have 
what is called although its mass could uot be measured 
in the ordinary way by inughing, and the analogy n: lu rally 
suggests that the body would not strictly have a C.G., but 
would still have a centre of mass. 

Definition. — The centre of m§|.ss, oi* mass-centre, 
>of a body is the centre of a system of parallel forces 
^acting on all the particles into whieli the body may bo 
I supposed to be divided, the force on each particle being 
I proportional to its mass. 

The abbreviation for centre of mass is C.M, ) 

We observe that every body, or system of bodies, has 
always a c.m. If subieot to gravii.y, its c.g. will necessarily 
coincitle with its o.M., because the weights of the particles 
of the body, being proportional to their masses, form a 
system of forces having the c.m. for their centre. 
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279. Construction for the C.O. of a» number of 
particles. — Ir particles, wlioso weights are F, Q, ./?, S, 
are situated at points A. fl, C, D, tlie point G, (ditaiTied by 
t lie construction of § 271, will be llie eeniro of ])ara1I(d 
forces of magnitudes j\ Q» Fy S acting at A, B, f?, D, re- 
spectively, and will therefore be the c.o. ol’ the particles. 

Similarly for particles in a straight line the c.o. is 
given by the formula oC § 27 1*. 

2S0. Okfinitio^s. — A lamina is a sheet of matoriiil 
whose thickness is S(» small that it may bo regarded as a 
distribution of inattor over an area. A uniform hiinina 
is one whicli is of the same tliickness and formed of the 
same substance throughout. 

The C.G. of an area or surface nioiins the o.o. of a 
nniforni lamina covering that area or surhuje. 

Thus a of paper or tlun caul, a lliiu of motal such as 

that forniiiig u tin ciiiystor, a plati* of frl’iMs ol small Ihirknosa, a 
slate, and in some eases (3v< n a wooder plank, may he rej;arded as a 
lamina. And the c.o. of a parallel o^p■ara will he tho < .o, of a shoot 
of paper or any other uniform lamina forming that j»amllelop:vam. 

A wire, stick, rod, or hontn is saitl to be uniform when 
it is of the same cross section and of the same substance 
tliroughout its length. 

The C.G. of a line (whether straigld- or curved ) means 
the c.o. of a thin uiiifojTii wire ]>Iaced along that line. 


281. The C.G. of a straight line is at its middle 
point. '* 

Tliis is obvious, for there ik no reason wliy it should be 
nearer one end than tho other. 

To prove it, let AB be a straight nni- A G B 

form wire, G its c.a. Then G evidently B G A 

lies somewhere in the line AB. And if joy 

the wdro bo ta»*ncd round so that the end 
B is placed at A and tho eiid A is placed t.t fi, the win* 
lies along the same line as before, and the position of G 
most tlierelbre be unaltered. Hence GA = GB, oj- 6 is 
the middle point of AB. 



'282. To £nd the C.O. of a parallelogram. 

Let A BCD be eithar a uuifoim lamina or a unift»rra wire 
in the shape of a parallclot^rara. Let its diagonals AC, BD 
intersect in 6- Then shall G be the required c.c. 




Turn tlie ])ariillolo^rani round as in 139, tand place 
it so that tlie vertices A, B, C, D coincide with the j)revions 
positions of the veriiccs G, D, A, B, respectively. Then 
the diai^onal AC will coincide with its ])revious position 
GA, and BD with DB. Hence G, the intersection of the 
diaf(onals, will be vnaltereil in position. Also no other 
[loint in tiio paralhdogram will occufiy the suno j)Ositi(»n 
as before. Vor any other point will be brought round 
to the opposite siilo of G. 

Now, when the paivillelograui is turned round, it occu- 
pies the saino space as before; lienee its n.G. in ils new 
position coiiicidrs with its c.n. in its olij position. There- 
fore the c.(J. of the parallelogram must be at. G. 

1. Since th(» of u jiamllolograiii biboct i*ach other, 

ifir <’.o. iff at the nnddk point of cither diaijouaL 

Thifi is also obvious troiii the iiiethoil of i>roof. Whoii the parallolo' 
gram is tunu'd round, AG is brought into roiucidoiico with Uie I'ormtr 
position ef GO. Thr-refovr AG — GC^ and G is iho innidlc point o*’i4C?. 

Cor. 2. The k'.h. m the muhflc /miM* of the hue bisect unj a pair of 
opposite sides. 

l<'or Ift £, F bo the middle points of AB, CD. When the parallelo- 
gram is turned round, AB, CD occupy the former placi's of CD, AB, 
respectively. Iloiiee £, F occupy the Ibniu'r ])l!iCA*s of £, £, respect- 
ively; and therefore the middle point of EF occupies the same 
position as before. Thoroforo this point is G, the required c.o. of the 
parallclogrsnn. 

Cor. 3. Simil.irly. G is the middle ]Adiit of the bisector of iho pair 
of opposite sides BC, DA^ JTenee the diagonals and the bisectors of tk» 
opposite sides of the parallelogram all bisect one another in the c.o. of the 
paralklogratn, as may be otherwise proved by geometry. 
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2S3. Other symmetrical figpures. — ii'roni siniilar 
considerations of symmetry, wo are able at once to write 
down the following additional results : — 

The centre of gravity of 

(1) a circular ring is the centre of the circle ; 

(2) tt circular area is the centre of the circle; 

(3) a regular polygmi is the centre of tin* ]H)lygon ; 
(A) a. Fphere is the centre of the sphere ; 

(o) a right cylinder is the middle point of its axis ; 
((■»; a cube or rectangular parallclepii^ed is at the 
intersection of its diaixoiials. 


EXAMPLKS XXIV. 

1. Equal parullol fotiies act at the points ^4, 5, C «»f a 

triuiiglo ABC* Find their centre (i.) when lluj forces an* lihe, (ii.) when 
the force acting at C is unlike tlui other two. 

2. A weightless plate in the form of an equilateral triangle is 
siispeiidod hy threo parallel htrings attached to its angular ]ioint.s 
Af By C. The strings #'aii support wx-ights of I, 1, and 2 Jbs., respec- 
tively. Where must a weight of 4 Jhs. be jdaeed on tin* plate so as 
to bo s.ipported 1" 

;i. A beam, 10 ft. long ami weighing 2S lbs., baluiic.cs about a [joinl 
o ft. from one end. When a weight is bung from the oilier end, the 
beam balances about a point 1’^ ft. from that end. Find the weight. 

4. A uniform btsnt lover, the weights of wdioso arms are Gibs, and 
12 lbs., rests with its short^’r arm horizontal. What weight must be 
attached to the end of the shorter arm in onler that the lever may 
rest with the long arm liorizoiitul If 

*5. Parallel forces of 2, 4, 8, and 10 lbs. act at the corners Ay By C^D 
of a sqiiure ABCD, Find the position of their etmtro. 

6. Equal parallel forc&s act at tho six corners of a regular h<;xagoii . 
Find the position of their centro when oue of them is unlike the 
remaining live. 
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*7. If a syatq^ of parallel forces can be reduced to a couple, what is 
the position of their centre ? 

8. Two weights of 4 lbs. and 8 lbs. balance jn a uniform heavy 
lover whoso arms are 6 ins. and 3 ins. long, respectively. Find the 
weight of the lover. 

9. Three spheres, whose weights are 2 lbs., 5 lbs., and 7 lbs., are 
placed BO that their centres are in a straight line, the distance between 
the centres of the first and second being 14 ins., and between the 
centres of tho sec md and third 10 ins. Find their c.o. 

10. Weights of 2, 4, 3, o, and 6 lbs. arc hung at intervals of a foot 
along a unifumi heav} lever 4 ft. long and weighing IG lbs. Find the 
position of tho fulcruni wlicn the lever is in equilibrium. 

11. At throe of tho angles of a parallelogram taken in order, like 
parallel forcr^s of 3G, 15, and 35 lbs. act. Find tho force which, 
acting at the fourth angle parallel to these, will cause the centre of 
the four forces to bo at the point of intersection of tho diagonals of 
the parallologTam. 

12. Find the I'.o. of two heavy particles, whoso weights aro 10 lbs. 
and 26 lbs,, situated at the ends of a thin weightless wire, 4 ft. G ins. 
long. 

13. Find the c.o. of two spheres, weighing 6 lbs. and 5 lbs., respect* 
ively, the distance between thefr centres being 4 ft. 7 in. 

14. The distance of the c.o. of two heavy particles from the greater 
is 10 ins., the weights of the particles being 4 lbs. and 10 lbs. Find 
the distance between them. 

15. Two heavy particles, weighing 6 oz. and 10 oz., are attached to 
the ends of a straight uniform rod S ins. long and weighing 4 oz. 
Find the c.o. of tho system. 

16. Masses of 1 lb., 1 lb., 2 lbs., and 2 lbs. aro placed at the corners 
At B, Ct D ot A square ABCD, Determine, by the piinciplo of '* sym- 
metry about a line,” a straight line in which the c.o. of the four 
masses lies, and Gnd its position on that lino. 

17. Kqual masse.^ are placed at the angular points of a regular 
hexagon. Show that their c.o. is at the centre of the circum- 
flcribing circle. 



rH AFTER XXV 


DETERMINATION OF THE CENTRE OF 
GRAVITV. 

In tlio last cliapter wc sliowetl how the position 
of tlie C.< 1 . of coi l alii Jigures — such as the straight line, 
sphere, and parallolograni — can be inferred from the 
symmetry of the figures. In nu)st cases, however, it is 
necessary to divide *1110 IrhIv into a nunilior of parts, to 
deduce the position of its cm . 

Dkfijs’ITIon, — The medians of a triangle are the 
straight lines joining its vertices to the middle points of 
its opposite sides. 

In finding tlic <\o, of a triunglo, it will l)c nocvBSury to assume llio 
following : — 

IjI'.mma. jiutf ylraiyht Hue, pmuJM to the lane of u tnautjte md termi- 
nated bif its sides, is bisected by the median thrvuyh the rer((x opposite tile 
base. 

This is usually proved hy the aid of similar Iriaiigh’s; it can, 
however, be taken for granted, or proved by Euclid, Jiook J ., thus : — 

Let ABQ bo tMe triangle, 6c any lino parallel to BC Tiot D bo the 
middle point of BC, and lot AD cut be in d. I'hcn shall d ho the 
middle j'wint of 6c. 

For, if not, from dc, cut oil dk ~ bd. Join Ak, and join to 6, c, k. 

Then, einvo BD = DC ; aABD ^ aACD and AbBD AcCDy 
remaining AAbD =■ aAcD. And since bd = dk, 

AAbd — AAkd, and ADbd ^ ADkd ; .•. nAbD = AAkD : 

aAcD ^ AAkD; 

c/r is parallel to AD, which is impossible, since ck cuts AD i/i d. 
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285. To find the C.O. of a triangular area. 

Lot ABG be a triaiiirular lamina, D, f ,Ftlic middle points 
of the sides. Join AD. Then Tve shall show that the o.o. 
of the triangle lies in AD. 

Suppose the triangle to be divided into a veiy largo 
number of thin strips sneli as 6c, by drawing straight 
linos parallel to the base BO. 


A 



A 



If tlie strips are made iin])lcv*ntly thin, each may be 
treated as a uniform thin rod, and tlu? 0.(5. ol' siud^ a rod 
IS at its middle point (/.* 

But, by the alxive lemma, the median /JO passe.s through 
cf. Hence the c.o of every thin strip of the triangle lies 
ill AD. And siiK^e the weight of each strip acts as if it 
were concentrated at its we see that tlic c.o. of tlie 
whole triangle is the same as that of a certain di.srribution 
of weights along the line AD. 

Therefore the c.G. of th§ triangle lies in AD. 

Similarly, by dividing the triangle up into strips 
parallel to AO, it may bo shown that the (J.o. of the 
triangle lies in the median line B£, and also in OF. 

* We in.iy siippino ♦ he tiria,nple tn Imj bnJlt up of a of thin laths or strips 

of luattM’iiil, each sli;;hily longer than the next above, ami fixed side by side. 
Strictly speaking, tlicir end.s would have to be Minxithed off ahiiig the sides 
AB, AC; but wo suj^pusc the strips so thin that tlic amount sinoothed oil' is 
inapiweciable. ' 
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Therefore the C.O. of the triangle is at Gj ihetcommon point 
of intersection of the medians AD, BE, OF, 

Coil. Tlie three mcd'mts AD, BE, CF all pim thmigh our vovomm point. 

This is u wt'lJ -known goumelriciil ihocneiii. 

286. The C.0. of a triangular area coincides with 
the C.G. of three eqnal particles placed at its 
vertices. 

Also it is the point of trisection of any median 
line which is the more remote from the corre- 
sponding vertex, 

(i.) Let til ice equal weights w 
be ])]acc(l at A, B, C 

Then, if D be tlie middle point 
of BC, the wm'glits at B and v) 
at G have a rosultaift at, D. 

Heiico the C.(i. of the tluw 
weights is also the c.(J. of weights 
2/e at D and w at A. 

Therefore it liej^in AD. 

Similarly, it lies in the other two medians. 

Therefore it is at G, their point of intersection. 

That is, it coincides with the c.G. of the triangular 
area ABC. 

(ii.) Again, since G is the point of application of the 
resailant of weights 2w at D and w at A, 

therefore G divides AD, so th^it 

w . AG = 2w . GD. 

AG = 2GD, 

and AD ~= AG-^GD ="= oGD. 

GD = lAD, ami AG = lAD. 

Therefore G is that point of trisectioii oi AD which is 
the more remote from. the vertex A. 


A 
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Cor. 1. If ea^h of the woijyhts w is o/ie-third tho voight of tho 
’ laminii, thuir total weight and tho position of their c.o. will bo the 
Hiime as for tho lamina. Henco a uniform trianffuhr Jamitm is stati- 
cally equivalent to three equal tceights placed at t 's verlicesy each being 
one-third the ireigJu of the lamhuu 

This theorem is often useful. 

Colt. 2. The point of intersection of the three medians of a triangle is 
one of the points of trisection of each of them. 

This may also ho proved hy pure geometry. The proof is left as 
an exeroisc for the roadir. 

287. Having given the weights and centres of 
gravity of different parts of a body, to find the 
C.G. of the whole body. 

Let /S',, N,, Si be different 
])a»'ts of a body, iind let 
t<;„ 'ii\y ii\ bo tlie weights, 

/f, L, M <be c.c.'s, of Si, 

^' 2 » Shi respectively. It is 
requiiod to find the c.r«. of 
tho whole body innde up of 
the parts /S',, S^, S^. 

The wxdghts v\ may 
1m* taken io act at /f, L, 

'^riuM-eroro theii* rosuliant.is 
a w'eight w, actitig at a 
point 0 on KL, such that 

u\ . KO = OLj 

vvlienee 0 can be found. 

Thus 0 is the CM. of the body made up of /S', and Ng. 

The weiglit of Nj is w* acting at M. Therefore the 
weight of tlie w'hole body acting at 

point 6, such that 

(n\+w^) OG = . GM. 

whence G can be found. 

Thus 6 is the C.G. of the body made up of /S,, S^, 8j. 

In like manner, if the weights and c.a.’s of four or more 
parts of a body are known, we can find the c.o. of the 
whole body. The method is identical with that used 
for finding the centre of parallel forces (p. 270). 
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Examplvs, — (1) To find the c.o. of 
a wire bent into an angle. 

Let a uniform wire AB bo bent 
into an angle ACB. Wo may con- 
sider it as consisting of two stmigbt 
wires ACf CB joined together at C. 

The c.o.’s of these two poi lions 
are at their middle points Kt L, and 
their weights are proportional to 
.their lengths AC^ CB. Ifeneo the 
f’.o. of the whole wire is at a point 6 
in KL, such that 

AC^KG CB^GL, 


GK _ 

GL ' CA 



(2) To find the c.o. of a cubical ho^ with(>ut a lid. 

\A't a bo the length of a side of the cube. Lot 0 be the centre ot 
Cho cube, A the centre of its base, 6 the rt'qiiirod c.(j. (iigiiro should 
be diawii). Then it is^'Uhy to see that the c.(J. of the four sides of 
the box is at 0, and their total area is -la'. Also the c.o. of the base 
isat^, and its area is «•'. 'J'hei< fore 6 is the c.o. ot weight.s at 
A and 4a- at 0. 

a- X AG — 4^/- X GO. 

AG 4G0, and AO -= ^^GO. 
do -= iAO, ana AG - lAO. 

IbiL AO Then'forc AG -= [a. 

Ifciicc the c.o. is at a height alnve the base ~ J the lieiglit r>f the 
cube. 


288. To find the C.G. of the area of any polygon. 

Divide Uiu polygon into triangles (N,, /S.,, h'ig. 143) 
by joining one of its vej*tices A to the other vertices not 
alrcadv joined to it. Kind /f, Z., M, the C.iJ.’s of th(‘so 
triangles. Then the required c.o. of the polygon is the 
C.G. of weiglits at A, i, M proportional to tlie areas 
aSj, and is therefore given hy the construction of 

§ 1287 : 

Cavtion.— 'ITio c.o. td a polygon is not, in general, the c.o. of 
equal tceiffhtx placfMl at till the corners of the polygon. 
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289. To find the C.O. of a portion of a body. 

Having given the weight and CO, of a whole hodij and 
of any part removed from i7, to find tho position of the 
C.Q. of the remaining part. 

Let 0 be the c.o. of a body, W 
its weight. 

Let C be the c.g. of any part of 
the body, w its weight. 

Let G be the C.G. of t he remainder 
of the body. Jt is required to 
find 6. 

The weight of this remaining 
part is evidently W—w. 

Now, since 0 is the c.(*.. of the wliolc body, 0 is the 
C.G. of weights w at 0 and W^w at 

(?, 0, G lie in a sf^^aight lino, and 

( IK—?/;; 60 — . OG. 

Therefore 6 lies on CO produ/jcd through 0, so that 
OG - CO. 

M - //• 

[F<m illiistriitive c‘x;iiiii)lus, .s<*f Tirxt 



200. To find the C.G. of a number of weights at 
points in a straight line. -When the c.u.*s of dillerent 
parts of a body, (ji- sciie.s of weight.^, all lie in a f t^raight 
line, the c.o. of the whole may bo found by Ihc formula 
of § i!7t. Tf ?/•., ... be’ the wxdghts, .r,, ... 

0 A, A. Q A:, X 

, % — m ■ . 1 ■ ■■ ■ a 

7/’j u\. /ri+ ir.j+ Mj+ ... //y 

the distances of their points of application from a point 0 
in the line, the distance of their C.o. from 0 is where 
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DETFR.MFNATION OF TUB CRNTKK OF OKAVITT. 

JCxanipfes. — (1) ABCD is a square of puprr, aiiJ £, fare the middle 
points of AB, AD. * 

(i.) To find tho c.G. of the portion left when the trianp:le A£f is 
cut off. 

(ii.) To find the c.o. <»f tiio whole when the triangle AEF is doiihlfd 
over. 

Lot 0 be the centre of tho square, 
and lot he the length of a 
diagonal so that OA = a. Lcit IF 
be the weight *jf the square; then 
that of /\A£F is I TF. 

(i.) New tho CM. of £\A£F lies 
at K where AK -■ I AO, OK — -*//. 

Hence, if G he the r.cs. of tho 
remaining p<Ttion, 

IJFxOG-- 'JFxOK; 

OG-iOK ^ - ,,\A0. 

(ii.) When ^A£F in folded over 
into the pt»aition OEF iln c o. is at 
f, where OL - \a. H bo tho ^ 

c;.(i of tliiMv'nulo. Taking iiioiiicnts 
about 0, we have to find the 
centre of l-Jf' at G and -* It’ at L ; heni o, by J 2t)0 or 274, 
ir^OH 1 fFxOG-^lJFxOL-, 

OH - lOG- \0L - - J// -- :^AC. 

(2) To lind till: I'.f;. of a liolhAv spheiical bullet lan. in diameter 
containing an oxcentric spherical c!i\ity 1 cn\. in diainotcr, who^;; 
ceiilre is 8 irim. distant from tho centre of tlie bullet. 

Ijet 0 he the ceiilie of the surface of the hulJet, C the cer.ire of the 
cavity (Fig. 14o). 

The volumes of the bullet and of the cavity aro respectively pro- 
portional to the vahea of tlnur diameters, that is, ft*' 27 to 1. 

ITeiice, if 7/'' denote tho weight which the bullet would have if no 
cavity i;\Isted, ir the weight of matter which wouhl till the cavity, 
then IF = 27 u\ and tho weight of the actual bullet is 
tF—w = 26m. 

lienee the required c.o. of the hollow bullet is a point G in CO 
produced, such that 

OG =* CO * Jf. — ® ^ a*® i^s *>^>^^** 
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(3) 1 n a threo-dra w’ toleacope, tho Icn^hs of the ronpectire cylinders 
are 6, 7, and"8 inches, and their w^d^hts are proportional to the 
scpiares of their lengths. Find the position of the c.o. when fully 
drawn out. 

Let ABi BC, CD be tho throe cylinders, f, Ft 6 their separate 


A 


•E 


B 



Fig. 147 


c^.ntres of gravity f § 283 (5)] . By symmetry, the c.o. of the whohs will 
lie somewhere on tlie i (jiitral axis of tho telescope. Let x denote its 
distance from A. Tho weights being denoted by 3(i, 49, aiid C4, 
wo have 

f . » 3».3-f40.(r) + 3^)-h0i. ft;-l-7 + 4 ) _ 10^4 4 65 ■^-4> 108 8 

3(r+49 + cV ' HO 

11*151 inches. 

Thus tho c.o. is about 2 inches from C towanls A. 

[The following {irkwh the shufeut i-houhl Wiiafrate with a y/fjonY) affords 

an ifistrucliv*! intrudiiciioii to the inotlmd of tho next iii tu'lr.] 

(4) 'i’o find tho c.c. o.^ widghta of 2, 3, 4. 5 lbs., placed at the 
four corners of a square slab ABCD. 

Li't X bo the distaiwo of llio c.o. from AD, // ifs distance from AB, 
a the length of the side of the s»iuaro. 

The total weight - 2 + o + 4 + o lbs. = M lbs. 

Place tho square with AD vcrticjil and AB horizontal. Then the 
lines of action of the weights at C, D will pass tlirougli B, A, 
respectively, and tho vcrticjil through G (the c.o.) will cut AB at a 
distance x from A. Therefore the equation of moments about A gives 

14.i; = 2.0 + 5.0 + 3.n-r4.ff-:ff; 
jP - p/. 

Making AB vertical, wre have, in like manner, 

14y = 2.0 + ^. 0 + 4 . tf + 5 . « — 9tf ; 

.*. ?/ - ^v* 

lloncc G lies ou the bisector of tho sides AB, DC at a distance a 
from AB. * 
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*291. To find the c.o. of any number ofi weights at 
giren points in one plane. 

Let ati}” number of pnrticb'S of 
known weiglitsM?!, m'o, 1C3, ... bo situatod 

at given points unoi»lanc. 

Draw two straight lines OX, OK at 
right angles to one anotlior in tho 
plane, and let the distances of each Ai, 
weight from each of these two lines bo 
measured. * 

Let a-„ .<*2, ^-3, ... he the distamnis of 
the weights from OK; //„ ... 

their distances from OX. 

[iSo that if, from any wciglit Ai, perpendiculars A^Mi on OX and 
AiNi oil OK be drawn, we have 

« OMi = NiAi and .v, 0/V| « 

Let 6 ho the required c.o. of the weights. Drsw GM, GN pcipen- 
dicular on OX, 0 K. and lot x =» OM = NG, y = ON ~ 4 f 0 . 

The resultant of the weights u\, w^, ..., acting at Ai, ^2, ^3, ...» 

is u\ + «’.2 + 103+... acting at G. 

Suppose the plane turned so that OK is vortical and OX liorizoiital. 
'J'hen, since the sum of the moments of the several weights ahont 0 is 
equal to the mouieui ol^lheir ri'sultant, and the arm of w, i.s OM^, 

OM X (k, + jr3 + ...) ^ OAfi xir, 4 0 M.i x //•_, ^ 04 f., x "\j+ .. , 

Wl + W'3 + tf;, + ... 

Turn thej^nro rovntl till OX is vertical and OK liori/.oiital. 
lly taking moments in like manner about 0> we have 
ON X (wq + tej+ «’3+ ON I X If’i I- O^J X «•« h ON3 X U'3 ♦ 

wheiu-0 y = OW = 

+ ^2 + lf3 r ... 

Hence the distances OM, ON arc known, anJ by completing the 
rectangle OMGN, the position of 0 , the required c.o., can ho found. 

• We may 8uppo.se the “ particles in one plane ” to lx* a numbci of small wrijilit. 
attiiclii'd to u nat square slieet of 'CardlHand, and the two 8trai;rht liue.s at right 
angles to be two adjacent edges of the .square. 

KL. fiECU. 
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FxampUs, — To fiud tho (liBtancea of the c.o. of a right-angled 
triangle from the two sides containing the right angle. 

Replacing tho triangle hy threo equal weights at its vertices (} 28G, 
Cor. 1), the formula readily gives 

^ t u H 

where a, h are tho sides parallel to the perpendiculars if, y . 


(2) To a square ABCD, tho half-square DCE is applied. Find, 
algebraically, tho position of the c.g. of the whole quadrilateral thus 
formed. 


Let a side oi the squaxc — a, so 
that CE also « a. 

Let F, //, 0 bo t)»e c.o.’s of tho 
square, tho triangle, and tho quadri- 
lateral. 

Draw FL, GM^ HN perpendiculars 
on BE. Then it is clear that 

BL - LF = ~ and CN = NH ^ f-. 

£t n 

Thus BN - 


A i> 



\ 

f ? 

\ 

. \ 

? \ 

, s 

H L M < 

' K 

Fig. 

149. 


The areas of tho square, triangle, and quadiilateral are 

Hence, by } 201, 

.f - BM 


rcspectiv’oly. 


and 


(„s X " * r. V ^ ^ 2«\ 

\ 2 2 ;3 / 2 \ 2 ;w 0 

un / '2 a . « \ . 'hr 4 


The position of G is thus accurately deterniinod. 


292. Work done in ifadsing weights. — Thu work 
done in liflnuj a nmnher of weights off the grouml or raising 
them vp to the ground is the same as ihrir total lovight 
were collected at their c.d. 

lict there be any number of weights Mo, icj, , and h't them be 
raised from the ground to heights * 1 , .r-, . Let ir\)C their total 

weight, X the height of their c.g. in the new po.sition. 

Then work done in raising the weights 

* ?ri.T, + M>r3 + i/v^3+.... 
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But, by the last article, 

W’l+ M'l +»/';,+ ... ~ IV' 

.*. ir,.ri + m »- ... = jr. .f ; 

.*. whole work doue — JVi = work required to lift tho total weight 
jr to the height of the c.o. 

Similarly, by taking a:,, j-j... to represent the depths of a number of 
weights behiv the gnunid, we see that the work done in lifting a 
number of weights from below the surface to the ground is the same 
as if the weights were all concentrated at their c.o. 

Examples. — (1) Tho lifting vrork done in building a cylindrical 
tower is the suinc as would he required to lift the whole of the materials 
through 4 the height of tlic tower. 

(2) Tho work done in digging a ditch of triiingiilar seetioii through 
earth of uniform material is the same as would be required to lift the 
tottilmass of earth through 4 the depth of the lowest point of the ditch 
(so far as lifting the material is concerned). 

To find the <j.Q. of four e<3[iial weights placed 
at the corners of a triangular pyramid. 

fjci A BCD bo the pyramid, H the c.o. of its base ABC. 

Thou tho O.ti. of four equal weights w at A, B, C, D is 
tho same as ttiut of w at 0, and 3w at H (since H is tho 
C U. of tho woijrhts^it A, B, C). Therefore Gj tho c.Cr. of 
the weights, is a point in DH, such that 

y>GH = DG, or DG :GH = : I, 

whence GH = 'IDH, DG = '\DH. • 

294. The C.G. of a pyramid or cone. — Wi; may hero 
.'tate that tho c.a. of a triangular pyramid coincides with 
the C.G. of four equal particles placed at its four vertices. 
Tt therefore (§ 293) divides the line joining the vertex to 
tho c G. of tlic! base into parts w'h'ich jirc as 3 : 1. 

In like manner, if the base of a pyramid has any number 
of sides, its c.G. is in the lino joining ♦he vertex to the 
C.G of the base, and at a distance from the latter point 
equal to J the distance of tlie vertex. 

Again, what holds good for the c.G. of a pyramid will 
also hold good for the c.G. of a cone. 

In a right circular cone' (the only kind of cone we have 
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to consider) (the c.G. is, therefore, in the axis, at a distance 
from tlie base of j- the altiindc of the cone. 

But the (?.o. of the curved Kurfuce of a right circular cone is on its 
axis, at a distance from the base equal to ^ of the altitude. 

EXAMPLES XXV. 

1. Find the c.o. of a bent wire ABC, the arm BC being twice the 
length of the arm AB. 

2. A uniform isosceles triangle has its two equal sides each 5 ft. 
long and its base 8 ft. long ; find its c.o. If its weight bo 5 Ihs., 
and a weight of 10 lbs. ho hung at the vertex, find the c.a. of the 
whole. 

8. The mass of an equilateral triangle is 4 lbs. Masses of 1, 1, and 
2 lbs., respectively, are placed at its angular points. Find the c.u. 
of the systinn. 

4. Find the load which must be placed at the comer of an equi- 
lateral triangular plate to bring the c.o. to the middle of the median 
through that corner. 

5. If at one angle A of a triangular lamina ABC he placed a weight 
equal to the weight of the triangle, wheio will be tbo o.o. ? 

6. Weights of 2, 3, 5, and 6 lbs. are placed at the corners Ay B, C.O 
of a weightless square lamina ABCD, whose side is 12 ins. Find the 
position of the c.o. of the w'eights. 

7. Weights of 2, 4, 5, and 3 Ihs. are suspended from the coiniTS 
A, B, C, D of a horizontal square board ABCD without weight, whose 
side is 2 ft. Find the position of the c.a. of the weights. Would it 
change if the hoard were inclined to the horizontal ? 

8. Find the c.m. of five equal heavy particles placed at tbo 
angular points A, B,C, D,E of a regular hexagon ABCfiEF, 

■a. Find the c.o. of seven equal particles placed at the comers of 
a regular octagon. 

*10. Weights of 4, 2, 5, and 3 lbs. are placed at the comers A, B, C, D 
of a parallclogTam ABCD. If a weight of 14 lbs. bo placed at 0, the 
intersection of the diagonals, find the c.o. of the system. 

11. A B^iuare ABCD is divided into four triangles by its diagonals, 
which intersect in 0. Find the c.o. of the area left when one of the 
triangles AOB is removed. 
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12. If at B and 0, two of the angles of a triangular lamina ABCy 
weights equal to half the weight of iho lamina be placed, where will 
be the common c.o. of the weights and the lamina r 

13. If 6, the o.G. of a triangle ABC, be joined to the extremities of 
the side BC, and the triangle BGQ be removed, find the c.o. of the 
ibst of the triangle. 

M. Isosceles triangles ABC, DBC, the former of which is double of 
the latter, arc described on the same side of the same base BC. Find 
the c.o. of the area included between their sides. 

15. Two uniform cylinders of the samo material are joined together, 
end to end, so that their axes arc in the same straight line. One of 
the cylinders is 12 ins. long and 3 ins. in diameter, the other is 18 ins. 
long and 2 ins. in diameter. Find the r.o. of the combination. 

16. One corner of a square ABCD is cut off by a stniight line passing 
through the middle points of two adjacent sides AB and BC. Find 
the c.n. of the remaining portion of the square. 

*17. Five pieces of a yniform chain are hung at equidistant points 
of a rigid rod without weight, and their lower ends are in a straight 
lino passing through one end 0 of the rod. Provo that tho c.o. is in 
the line joining 0 to C, the middle point of the longest chain, and at 
a distiince from 0 ('<iual to \ \0C. 

18. A telescope consists of three tubes, each 10 ins. in length, 
sliding ono within another, and their weights aie 8, 7, and 6 oz. 
Find the position of the c.o. when tho tubes are drsiwn out to their 
full extent. 

10. A uniform square .sheet ot paper ABCD has its two adjaeent 
corners A and B folded over so as to coincide with its centre 0. Find 
its c.o. 

20. If the two comers folded over in tho last question he torn off, 
where is now tho c.o. of the remainder of tlie square ? 

21. ABCD is a square, 0 the point of intersection of its diagonals, 
E, F tho middle points of the adjacent sides AB, A D Find the c.o. 
when the square AEOFis removed. 

22. The longer side BC of a rectangle BCDE is ./3 times tho 
shorter, and on the longc.i side an isosceles triangle ABC, having the 
angle BAC equal to a right .^ngle, is described. Find the c.o. of 
the lamina made up of the rco^Miglo and the triangle. 
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*23. A cylirder ol metal is 1 ft. high, 6 ins. external radius, ami 
5 ins. internal radius, and 11 ins. deep inside ; it is open at the top. 
Find the position of its c.o. 

24. A uniform rod AB is 4 ft. long and weighs 3 Ihs, Weights of 
1, 2, 3, 4, and 6 lbs., respectively, are attached at intervals of 1 ft., 
the smallest weight being at the end A» Find the distance of the 
c.o. of the systom from A. 

25. Five masses of 1, 2, 3, 4, 5 oz., rowpcctively, are placed upon 
a square table ABCD ; their distances from the edge AB are 2, 4, 6, 8, 
10 ins., and from the adjacent edge BC, 3, 5, 7, 9, 11 ins., respectively. 
Find the distances of their centre of mass (c.o.) from the two edges. 

2G. Weights of 1, 2, 3, and 4 lbs. arc placed at the angular points 
A, By Ci Df i*espcc*tively, of a square ABCD. Find the distance of the 
(’.G. of the system from the centre of tlie square. 

27. Find the number of foot-pounds of work required to wind up 

a chain 60 ft. long and weighing 120 lbs., which hangs by one end. 

1 

28. A abaft, 280 ft. deep and 15 ft. in diamttor, is full of water; 
how many foot-pounds of work arc required to empty it h [Weight 
of 1 cub. ft. of water =? 1000 oz.] 

29. A well is to he made 40 ft. deep and 3 ft. in diameter. Find 
Iho work done in raising Ae material, supposing a cubic foot of it 
weighs 140 lbs. 

30. Find the c.o. of a circular board from which a circular piece 
has been cut out, having as diameter a radius of the board. 

31. Find the c.o. of half a hexagon, bounded by three "udes juid a 
diagonal. 

32. A piece of uniform paper in the form of a regular hexagon has 
one of the equilateral triangles obtained by joining the centre to two 
consecutive angular points cut out. Potermine the position of the 
c.c!. of th(! remainder. 

33. A uniform plate of mebil 10 ins. square has a hole 3 ins. square 
cut out of it, the centre of the hole being 25 ins. distant from the 
centre of the plate Find the position of the c.o. of the plate. 

34. A weight e^ual to that of a triangular pyramid is placed at one 
corner of the p^amid. Find the c.o. of the system. 
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EXAMINATION PAPER XIII. « 

1. Define the centre of a system of piirallel forces, aii‘1 state a 
method of finding its position 'when there are more than two forces. 

2. AB and CD are two uniform beams each 12 ft. long, of the same 
weight 120 lbs., and resting in horizontal positions. The ends A^B,D 
rest on supports, and the end C rests on the rod AB at a point 4 ft. 
from A, Find the pressure on each support. 

A number of coins lie upon a square table. If the masses of the 
coins are known, as well as their distances from two adjacent sides 
of the table, show how to determine tho position of their common 

C.M. 

4. Two men can-y a weight of 200 lbs. on a pole between tlicm. 
if they are d ft. apart and the weight is slung at a distance of 2 ft. 
from one of tho men, what part of tho weight will the other man 
bear P ^ 

/i. Find tho oontre of gravity of a uniform triangular i)yramid, 
having given that it is tho same as that of four equal heavy particles 
placed at tJie four corners of the pyramid. 

0. Find the centre of live like parallel forces of I lb,, 2 lbs., 3 lbs., 
2 lbs., and I Ih., acting at points A, B, C, D, E in a straight line, 
such that AB, BC, CD, DE equal i, 2, 3, and 1 ins., respectively. 

7. Having given the c.o. of a body and that of one part, find the 
c.G. of the remainder. 

8. Show that the c.o. of a uniform triangular area coincides with 
that of three equal heavy particles placed at its angular points. 

^9. Tw'O circles whose radii arc 0 ins. and 4 ins. are diawn on a 
uniform sheet of paper and touch one another internally. The portion 
bounded by the circumferences of the two circles is cut out ; find iis 
c;.o. 


10. Find the c.n. of four heavy particles weighing 2, 3, 4, 
and 5 lbs., respectively, placed at the" corners Af B, C, D of a 
square whose side is 14 ins. long. 
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PROPERTIES OF THE CENTRE OF GRAVITY. 

295. Equilibrium of a heavy body about a fixed 
point. 

If a heavy body he at rest when sii}vp(yrted at one point, and 
he twt acted upon by forces other than yravity, the C.G. and the 
point of support will be in the same vertical line. 

For the only forces acting on tbc body are — 

(i.) The resultant force due to gravity. This is the 
wciglit of the body, and acts vertically through the c G. 

(ii.) The reaction at the point 
of support. 

Those forces are in equilibrium ; 
therefore they must be equal and 
opposite and in the same straight 
line. 

That is, the point of support must 
be in the vertical throu^i the C.G. Fig. 1 . 30 . 

This refers to a body either resting on a surface at one point, as in 
Fig. 150, or capable of rotation about a point, or suspended by a 
string as in Figs.. 151, 152. 
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296. The plumb-line,^ usod by builders a^d others for 
finding the direction of the vortical, is a flexible siring 
from which a heavy weight of lead, or plummet, hangs. 
When at rest, the string is vortical throughout its length, 
for the tension at any point has only to support the 
weight of the plummet, which acts vertically (§276). 
We may sometimes define the vertical line at any point as 
the direction of a plumb-line at that point. 

297. To find by experiment the C.O. of a lamina. 

Tlie c.G. of a sheet of metal or any other material, or a 
wooden plank, or a wire of any shape, may be found in 
the following msinner : — 

Suspend Ihe body by a string attached to any point A, 
and on it draw the vertical lino AD through A. Tliis line 
may be traced cither by means of a plumb-line or by 
producing the dircciion of the string. Wo know, by 
§ 295, that the c.G. lies in AD, 




Now suspend the body from any other point fi, and on 
it draw the vertical 'ine BE through B, As before, the 
C.G. lies in fif. 1'herefore the recjuircd C.G. is at the 
intersection of AD, BE. 


From the Uitiii j>1umbum = “ lead." ’ ' 
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If we Tiow. hanpf the lamina from a third point (7, it will 
be found that ff is vertically below (?, thus verifying that 
G is the C.o. 

Tliifl mtstliud is theorfticalbf applicablo to any body whatever, but 
except in the case of u lauiina, or a wire bent in one plane, it would 
usually not be very easy to mark the two positions of the vertical, 
/D and BF. 

If the lamina is in the shape of a rectangle or parallelo- 
gram, and is hung up from one of its angles, the diagonal 
through that angle will be found to Ix) vertical, thus veri- 
fying that the c.a. lies in the diagonals, /ifee a/so § 330. 

21)8. To apply the method to 
a stniiglit tliin rod a ruler, 
a straight walking-stick, or, 
hc(t(‘r still, a billiard ciic)^ we 
suspend it by moans of tw'o 
vo!*y fine strings from any point 
0. Also make a plumb-line by 
hanging a small weight U/ by a 
single thread from 0. If the 
thread OM/ cuts the rod in 6, 
the c.o. of the rod will bo at G. 

JVIark this puint on the rod. 

'J’hen, if the rod bo laid on the fiugei or on any support 
tone! ing it at Gt it will balance. 

Jf the rod is uniform, G will be found to be at its middle 
point. If one end of the rod is lieavier than the other, 
G will bo found to bo nearer to the heavier end. 

Kxttmplc. — A htavy rrui AB, wiio^^c mitre of gravity G is not 
at its niiddlo pnint, is sus|iMi(lcd by n .single string AOB over a 
smooth pc" 0- Discuss the pohsihle positions of equilibrinin. 

f'J’ho htndent should draw' a fisfure very like Fii;. 153, but making 
AG rather shorter, so that OG bisects the angle AOB.'] 

Since the weight of tlio rod at G acts vertically downwards, 
QG must be rnfical. 

Aloreover, since the peg is smooth, tho tension 2' is the same in 
each part of the string. 

Honco tho n suit ant of tho two tonsioiw T must bisect AOBt the 
angle between Ibcin. For equilibrium, this resultant is equal and 
opposite to the w'eighi, and must act along OG. Thus OG must bisect 
the angle AOB, .that is, the strings must he equally inclined to the vertkaL 


0 
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By Euclid V I. 3, [AmK-ndix, § 10.] 

That is, the mrts of thv strimj mud hn proportional to the tegments 
of the rod. 

By drawing GE parallel to BO^ wc get a convenient triangle of 
forces, OEGf from which tlio relation between the tension and the 
weight can be calculated, in particular cases. 

There are otlier less interesting positions of crpiilibrium, namely, 
with the rod vertical, and either end uppermost. If we assume the 
peg to bo of insignificant dimensions, the three forces will then act 
in one straight line, and the tension will bo equal to half the weight. 

It is n.^tevvortliy tliat, ir. tlie case of a piefiire-fiaino .as onliiKaiily sii- 
tlie two p:ii1»s Ilf tlic strinj' wmilil be eqimlly inolnn“'^i to tin* vertieal, even if the 
fi'jiMi* Itself wen* lian^pii^ cniokcHlly, if the pe*; wcic pcrlectl^ hiii'iotli. 


299. If a heavy body is supported ttt its C.G*., it 
will balance in every position. 

Since ihe c.ti, is at the point of support, the body’s weight 
always acts fhroiigli the point of support. This weiglit 
cannot move the ]>wint of support, because that point is 
fixed ; and it eaniiot turn the body round, because it bas 
no rnomeiit about that point. Hence the body must 
remain balanced in every position. 

[n consequence of this qtrnficrfy^ the c.ii. is very commonly 
spoken of as the balancing point of a ho^ty. 


800. Ukunition. — When a body resls ii[»on any hard 
flat surface, its base is defined to be the an'a. enclosed by 
a fine string drawn tightl}^ round it so as to enclose all 
points of the body in contact witli the siifiporting surface. 


When a glass tumbler rests on a t-ibh*, 
the hnse of thoitumblor is ovidontly tho 
circiil.'ir area oiU'lo.sfMl hy tho parts of 
the tii.i’bler touching the table. But 
in the case of a table resting on the floci 
on its four legs, the hose ‘ i the quadri- 
hiieral foniu'd by joining the feet, for 
this would bo the figuro assuiiu d by a . 

string pulled tightly round the points of " ■ 

contact. Tne detiiiiiion ensures that 

when the body is overturned it must turn about some point or line 
bounding the base. 
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301. Wheui a body is placed on a plane it will 
stand or fisill according as the vertical line throngb 
its C.G. falls within or without the base on which 
it rests. 

(i) First let the vertical through the c.G. cut the sup- 
porting plane at a point M outside tho base AD ; let A he 
the point of the Imse that is nearest to M. Then the 




weight of the body is equivalent to a single resultant force 
acting at G, and the moment of this weight (Fig. ir>5) 
U*nds to turn the body about A in such a way as to lift 
up all the other points of the body touching the plane. 
Now the reaction of the plane always acts away from it, 
and never tends t«) prevent any part of the body from 
being lifted off. Hence there is nothing to counteract 
the tendency of the body to overturn about A. Therefore 
h will fall, 

(ii.) Second, let the v^tical through the c.G. cut the 
supporting piaiiie at. a pOHtit M inside the base AD, Then, 
if A he any point at the*edge of the base, the moment of 
the weight about A tends to press dfjwn the other pennts 
of the body touching the plane (Fig. 150), as at D. Now 
the reaction ol the plane prevents tho body from pene- 
trating it. Hence, the* body will stand.. And if it be 
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slightly tilted up, its weight will bring it* back to its 
original position as soon as it is let go. 

As a particular case, when a bo(ly rests touching the 
ground at a single poiut, the vertical through the centre 
of gravity must pass through that point (Fig. 150). 

Observation. — The plane supporting the bt>dy may bo 
either horizontal or inclined, provided that it is sufficiently 
rough to prevent the body from sliding down. 

IllustriUiom. — (1) A cart or tricyclo will overturn if the vortical 
through its <\a. Alls outside the whoel base (Fig. 157). 



Fij;. l.)7. 


(2) A porter carrying a heavy tiuiik in one hard often extends the 
opposite arm at fuU length in order to more readily bring his c.o. 
ovtr a point between his two feet. A man carrying a heavy weight 
in front of him^ leans back in order to bring his c.o. over his base. 


302. Experimental verifications. — The reader is 
strongly recommended to test tlm truth of the theorem 
by some simple experiments rdade with any common 
objects around him. 

Thus, for example, if any body of rectangular section 
A BCD (say a brick) be stood upon a rough plank, and 
the plank be gradually tilted about the edge, A, the body 
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will remain sbandin^ as lons^ as its o (i. docs not overlap 
the base, but directly this happens it will fall over about 
its lowest edge (Figs. 156). 

Now the c.fl. of a rectangular body lies in the diagonal 
plane Hence the body will overturn just after the 
diagonal AG has passed through the vertical position. 

Again, a book can bo placed on the t{)p of another 
book resting on a tjihlc, provided that the middle for c.(3.) 
of the upper book does not project beyond the lower book 
(i.e., beyond the base). Hence, in order to make the upper 
book project beyond its middle, weights innst be plticed 
on the supported end to bring the 0.0. nearer that end. 



Fig. l')8. 



Fig. 


303. Stable, nnstablo,. and neutral equilibrium. — 

Theoretically, it. is possible to balaucd a body by sup- 
porting it at a point either vertically above, or vertically 
bekno^t oi’ its O.O. But, practically, it is often very 
difhcult to keep a body balanced on a point even for a 
short time, and the least disturbance siittices lo f)vcrturn 
it. Bodies have, as we know, a tendency to fall into 
certain natural positions of equilibrium, and to fall away 
from other positions. 

Definition. —Bodies are said to be in unstable equili- 
brium when, after a slight disturbance, they tend to move 
further and fiirther away from their equilibrium 230siticn, 
t.e., to upset. 

Thus ail egg naturally rests on a table with its side touching the 
table. But it is difficult to balance the egg on its end ; and, if this 
has been done by bringing the c.o. directly over the point of support, 
the egg will (Dverturn, as in Fig. 163, with the slightest shake or 
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breath of air, or other disturbance) wliich moves the cg^ and therefore 
its c.o. or its point of support a little to one side or the other. 
Tn ordinary language, wo express this fact by saying that the egg 
is top heavy, 

A pin would theoretically satisfy the condition of equilibrium of 
{ 295 if stood upright with its point resting on a plate. Hut no hand 
is suflBcieiitly steady and patient to place it exactly in the right 
position, nor could the pliite and pin remain Bullicieully undisturbed 
for the pin to continue balanced for more than an instant, even if it 
were so placed. The j)iii would in fact be top heavy, 

A walking-stick standing upright on the fingcjr, a hall or rnarldo 
placed at the top of an inverted bowl, arc also examples of unstable 
equilibrium. 

Note. — Wheiii wc say that a body is top heavy 
?fvi imply tlmt it is in unstable etpalihriitm. 


Definition. — Dodiea arc said to be in stable equilibrium 
when tUey tend to yetarii to Hieir equilibrium j)ositioii 
after being slightly disturbeil. 

'I’hus, for example, a weight (siich as a pluinmoi) hanging from a 
string will of its owil accord fall into a position of equilibrium with 
the string vertical. If pulled asitlo, it will at lirst swing to and fro, 
but the siring will at last ag;iiri assume a vertical position. 

A stick hanging h}*its cremk, a ball or marble inside a basin, the 
beam of a balance, arc also examples of stable equilibrium. 


Definition. — B odies are said to be in neutral equili- 
brium when, after being slightly disjilaccd, they renuiin 
in their new position. 

A ball whose c.n. is at its centre is in neutral equilibrium wdioii 
placed on a horiTsontal surface. For, however the hall be rolled about, 
its c.o. will always bo vertically above its point of contact, and hcncc 
it will alv jiys remain in Lquilibriuin (Fig. 164, p. 602). 

An egg or cylinder resting on its side when allowed to roll along 
the table, a heavy body of any kind supported at its c.o. (} 299), a 
door turning on its hinge, are also examples of neutral ctiiiilibriiini. 

A, cone affords a good illustration of all three kinds of equilibrium. 
On its base it is stable, on its vertex unstable, and on its side neutral 
for lateral displacements (rolling). 
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304. Stalrility of a body with one point fixed. 

A heavy body, moveable freely about- a fixed point 0, is 
in stable, unstable, or neutral equilibrium, aecordiug^ as 0 
is vertically above, vertically below, or at G, the body’s C.o. 




Fig. 160. 


Fig. 161. 


For if the line OG is not quite ViU'tical, Fi^^s. 160, 101 
show that the moment of the weight acting at G tends to 
turn the body about 0 towards a position in which G is 
vertically below 0, and away from a position in which 
G is vertically above 0. Hentjo tl>o former position is 
stable and the latter unstable. An'd since the body 
balances in eveuy position w'hcn supported at (?, its equiJi- 
brium is then neutral. 
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:t05. Stability of a body resting* on a borisoi^^al plane. - 

If tbe surface of a body is spberical au l its c.o. is not at its centre, 
the body will be in stable equilibiiiim on a horizontal plane if its c.o. 
be vertically heUw its centre, and in unstable equilibrium if its c.o. 
be vertiwilly above its centre ; for Figs. 1(52, 1G3 show that tho moment 
of the weight tends to turn the body towards its equilibrium position 
in the former case, and aivay trom it in the latter. If the c.o. is at 
the centre, equilibrium is neutral (Fig. 161). 

The whole body need not necessarily be spherical, provided that 
the part of the surface touching the plane is spherical. 

Thus, if a hemisphere of lead is joined to a cylinder of cork so 
that tho c.o. of the whole is below the centre of the hemisphere, it 
will stand u})right although it looks very top-heavy. For b ad is so 
imicli heavier than cork, that a cork of considcrablo length may bo 
attached to the luMnisphere without raising tlie c.o. above the centre 
(Kig. lOJ). 

Several toys act on this primdple. 

EXAMPLES XXVI 

J. A uiiiform straigh^ lover, 12 ft. long and weighing 12 lbs., 
balances about a certain point when weights of 3 lbs. and 1211)8. are 
suspended from its ends. How far will tho point of support bo moved 
when each of the weights at tho ends is doubled P 

2. A uniform rod, 12 ft. long and 30 lbs. in weight, is Hupported 
by a prop at one end. Find tho force which must act vertically 
upwards at a distani e* of 8 ft. from the i>rop to keej) the rod hori- 
zontiil. 

3. A uniform straight bar, 10 ins. long and 8 riz, iri weight,, 
balances about a certain point when weights of I and 8 o/.. arc srs- 
pendod from its ends. Equal weights are then added to each of tho 
Vs eights susijcadcd from the ends, and it is fmind that the fulcrum 
must be moved -1 in. Find the weight added. 

4. AVoights of *l, 2, 3, and 4 lbs. are suspended from a uniform 
lever 6 ft. Vmg, at distant s of I, 2, 3, and 4 ft. . respectively, from one 
end. If the mass of the lever be 4 lbs., find tbe position of the point 
about which it will balance. 

f). A rod is hung from a smooth peg by moans of a string passing 
over the peg and attached to tho estrcmitics of the rod. Find tho 
position of cciuilibrium when tho c.g. of the rod is (i.) at its middle 
point, (ii.) not at its middle point. 

EL. MLCII. 
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6. How would you find exporimen tally the v.o. of a straight, but 
sot uniform, thin rod f 

7. A rod 12 ft. long has a weight of 1 lb. suspended from ono end, 
and when 15 lbs. are suspended from the othiT end it balances at a 
point 3 ft. from that end, while, if 8 lbs. are suspended there, it 
balances at a point 4 ft. from that end. Find tlio weight of the rod 
and the position of its c.o. 

8. A bar projects 8 ins. bej-ond the edge of a table, and when 2 o7,. 
are hung on to the projecting end tho bar just toupb-s over ; wh<'n it 
is piisbod out 80 as to project 8 ins. beyond the edge, 1 oz. makes it 
topple over. Pb'iui tho weight of the bar, and the distance of its 
r.o. from tho end. 

i). If three men support a heavy uniform tiiangnlar board at its 
Ihi-ee cerners, what portion of the weight will each bear ? 

10. A triangular board is hung by a string attacbeil to ono corner. 
What point in the opposite side will be in a line with the siring ? 

1 1 . A circular table, whose mass is li lbs . is supported on throe 
vertical legs, jdaced at equal distances on tho circiiinferonce. Find 
tho least mass winch, when hung at tho extieinity of the diameter 
Uirongh one of the legs, will cause the table to topple over. 

1*2. Having given a four-sided lamina with unequal sides, describe 
how you w'ould find it.s c.o. (i.) geometrically, ;^ii.) experimentally. 

13. A uniform triangular lamina, whoso sides are 3, 4, and 5 ins., 
respectively, is snspeiidcd by a string attached to the middle point of 
the longest side. Tlraw a figure showing cleaily the p j.dtion of the 
opposite angular point. If (-qual weights bo attached to the throe 
angular points, how will the position of equilibrium be alfectod ? 

H. Explain fully the circumsfcinc<*s under wliich a roctii ngiilar 
block, standing on a plank which is being grajluully tHted, shall 
toj>plc over, being prevented from sliding by a small obstacle. As an 
example, take the case of a block 8x5x5 cub. ins. 

15 A cylinder whose base a circle I ft. in diameter, and w'hose 
height is 3 ft., rests on a horizontal jilane. w'ith its axis vertical. Find 
how high ono edge of the base can be raised without enn.-^ing the 
cylinder to, turn over. 
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16. A cylinder is attached by its base to the plane htine of a hemi- 
sphere, the bases of the cylinder and hemisphere having equal radii. 
The solid thus formed is then found to rest in any position with its 
hemispherical surface in contact with a smooth horizontal plane. 
Find the position of its c.o. 

17. A regular hexaironul plate stands vertically on one side, and is 
divided into two parts by a vertic'il lino bi.'iectinp: that side. AVill 
the parts stand or fall 9 

18. Weights of 4, r», and (> lbs. are hung from the corners A. fl, C 
of 11 weightless lamina in the form of an equilateral triangle whose 
side is 12 ins. A\''hore must Iho triangle be siijtportcd that it may 
rest in a liorizontal position ? 

19. Whore is the c.o. of six heavy particle.^, weighing, roRjicctively, 

4, 0, S, 7, and 10 oz., placed in a straight liin* at intervals of a 

foot ? 

20. Weights of T), 0, 9, and < Ihs., respoetively, are hung from Uie 
cormrs A, B, C, D of a horrzontal square ABCD^ whose, side is 27 in*^. 
long. Find, by taldng moments about two adjacent edg(‘S of the 
square, the point where a single force must ho nj)pliod to the square 
to balance the effect of the forces at the cr>rncrs. 

21. ABCD is a square, and 0 is the point of intersection of th(‘ 
diagonals. Take parallfl forces of 3, 2, d, 4, and 1211)8. act at the 
points A, B, 0, D, ami 0. Find tneir centre. 

*22. An isosceles triangular laiiiina, of weight 11 lbs., and whose , 
sides are d, 5, and S ins. long, respectively, stands vertically with on • 
of its equal sides on a liorizontal Uihlo. Show that a weight ol 
1 2 lbs., when suspended from the upper angle, will just overturn the 
lamina. 

*23. A body of known mass is placed .so as to he capable of rotation 
about a fixeu horizontal axis ; describe some nietliod of dnding the 
distance between the c.o. of the body ami the axis. 

24. On a circular table with threo legs, jilaced at equal distances on 
the circumference, a weight of 96 lbs. Is placed so that the distances 
of the weight from two adjacent sides of the triangle formed by the 
legs are, respectively, and J the altitude of the triangle. Find the 
force of pressure on each leg due to the weight. 
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80r». In this chapter wo shall descriho the vninous 
contrivancos by w'hich bodies «ii*e usually weighed, 
fionionibcriug that weij»ht is pi'oportioiial to mass, we 
observe that, the operation of weiL^hiiiB^ by balancing a 
body with known weights affords in every ease a correct 
measure of the vias^t or quantity of matter in tlit‘ body in 
pounds or grarnines or other chosen units, and that the 
observed wp.ujld is independent of any local variations in 
the intensity of gravity. 

307. The common balance (see Fig. ir>5) consists 
esBentially of a beam or lever AB fixed so that it can 
turn about a fulcrum 0 placed a little above its middle 
point. From its ends are suspended two scale pans ; 
the goods to bo weighed are placed in ono of those, and 
are balanced by placing suitable weights in the other, till 
the beam assumes a horizon til position. 

In delicately constructed balances, the fulcTum and 
points of suspension consist of wedge-shaped pieces of 
hard steel (called ** knife blades ”), whoso edges rest on 
hard plates <)f steel. 

The requisites of a good balance are. that it >)e 
(i.) trtfe, (ii.) stable, (iii.) sensitive, ^iv.) rigid 
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if 308. Conditions that the balance may ]^e true. - 

A Lalauco is said io he true if Iho beam assumes a liori- 
zonlal position when weif'hts are ])laced in tlie two 

scale pans. This requires that — 



(i.) The two anjf.9 of fhr hmm musi hr of riffuti Jnujih, 
that is, AO = flO, or the iulemiii 0 must be in a line HO. 
l>isoctiiig Jit right angles the JIne AB^ which joins the 
])oints of suspension of the two scale pflll^. 

(ii ) Thr anijr pauH vmsl hr of aiml wrijlit. 

(ill ) The C.(J. of the beam must he rerh'enVy mnlcr the 
fulcrum when, the beam is horizontal, anil therefore also 

in HO. 

When these conditions are satisfied, equal weights 
placed anywhere whatever in the scale ])an8 wjII balance 
each other with the beam horizontal. 

For, if 011(5 of tlie wciglils, Q, is placi*'! a littli' on oiU5 siit* in the soab* pan 
instead of in the middle, ttio iiaii will awing itself a little tfi the oilier hide so as to 
bring its o.o. veiticaliy U’low Ih#* point of sujtport. fl. The student should verify 
this hy expciimcnt. 
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*$09. Conditions that the balance may be stable. — 

A balance is said to bo stable if tlio beam tends of its 
own accord to fall into its equilibrium position. A 
balnnco would evidently bo usoJess for weitcliing if its 
equilibrium were unstable or even neutral (§ 303). 

A balance is said to be more or less stable according to 
the comparative readiness or roluctaiico of the beam to 
assniiie its equilibrium position 

Stability is secui-od by pbiciiig 0, tlie fulcrum of the 
hoani, a little above tlie points //, at which tbe resultant 
weights of the beam and tlio two pans act rcspt'ctively. 

310. Conditions that the balance may be sensitive. 

— It is not suilicient that the beam should be lioiiz<»ntal 
niien the weights in the scale psiis are equ;il. It niui t 
alftO indicate when they are uru^qual, by tlie beam assuming 
a non-lionzoiital position. This is e.xpressed by saying 
that the balance must bo sensitive (or, as sonu' writers 
call it, “ scn.siblo *’). In a sensitive balance, evem a small 
additional weight placed in one scale ])an sliouhl turn 
the beam through a percopiihle angle, and the small ness 
of the w'cight ^\llich suthces to do so alToj’ds a im*a8ui'e of 
the sensitiveness of the balance and of the degree of 
accuracy attainable in weighing wdth it 

Tims a good chemical balance? will indicate difl’erences 
of weight do\vn to tentlis of a milligramme. 

In order to enabhj the smallest detlcciion to b(* observed 
with great accniacy, tin* beam carrh's an index oi* 
pointer / (Fig. Km \*w'luch moves in front of a fixed 
graduated scale 5 , always roniainiug perpendicular to AB, 

Sensitiveness maybe Bccuivd at the expense of stability 
by making OH the %ight of the fulci’um small, and also 
by lengthening the 

311. Rigidity. — ■ The balance must have a beam 
sufficiently strong not to bend under tbe weights which 
it has to carry/ To secure the greatest strength con- 
sistent with ’lightness, the beam is usually made in tjic 
form shown in Fig. 165. 
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312. Summary. - Wo may sum up tlio ^l^atemeiits of 
the last four an ioles as follows : 

The requisites of a g^od balance are Lliat it slioiilil bo 

(1) /r/te, t.e., tlio bram {^boald be lionzoutal 'when loaded 

with Cfinjil vvei<:hti8. 

Cnuditious . — Kqnal arms, soalo pans f»l’ equal 
weii^ht, boaiu properly balanced. «"§ ol)8.) 

(2) stable, i.r., ilio beani should return lo its njuilibriuin 

]iosilii>n vvlion displaced. 

Conditions .— and middle point of beam below 
knife blade. (§ 309.") 

(3) sv nsitii'c, i.n.y the beam sensibly deflected wlicii weights 

slightly iJtKMp.uil. 

CoudUiotis. — Height of knife lihulo small, anna 
long. fjJMIO/) 

(I'j rigtd, v'.o., beam fiot bent by weights. (§311.) 

313. False balances. - Double weighing.- A balance 
will evidently be I also if — 

(-.) Th(* aryis are of unequal length. 

^^ii.) The scale pans are of unequal weight. 

(iii.) Tiic beam i.s improperly balanced (/./?., G m>t 
on OH ) . 

Of these defocts, the sc«*(>n(l and third eftn easily bo cari'd. 'I'lny 
both liave tlio i-Ueet of im-lminff tho iieain a little out of tlio hon- 
Koiital when tho 8« ale pans arc empty. This may ho rectilied by 
tilir'flf awfi y the walo pan or beam on ibe Jn^avicr .si«Io, or iiU-K'hing 
a sm.iJl v/oinlit to Iho scale pan on the lighter side, or (in a chemical 
balance) oy means of a w» i,j»ht projecting ft*bni tlie indtjx which can 
bo turned a little on ono side or tho olhe". *'\Vhcn the b* am has thus 
b« en hi'ouijht. Jovol, it only remains to correct for the inequality in 
the rns, which cannot be rtumdied. 

In all sucli cases tho true weight of .^a body may bo 
found by either of tho two following methods of double 
weighing : — 
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314. The 4xBt method is to place the body in one scale 
pan and balance it with suitable counterpoises (e.g., small 
shot or fine sand) placed in the opposite pan. Kow 
remove the body and replace it by weights snflicient to 
balance the counterpoises, and to Iji-ing the beam to the 
same position as before. These weights are evidently 
equal to the required weight of the body, however false 
the balance nsed, for they act under exactly the same 
circumstances and produce exactly the same cflbct. 

This is c.‘illcd the Mritwl of SnbMutio)if or Jiorifa's 

315. The second method is less simple, but it enables 
us to test tlie trueiiess of the balance. The body is weighed 
first ill one scale pan and then in the other. Jt‘ the two 
observed weiglits arc equal, the balance is true, and eacli 
is equal to the true weight of the body. If not, the balance 
is false. 

We shall suppose tiiat the arms a\{(5 of unequal length, 
but the weights of the scale pans balance one another with 
the beam horizontal. 

Let o, h be tlie lengths of the arms. Let. IT be tlie true 
weight of a body, 1\ Q. tlio weights required to balance it 
wlien it is weighed first in one scale pan and then in the 
other. Then, by taking moments alrout the fnlcrnm, 


wo have W xa = J* y h (i ), 

j^Tid IKxh = (ii.). 

By multi iilieaiion, IPf/?; =r VQah, or 

ir* = JV. 

Therefore W = ^/(PQ) (iii.), 


that is, the true iceiglif is the (jeoivvtric hctwvni the. 

observed weights, 

?JxawpIr, — The two arms of a halancoarc in the proportion of 9 ; 10. 
•Sugar is weighed out against 1-lb. weight, placed first in ono scale 
pan and then in tho other. To "find tlie totiil true, weight of sugai . 

Since tlio two portions of sugar balance tho, -* -Ih. weight in tho two 
pans, th'^'ir actual weights are x and J x lb. ; therefore true 
weight ofjti^ jj, = lbs. 

* Ulc i/eametrie mean bctwixin i’ ami Q. 
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31 G. To compare tlie lengftlis of the two 

a r , a jr 
■b - ,r /. “ Vi = 


[, we liave, 


by (i.), (ii.). 


/»- U P P 

thnrefore 

0- U ti Q 

givirjj» Iho raliti ujk 


a 

b 



317. The common or Roman steelyard consists of a 
bciiin ( lOfj^ Tiioveable about a fnlci’uin nr knife 

blade G lixed near one end 6. Fiom B is snsjicmb^d tliu 
scale ])an containing ibc body to be weighed, and a 
inovcabh* weight is slid along the arm CA until the beam 
balances horizonf.'dly. TIic arm is graduated in such a 
way ibat tlie reading P, at Avliicb tlni weight rests, 
indicates the I'pqiiired weight- of the body. 



3ilS. To graduate the common steelyard.- Fict V 
denote the moveable weight. First let ilie scab* pan be 
empty, and let 0 be the position of ibo W'cigbt wbon ibe 
beiim balances hori /.on tally about' C. 'J'lum the ]u>int 0 
must be marked 0 (zero'). 

Mow' let a*w eight IF be jiljiced in ihe scale ]‘an. This 
w'oiehi acts on tlie beam at B, hened its nnanent about C 
is Tt’xBC. To balance this added niornent, we must 
increase ilic moment of J* by an equal arid oppo>itc 
ftinoiint })y moving it further away iiom the fiilcrnm. 
Thus, if P be its new ]>osirion, its mnirient about 0 will 
bo increased by V xGP—P xCO, tlmt is, by Py.OP. 
Equating tlic uJilcil moments of V. W about C, vve liave 
therefore V>:0P— IFxBC, 



iTATTOcJ. 




or ' OP^^^xBG. 

Now h*t / deiiofc tlio position of P when the unit of 
weiglit (saj 1 lb.) is placed in tlio scale pan. J*uLiiiJg 

ir= 1, ’i\eliavn 0/ = BC. 

Tlicrefore OP = ll'" • 0/- 

Hence, if \V ^ 2 units, OP = '10! ; 

if ir = o units, OP -=■ *^ 0 ! ; 
if ir = !, unit, OP — JO/; 
ami s«) on. AVc therefore have the following rule: - 

Fiu'i, by actual trial, the pnuils 0. / tff v'hv h P must bv 
■phircd u'hrti tJtc ptui zs eiHftfti ami irhoit it roufains the 
unit of ireujht^ n'.yiertircly. From 0 lomanra nfi' oji OA 
sncresxii'o mulH'ph'n and mbmultiph.'i of the Icufjth. 01 Their 
i\i t remit io.'t will he I hr points of <j rad tuition for the corre- 
spondlutj multiples and snhmnlf iplvs of the unit of weitjlU, 

[Hie pnin'i^ile of the Dani'ih st**el>{iid is cvplaimd m Examples X.Wll., 
QiU'ittJoii 17.] 



1 !). Roberval’s Balance. 

— 'i'his is a letter- balance in 
which the stems of the scale 
pans are hiiij^od to two equal 
and ]iaralh*l levers AEB, 

CPO, wliich turn iibt>at their 
middle points f, F. When 
the balance is sliiilitly <li.s- 
plaeed, one of the pla* forms 
nj) anil the otin r goes 
down through oxjictljr the same distance, and the phit- 
forms alwaxs coniiirue to remain hoiizniifal. Hence, if 
equal weights P, g'*aro placed anjw''eie on the pans, 
tin* woiksdone by them in rising and falling will be equal 
and opposite, •rrii’eretore, by the Prineiph*of Work, equal 
weights wilhdjalance one another wliafever ho th<*ir posi- 
tions, althqugh one may be nearer the fulcriirns £, pthan 
the other^ 


Fig, 107. 
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F.XAirPLKS XXVII. 

1 . Uow can the triio wt-iurlit of a body be determined by ineaiis of 
a balance with unequal ariiiH 

2. The artuH of a balance are 19 ina. and 20 ins. long respectively, 
and the pan in which the weights are placed is suspended from the 
longer arm. Find the trm; weiglit of a body which apjaars to weigh 
14 Ihs. 1 ez. 

o. Find the true weight of a siih.stanco which, when placed in one 
scale of a bji lance, appears to weigh 140 grammes, and in the other, 
1 j1'3o gi'ainmes. 

4. A body whose lriu‘ weight is Ijlbs., when placed in one scale 
of a fabc balanoi, appears to weigh 20 ozs. Fiml its apparent weight 
when ]jlaced in tho other scale. 

5. If tlio aims of a false balance are in the ratio of 2-1 to 2o, how 
nnich per lb. does a purcjliahi^r pay for tea sold from tho longer arm 

at orf. p'T 111 . ‘r 

G. If the length of the shorter arm of a halunco is ‘96 times the 
length of the other, and a body w^hose true weight is 15 lbs. is jilaeed 
in tho scale pan suspi nded from the shorter arm, find its aiiparout 
weight. 

7. The beam of a falsf' balance is 38 ins. long, and a certain body, 
wdicn placed in one sc.ile, appears to weigh o lbs. 1 oz., and in tho 
utlter, G lbs. 4 oz. Find the true weight of tho body, and tho lengths 
of the arms of the balance. 

8. The beam of a balance i.s a uniform straight rod whoso length is 
20 ins. and weight 1 Ih. If the I'uliruin ho j in. on one side of the 

of tin* rod, find the true weight of a substance whii h apparently 
weighs 1 lb., th(! w'eight being placed iu tho pan su.*«peuded from tho 
shorter arm. 

9. A shopkeeper uses a false balance haying unequal arms, who.'-o 
lengths are a and /j. lie weighs out to two cuHloiiiors 7rj)ounds of 
coftee, as indicated by Jim Jialanco ; but, in serving one of the 
cu.^t^lm(irH, he puts the Wfiglils in one scale, while, in serviiig tho 
other, he put them in the other scale. Duos be^idii or lose, and 
bow much ? 

10. Explain how to find the tine weight of a substal^e when the 
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Iteam of tlio lialu^ce is quite liuo, “but thu scale pans arc of unequal 
weight. 

11. Can the stoclyard he enijdoyc d to drf ermine whether or not the 
weight of H body is the same in different places ? 

12. A piece of lead placed in one pan A of a balance is counter- 
poised by 100 grammes in the other pan B. Whin the same piece of 
lead is placed in the pan B, it requires lo-i grammos in IIki pan A to 
balance it. Find tin* ratio of the arms of the balanct*. 

IS. A common steelyard Wi‘ii 7 hs 10 Ihs. The weight is suspended 
from a point 4 ins fiorri fhc fiilciiirn, and iht; centre of gravity of the 
steelyard is 3 inches on the other side of the fulcrum. The inoveahle 
weight weighs 12 Ihs. Where should the graduation corresponding 
to 1 cwt. be situated F 

14. In a common ett'olyard whoso ma.'JS is 21 Ihs., the point of 
snspi'jision of the body to be weighed is 4 ins. from the fulcrum, 
while the centre of gra\ity of the beam is 1 in. from the fulcrum, 
nwasured in the oppesilo direction. If the mafts of the sliding weight 
be 7 lbs., find the distaTucs from t)ie fiilcruin of the graduation..^ 
m.arked, i esspoctively, 14 lbs., 28 lbs., 0'5 lbs., and 112 Ihs. 

\^1*). A unifonn bar 2 ft. long and weighing 3 lbs. is used as a 
steelyard, being suppoitcd at a point 4 ins IVoiu one end. Kind 
the greatest and least weights wWch can he weight'd with a movcjible 
weight of 2 Ihs. 

Ifi. Tn a common steelyard, the distance* of the fulcrum from the 
point of support of the weight is 1 in., and Uie luoTcahlo weight is 
6 oz. To weigh lo lbs., the moveable weight must V.c placed 8 in.s. 
from the fulcrum. Whtre must it bu placid iu ovdu-r to weigh 
10 lbs. ? 

*17. A Danish steel^’ard consists of a beam AB terminating ii a 
heavy knob at A and carrying a Fcal») pan 6usi>cnded from B. 'J he 
beam hangs by a loop of siring whose pobition can bo varieft, thus 
forming a moveable fulcriim. The weight of the beam is 1 Ih., and 
it balances horiwntully with the scale pan empty and the fulcrum 
distant 1 ft. from B If now weights of 1 lb., 2 lbs., and 3 lbs. are 
Bucc.eBsivtly placed iu the scale, find where the fulcium must bo 
placed for the beam to balance. (The, weight of the scale pan may 
he neglected 
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EXAMINATION PAPER XIV.* 

J. How would you find, exporimcu tally, tho c o. of m laniina? 
Explain why your method holds good. 

2. Explain why a man who has to cany a heavy box in one haii'l 
mubt throw his body on one side. 

■ 3. A uniform cylinder whose height is equal to tho diameter of its 
base is placed on an incline of 30®; through what angle must the 
jilaiie bo turned so that tho cylinder, which cannot blip, may be on 
tho point of toppling over .- 

1 . Explain why in a common scale pan or letter balanc e it docs not 
niatltr wheruiboutsi on the j)an tin* weights are placed, although they 
may he sometimes near and sometimes further off thci fnlfrum. 

5. What aro the requisites of a good balance ? How arc they 
securf-d ? 

G. Explain a method of double w'eighing in a balanw, and show 
that any inequality in tho arms of the balance will not affect the 
accuracy of the result obtained. 

7. A body, the weiglit of which is 2 lbs., when placc:d in the scale 
of a false balance^ appears (c weigh SO oz. Find its weight when 
placed in the other scale pan. 

S Hescriho the common steelyard, and show how to graduate it. 
What advantage is gained by tho use of a steelyard ? 

if. A heavy uniform rod, 6 ft, long and W’eighing 36 Ihs., is kept in 
equilibrium, wdth one end against a smooth vertical wall, and iV.e 
other against a smooth horizontal plane, by a rope tied to a point in 
the w^all and tho lower end of tho rod. If the rope and the rod are 
inclin-.id to the horizon at angles of 30° and 4.0°, respectively, find tho 
pressure against the wall and the tension of the rope. 

fl’Vir the former eqii.nto inoiTieiifs alionf f hi* po/nf .»f '•onhict wftJi fliegronad ; 
fur the latter resulve all the foices honzoiitaliy.] 

10. Five forces acting on a |>article are represented in magnitude 
and direction by the straight lines AB, BCy CD, AF, and FE of the, 
hexagon ABCDEF. Find their resultant. , 
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EXPERIMENTS. 

820. This Chapter contains a series of experiments which 
illustrate the fuudameutal principles of Mechanics. It is 
advisable for the student to perform as ruanj of these as 
circumstances permit. Those winch he cannot perforin 
should be carefully St u<lie<l so as to ensure a clear under- 
stand in^ both of tile principles at issue and of the {iractical 
details of the experiments. 

321. Acceleration. 

XSzp. 1 . — To show that the acceleration of a sphere or 
cylinder rolling down an inclined plane is uniform. 

The formula « =; jy?* determines the distance travelled from rest 
under uniform aoueleration. This formula shows that the disUince 
travelled varies as the square of the time fioin rest, ll is suthcient 
thhn to show that this relation holds in the case of the rolling 
sphere. 

Equal intervals of time can be measured hy a metronemo, an 
instrument which can be adjusted to tick seconds, half -seconds, or 
any suitable intervals. 

A series of experiments must then be made in which the sphere 
starts from rest exactly at a tick of the nietroiiome. This is muet 
easily done by using an iron sphei'e and holding it in position at the 
top of the plane by an electro- magnet (as described in Exp. 2) On 
releasing a key the electric current is stopped, the magnet ceases 
to attract, and the sphere is instantaneously released. 

By repeated trial it is possible to adjust a ruler aorcjss the plane in 
such a way that the sphere when released at one lick of the metro- 
nome strikes the ruler exactly at .another tick. In this way we can 
measure accurately the distance travelled from rest in any given 
number of tioks. 
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If the interval between gueoeneive ticks of the ^metronome is af 
seconds the resultH can now be tabulated as follows : — 


Instance travelled in inches 

3-3 

13 

29-5 

r>3 

Time from rest in seconds ^ 

1 “ 

2x 

3x 

4x 

Distance -5- (time)^ 

3;3 

3-20 

3-28 

3-31 


X* 

X- 


X’ 


Sim*e difttanoe -i- (iitne)^ is constant, within the limits of experi- 
mental error, we infer that the diMtanoe from rest is proportional to 
the iU|iiHre of the time, and hence that the motion is one ol uniiorm 
acu»‘lei atiiin. 

Note that it is not necessary to know the value of x. The metro 
noine may be set. to lick at any ooiiveincnt rate. 

If it IB re<|Uired to deduce the value of the constant acceleration 
we re<|uire (a) know the value of the interval of time which the 
net I'orioriie beats. The metnuioinc is set beating and cmncident 
ivith one beat of the iiietrononie a stop watch is set going, 'i'he 
nitial beat is called 0 and .Hucijessive ones 1, 2, 3, . . . . 'i'be Wcatch 
a Htopped when 100 in reached and the tune taken for the metro- 
lome to HEAT KKl intekvai. 8 la thus found. The value of the inetro- 
rioine interval can now bo caluulaletl. 

o* 

Now from the equation b = \jX* we have / =» t*,. The average 

f 

value of in the foregoing set of experiments is the average value 

of tlie last line in the table, which is ^ Hence / «• ^ -■ — 
win re x has been determined. 

Note. — The aooeleration of a sphere rolling down an inclined 
plane will be Ibbb than that of a biidy sliding (mwu the same plane 
if perfectly smooth (§ l<53). Perfectly siiiuolh planes are unattain- 
able, but if a weight riding in a small trolley with aiiproximately 
frictiunless wheels is allowed to run down a slope a comparatively 
close approximation to the motion of a body down a simKith plane 
will be obtAiined. This inotioti can be investigated by the above 
method. 


Exp. 2, - -To prove that the acceleratitm due to gravity is 
uniform, (See § 46.) 
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Morin’s Kxpjcrimrnt. — A oylindrica] drum is kept in uniform 
rotation about a vertical axis AB (Fig. 168). This uniform rotation 
IB obtained by clockwork. A small iron ball P drops past the drum 
in such a way that a small pointed pencil attached to it is con- 
strained to touch the surface of a sheet of squared 
RA which is wrapped tightly round the drum. If 

the drum were not revolving the pencil would trace 
a vertical line, but owing to the motion of the drum 
fl::- r the line traced on the paper is a curve. 

Fj':- The ball P is held in position by the use of a small 

electro-magnet. A piece of soft iron is bent into the 
- form of a horse-shoe IHf (Fig. 169), and is wound with 

s: :: -/r a coil of copper wire covered with insulating material 

[:[ such as cotton. One terminal of the coil is connected 

f:'"’.: to one of the poles of a battery C, and the other end 

to a key K and thence to the otiier iiole of the cell. 
(Jq So long as the key K is pressed down a current ciren- 

I , lates round the coil and the horse-shoe is magnetised, 

JTig. 1 jS. gQ Qf iimbs of the magnet be placed in 

contact with P, P will 

he Bupiwrted. If, however, the key q 

K is released, the elcciric circuit is |- 

broken, so that the current ceases, T*- I' ^ 

the horse-shoe loses its magnetism, u . U L 1 ! CU a 

and P is released. The instant of hcfTTTmTrV 
release of P will more nearly coin- d«1|Uv.U,U.X ^ 
oide with the opening of the key /f , if " 

the poles of the electro -magnet M are jgjj 

furnished with a small portion of cop- 
per or other non-magnetio material. 

While P is supported by the electro-magnet, the drum is set in 
uniform rotation. The electric circuit is broken at , and P cunimonces 
to fall. It is constrained by guulcs to fall vertically, the constraint 
• being as slight as circuin- 

Q stances permit. In falling, 

I"" — I®"" ^ records its descent upon 

the sciuared paper. The 
paper is unwrapped and 
C A opened out. Owing to the 

. rotation of tihe drum the 

record is not a vertical line 
\ but is found to s curve 

o' \ A* such as 0 A A* in Fig. 170. 

\ The axis OX gives ue a 

Y ^ ^ scale of time and OY the 

Fig. 170. distance P has descended. 

^ Thus if we take any print 

A on the oi||rve obtained and draw AB parallel to OY and AC parallel 
to OX^ thfli’ length 00 is the distance P descends in the time repre- 


o 

a' 

o 

[z: 
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sen ted by OB ; for OB represents the Amount of rotation of the 
oylinder and ia therefore proportional to the time. * Similarly for 
any other point A*, OC* is the descent in time represented by OB*. 

A number of points are taken on the curve and tabuLited thus : — 


Time (a OB). 

1 

Distance ( a QQ), 

Distance 
(Time)* ’ | 





It will be found that the third column is, within the limits of 
error of the experiment, a oonstant. 

We conclude therefore that the distance descended is proportional 
to the square of the time of descent. This is in aocorti with equa- 
tion « -i- i-* *= 5 /(§ild) which holds for uniformly accelerated motion, 
and hence we can say that the acceleration of 
a freely falling body is uniform. 


FulUt/ 


fU-r 

L 


R 




322. Atwood’s Machine. 

Atwood's machine, as stated in § 95, is 
an instrument employed for illustratiui^ 
tlie laws of motion experimentally. A 
description of thegmachine is given in § 9(>. 

Modern improvements of the mnehini 
have made it an instrument capable of 
yielding reliable quantitative results in thf3 
hands of a careful experimenter. 

In the modem machine, the rider R is of 
iron and Q and R are held in position by 
means of the electro-magnet previously de« 

Bcril>ed. In* one form of the machine, in 
place of the light string joining P and Q, 
a paper tape is employed, the weights being 
attached to this by a loop. The tape is 
continuous, and thus no error due to the 
passage of the tape from one side to the 
other of the pulley is introduced. In this 
form likewise tlie times are recorded by tlie vibr^on of a 


Fla^crn 


Fig. 171. 
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steel strip carrying an inked brush. This brush lightly 
touches the uape and records its vibrations, and also enables 
distances of descent to be measured. As this instrument 
is rather too elaborate for present purposes we shall con- 
tent ourselves by measuring our intervals of time by the 
metronome. The value of the metronome interval is de- 
termined as in § 321, Exp. 1. 


Exp, 3 . — To verify thcU in AtwooiVf. machine the 
acceleration of the moving masses {before the rider is re- 
moved) is constant. 

It is Buffioient to show that the space desoribccl from rest by Q and 
R in a given uine is proportional to the square of the time, that is 
to say that s oc 

A rider ff is placed on the moss Q, P and Q hai'ing the same mass. 
0 and R are retained near the • top of the ooliirnn by tlie electro- 
magnet. The ring B is removed. The eleotrio circuit is broken 
and QB starts to descend coincident with a tick of the metronome. 
I'he platform C is adjusted by repeated trial so that QB strikes C 
ooinoident with the next tick of the metronome. In this manner 
the distance described by QR from rest in one metronome interval 
is found. QR is now placed in its initial position as before, released 
as before, and C adjusted so that QR strikes C coincident with the 
next tick but one following the release tick. In this manner the 
distance described by QR in 2 meti’unome intervals is deterinined. 
Proceeding thus we determine the space described by QR in If 2, 3, 

4, 6, iutorvald of time. We can now tabulate our results 

thus : — 


Interval of 
I'inie a t. 

Space 

described— 4. 

8 

1 

8*1 cm. 

SI ■ 

2 

32*0 om. 

8*0 

3 

7*2*5 om. 

81 

4 

133*0 om. 

^•3 

• i 


It will be* found that the values in the thinl column wdl be 
approximately equal (the slight inequalities being due to experi' 
mental erj^ors). It follows, therefore, that the space described 
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from rest by QR i& proportional to the aquare of the time of fall. 
Thus ID twice the time the apace ileacribccl ia inorcaavc^ fourfold, and 
in three times the time the space described is increased ninefold, 
and ao on. 

By equation (3) of § 36 we therefore conclude that the motion of 
P and QR is uniformly accelerated. 

Exp. 4 , — To show thaJt, in Atwood's machine^ the ve* 
locUy acquired hy the masses in a given time (under the 
acceleration produced hy the rider) is proportional to the 
time, i,e. v oc t, and also that the square of the velocity is 
'proportional to the distance from rest, i.e. i^cx: s. 

For this experiment the rinf B is replaced. Note particularly 
that the letters f, a, v in the above statement apply to the motion 
before B, that is to the motion under constant acceleration. A suit- 
able rider R ia placed on Q, and then QR held in position by the 
elect ru- magnet. 

(i) QR is released as usual coincident with a tick of the metronome 
and the ring B adjusted so that R is removed coincident with the next 
tick of the metronome. Ji large number of trials is mode to obtain 
the best result. The platform 0 has now to be adjusted so that QR 
being released at a certain tick, and R being removed at B at the 
next tick, Q strikes C at another definite tick. The number of 
ticks between the pa.ssage past B and arrival at C is noted (say n). 
The initial distauce from the start to B ia determined (say 6*1 cm.), 
and the distance from B to C (say 24*4 cm.). 

(ii) B is now adjusted so that two metronome intervals elapse be- 
tween the reletise of fR and the removal at B, and 0 is adjusted so 
that the nuiid>er of ticks between the passagt. past B and the 
arrival at C is again equal to fi. The corresponding distances as in 
first case are ineasur^ — say distance from start to ^ » 24*3 om.„ 
BC ** 48 '6 cm. 

(iii) Experiments are now mode so that 3, 4, 5, . . . intervals 
elapse between the release of QR and the passage past 8, C 
being in each case adjusted so that n intervals elapse between 
the removal of the rider at B and the mass striking C, The corre- 
sponding distances are measured, and the results are tabulated as 
oil p. 322. 

It is to beob^ev^ed that after removal of the rider R at B, since the 
mass Q is equal to that of P, the motion between B and C is uniform. 
The numbers in the third column, being the spaces described in 
equal intervals of time in the several cases, may therefore be 
taken as f>roportional to the uniform velocities in tl^e second part 
of the motion, and these are tht wtoexties acquired ifyt'inq the jirnt 
part of the motion. Thus the values of BG are proportional to the 
values of V in the above formulae. 



1EXPERIMKNTS. 


r>K) 

The results, are tested in the 4th and 5th columns as follows 


Number of 
interrala 
betwcon 
releaiM nf 
QJt and 
arrival at 

B ec 1. 

Initial 

distance from 
■tart to B * f . 

Sjuice 

described in 
n intervals 
after rider 
lemuved 

» SCac V. 

8rd ool. V 
lBtooU*T ‘ 

(3i-d col.)® w* 

" 2adcol. ^ * 

1 

6*1 cm. 

24*4 

24*4 

97*6 

2 

24*3 cm. 

48*6 

24*3 

97-2 

3 

55*0 cm. 

73*5 

24*5 

QS*2 

4 

J_J 

! 

I 

I 

i 

s 


The values in the fourth column indicate a constant, likewise 
those in the iif th column. It follows, therefoi e, that the velocity 
acquired from rest in a given time is proportional to the time, and 
the square of the velocity acquired is propor- 
tional to the 8]>ace described. 

In Exp. 5 and 6 we use Atwood’s 
machine (Fig. 172) to investigate the 
action of a known force (the difference 
<^f the weights of Q and P) on a known 
mass (the sum of the masses of Q and P). 

Exp. 5 . — To show that the accelera- 
tion is ^proportional to the acting force, 
the moving mass being constant. 

In order to do this we make each of the 
ovliiiders P and Q in the form of small detach- 
able sections. Kujmose Q the heavier. The 
iiiiisses are arranged so that Q is in contact 
with the electro- magnet, tike ring ^ is removed 
and C is arranged so that when Q starts falling 
coincident wiui one tick of the nietr>nome, it 
strikes C coincident with a succeeding one, the 
number of intervals in between being noted. 
We have by Equation (3), § 36, / =2s/«'; hence 
knowing « and t wa can calculate the value of the acceleratitm. 

We now alter the value of the acting force bg transferring somt of 
the sections from P to Q, so that the total mass of P and Q reniaiiia 
ooustant. The value of the acceleration is dclcrniincd as before. 
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We tabulate our results thus : — ^ 

Mass of system = Q + /* = constant ; acting force = Q — P. 


Q 

P 

Q-P 

a 

t 

<» 

/HQ-P) 

17 

15 

2 

8*9 

3 

1*98 

•99 

18 

M 

4 

7*9 

2 

3-95 

•99 

19 

13 

6 

120 

2 

6 0 

10 


The values in tlie last column will be found (within the limits of 
experiiiietilal error) to be constant, so that the acceleration is i)ru- 
portional to the acting force. 


Exp. 6. — To show that the acceleration is inversely projinr- 
tional to the mass moved, the activy force remaining constant. 

The procedure here is much the same as in Kxp. 5, the cylinders P 
and Q ctjnsisting, as theism, of a numl)er of small detachable sections. 
In this case, we sUrt with Q greater than P and determine the 
acceleration as in Exp. 5. Then equal nutnbem of sections arc re- 
moved from Q and P so that Q — P remains constant. In this way 
Q P is varied while Q — P remains constant. The acceleration in 
each case is deterinineu as in Exp. 5, and we tabulate thus : — 
Acting force — « constant ; mass moved = Q + J\ 


<? 

P 


s 

t 

/=&/<» 

/X (e + p) 

IS 

14 

32 

7 9 

2 

3-96 

• 

126-4 

17 

13 

30 

8o 

2 

425 

127*5 

16 

1*2 

28 

2-3 

1 

4-6 

128*8 


It will be found that the values in the last column, t.s. the values 
of / X (f> + P) will he constant (within the limits of experimental 
error) and hence the value of the acceleration is inversely propor- 
tional to the moving mass, the acting force remaining cuiistant. 

Now if F is the acting force : -- 

Experiment 5 shows that / oc F when m is constant. 

Experiment 6 shows that / oe 1/m when ^is constant. 

We therefore have that / oc F/m when /"and m both vary. 
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Exp. 7.— -To find the value of g. 

For this, it is necessary to determine the value of the metronome 
interval. Use the method described in Exp. 1, § 3‘2l. 

Q and P being now given any suitable values, the value of 
the aooeleratiou is determined as in experiment 5 or 8. 'i'he ac- 
celeration is given by / = — where s is the distance described from 
rest in time t, 

Q + P ^ 

Knowing therefore the values of Qt P, and/ we can determine p, - 

e+f./ 

Q-P •' 

= Q + P 2 » 

Q-p- T? 

A senes of experiments, keeping ^ and P 8xed, must be performed, 

and the mean value of ^ substituted in the above formula. 

i* 


Now we know that f * 


for 


Exp. 8. —To verify that the Kinetic Energy gained is 
equal to the Potential Energy lost. 

In order to verify this law we require to determine the velocity 
of P and Q of ter Q has descended a certain height and P risen an 
equal amount. 

As in experiment 4, platforms B and C are aiTange<l so that the 
II USB Q being released iroiii the position A coincident with one beat 
of the metronome, the ring B is reached coincident with a subse- 
quent beat, and the platform C is reached coincident with a later 
beat of the metronome (Fig. 10). The distauuos AB and BC aie 
measured and the time taken to desoribe BC ascertained. Ihe 
experiment is repeated several times and the mean values of the 
various quantities employed are used in the calculation. 

Since P ascends an amount equal to what Q descends, we have the 
loss of Potential energy between the passage of Q from A to B 
{Q - P) AB in gravitational units (ft. lb.) = (0 - P),AB . g absolute 
units. Also gain of kinetic energy between A and B == h W4 P)B», 
where v ia the velooity of Q on piwaing B: v^a given by the expres- 
BG 

non t being the time taken to desoribe BC and is determined, 

by the metronome. The values of (Q - P)AB a g and J «? + P) 

are oom^red and within the limits of expcrimentjil error found lo 
be equaL The experiment should bo repeated for a large number 
of diilerent values of Q and P and of the respective distances AB 
and BC. 
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323. Hick’s Ballistic Fendnlnm. * 

173 represents the Ballistic Pemlulum made bj 
Messrs. G. Cussous, Ltd., The Technical Works, Lower 
Broughton, Manchester, who have kindly supplied the 
illustration. 

Essentially this apparatus consists of the two masses M 
and nt, each supported by 8 threads so that each mass swings 



Fig. 17o. 

like a pendulum without twisting during its motion. 
Each of the •masses M and m is made up of a platform 
upon which a series of masses can he placed. Each of 
the pi a! 1*0 rms is made partly of iron, so that they can be 
retained in any desired positions (Fig. 174) by means of 
electro-magnets When the platforms are lianging freely 
they are just in contact. 

'ihe complete arrangement is illustrated herewith 
(Fig. 174). £, and £j are electro- magnets serving to keep 
the masses Jf and m withdrawn to any desired positions. 
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The electro-niagnet.8 are in circuit with a key K. This key 
being opened, the masses M and m are released simul- 
taneously. It will be found 
that, so long as the sup- 
porting strings are not dis- 
placed more than 10° from 
the vertical, the two masses 
meet at their lowest posi- 
tions, so that both are 
travelling horizontally and 
the impact is direct: this 
will be the case even though 
the masses are unequal and 
the strings pulled back 
through unequal angles. 

To ccdcnlait the velocity acquired by the f/iaes M 
hi passing from the initial position to the lowest position, 
loss of Potential Energy ~ be, 
and gain of Kinotio Energy - MCP, 

Hence by the conservation of energy 

J = Afg . be, i.e. ^ 2g , be (i) 

Now let be ^ h, ac = I, ad cd = r. 

'J’heri ad^ - oc’ =3 (ab* 4- bd'*) - (ab* be*) 

- - bcK " 

Hence - P — {r - h)^ - h\ 

P -^'£hr (ii) 

Also from (ii) — 2gh. 

Dividing T ^ V 

Now if he is small I (or cre) is practioallv equal to ah. Henoe in 
that case we have 

'=a6\/j!- 

The length ab is read off from the horizontal scale shown in Fig. 173. 
The velocity of each body after impact is calculated in the same 
way from observation of Uie extreme position to wuich it swings 
book after the blow. 
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Exp. 9 . — To verify the Vrineiple of Gori^ervation of 
Momentum, 

It ia now easy to verify the equation MV + 7 nv*=»MU 4- mi/ 
(§ 8‘2), taking proper account of the signs of U, ii, V, v. For M aiul 
m are determined by weighing, while f/, m, V and v are calculated 
from the initial and final positions of M and m. 

The bodies can be prevented from separating after impact by 
fastening two light springs at the right end of ju which will grip m 
at the collision. This has the distinct advantage that there is now 
only one position to be observed after the impact — a point of the 
greater importance in that when the two bodies recoil separately 
they reach their positions of rest at the same moment. 

If the experiment is arranged so that the velocity of the two 
masses after impact ia zens it will he easy to verify that the 
velocities before impact are inversely proportional to the masses. 


324. The Spring Balance. 

Exp, 10. — To find how the arten- 
sio7h <f a spring depehde upon the load 
which it supports. 

Obtain a long spiral spring. Drive a 
nail into a stout w/xxlen fckI and support 
the rod vertically in a clamp and st.Liul 
(Fig. 17/)). Hang a boxwocKl nnllimetre 
scale from the riai^and then the spring in 
front of it. The lc>wer end .d‘ the spring, 
after forming a loop, is twisted back anti 
finally turned to form an index p pointing 
to the scale divisions ; or the end la 
passed axially through a cork that carries 
a needle {i\) horizon t/dly (Fig. 17h). Sus- 
pend a scale-pan from the lower loop by a 
piece of string so that it hangs clear of the 
support, etc. , 

Observe the reading of the pointer, p, 
when the pan is unloaded, and when loath^tl 
BuccesBively with 2t), 40, 00, etc., graniniO'-', 
taking readings os the load incrciiseil arul 
also aa it is decreased by the same stcp.s. 
An error will occur in reading p if p is 
not alriio.st in contact with the scale. If 
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the spring hangs so that p is far fnim the 

scale, slightly rotate the spring on its vertical axis until p come9 
near the soile : then read. 
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Plot the rencKngB with reference to Inadfl. The grnph ia praoti- 
cally a atraiuht line, Hhowiiig that the exteriHion ib proportirmal to 
the hmd (or fonse) applied. From the graph .UMluc-e the exiension 
per gramme and the load required to produce unit {i.e. 1 cm.) 
extension. 

Otherwise tabulate as b't iwa ; — 


Ixiad. 

Extension. 

Extension - Ij^iad. 


1 

1 



Note that the extension of the spring for any load ineana the 
difference between the reading for that load and the reading for 
no load. 

The iiuniberB in the third coluimn will indfeate a constant. 

Exp. 11. — Graduate a spnng balance. 

Remove the boxwojxl siiale and Qx, with drawing pins or small 
nails, a strip of pafier behind the spring. Mark on the fiaper the 
jiosjtioii of the jiointer for no load and for loada of J(», ‘2t), ,'?0, etc., 
grariinies. Number tlie lines 0, 10, 20, etc., and subdivide the 
BjMres hetw'een into lialves or fifths. 

We have thus made a scale to the balance, so that when 
the pointer points to any mark P we know that the load in 
the scale-pan is P pramraes. 

Exp. 12 . — Find hy the spring balance of the last experi- 
ment the weights of coins, etc. 

Place the body in the scale-pan ; note the number of the division 
to which the jiointcr is drawn. Chock by weighing on an ordinary 
balance. 

The term dynamometer simply means a f(>rce-m^»asiirer. 
An ordinary habuce nieasur€»s only a particular kind of 
force, viz. weiglits. Since, however, spring bn lances can be 
use<l in any position, tliey can be used to measure forces 
in general if f hold a spring balance in my left hand 
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and extend the spring with the other till the pointer rejuls 
one pound, mv right hand is exerting on mv loft hand, and 
therefore also nij left hand on my right hand, a force 
equal to the weight of one pound. 


325. Conditions of eqnilibrinm of forces acting at 
one point. 

Exp. 13. —Equilihrium under two forces, 

Ol.tfiin a small ling A and tie ^ a ^ 

it by strinijK txj two apriiig bnlancos H 

*9 and R (Fig. 177). Vix S on & 

table, and pull R until both strings -Fig* 177. 

are quite taut. Rrad the halsnoes 

S and R. Draw out R further and further. Take frequent simul* 
taneoua readings of S and R. 

Oh8enHjitirm.—ln every case the readings of S and R are equal, 
and the two strings aie in the same straight line. 

iM'iinctwn , — Tlio riftg A is in e(|uilihniiin uniler the two forces 
exeitcd by the stretched stritigs R and S Jlerice, if two forces 
ate in equilibrium, they (i) are equal, (ii) act in the same straight 
line, (iii) ata in opposite directions. 


Exp. 14 . — Equilibrium of a particle under the action of 
three forces. 

Tie two spring balances 
P find Q to the ring A (l ig. 

178;, and fasten the balance:* 



to a table, l^iil at the ring 
A : the lialances at once in- 
dicate that they are exerting 
forces on A. 

Tie a third balance ^ to 
and pull it out until /*, g, 
S are all extended. Then 
fnsten S to the table. At 
this sUge the ring is in equi- 
librium under three fumes. 



Fig. 178. 


viz. the pulls of the three strings AP, AQ, a.'.d 45. Read /*, Q, 
and S : these readirig>^ are the measures of the three forces. 


(1 ) However large the ring may be, the lines of the 
three strings, if produced, always meet at apoini , — not necessarily at 
the centre of the ring. 

(2) No one of the forces is greater than the other two ^gether. 



348 


EXPERIMENTS. 


Exp. 15 . — Verify the parallelogram of forces. 

(1) Use the method desoribed in § 168. It is advisable to use 
specially oonstnicted pulleys in which the friction has been reduced 
to a inininium. Otherwise the pulls in the strings AH and AK may 
differ oonsiderably from the weights of P and Q. 

(2) Use the apparatus described in Exp. 14 above, using a similar 
geometrical construction to that in § 1 68. 

Exp. 16. — Verify the triangle and polygon of forces 

(§§ 170 , 173 ). 

A convenient apparatus for the proof of the polygon of forces is 
shown in Fig. 179. 'I’liis apparatus is made by Messrs. G. Cussons, 
Ltd., The Technical Works, I^ciwer Broughton, Manchester, who 
have kindly supplied the illustration. It consists of a slotted 



frnme nnd blackboanl. The pulleys are very nearly frictionless 
and are moveable along the slots. The cords lie close against the 
boanl or paper ; they are attached t^i a small ring shown in the 
middle of the figure. The frame is arlaptcd for fixing to a wall. 
Slot weights are very oonx^'enient. 

After having obtained the fiositions of the strings and the inagni' 
tudes of the forces ai. in Fig. 49 (p. 161), construct the polygon of 
forces as in Fig. 50, and show that it is a closed polygon. 

Note that the directions of the lines in Figs. 49, 50 are the 
directions of the corre<«ponding strings, but the lengths of the lines 
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are not the lengths of the strings but are projwrticjial to the pxdle in 
the corresponding strings. 

This experiment may also be carried out with spring baJances, as 
Kxp. 14 aWve. 


326. Moments. 


Exp. 17 . — Verify the principle of moments (§ 201). 


■ Bore a clean hole 0 (Fig. 180) through a binootii hoard. Place it 
on a smooth table and drive a smooth 
round nail through the hole at 0. 

Supuort the boam on three or four 
maroles so that it can turn freely 
round 0. At any point A of the 
edge of the board attach a spring 
luilanee and hold it horizontally so 
that any force exerted by it would 
cause motion round 0 in the direc- 
tion of the hands of a clock. At 
any other point B attach another 
spring balance so that a force ex- 
erted by it would cause rotation in 
the opposite direction. 

Pull the balances out so that the springs are well stretched and 
then fasten them to the table. Mark the dirccbions CA, DB of the 
pulls of the springs on the board. 

Draw OMj OAf perpendicular to CA and DB. 

Measure OM, ON and note the readings of the balances A and B, 
giving tlie forces P and Q which they exert on the Ixjdy. 

Repeat the experiment several times, varying the positions of the 
balances. Ariunge your results as in the following table : — 



\ ALUES 
OF P. 

Valvks 
OF OM. 

Products 

0? 

P AND OM. 

j Values 
: or Q. 

Valves 
OF ON. 

" “T 

Pro')i:cts! 

OF 

Q AND ON. 

1 

• 




1 

1 


Ohservation . — Each result in the third column is equal to the 
corresponding result in the last column. 

Deduction . — Since the bo<ly is at rest, we conclude that the 
tendency of the foi-ce P to rotate the bofly in one direction is 
exactly balanced by the tendency of Q to rotate the body in the 
contrary direction, t.e. the two tendencies are equal iu magnitude, 
that is, their moments about 0 are equal ; and hence w'e infer 
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that tke moment of a force ahoiild be measured by the 
product of the force and the perpendicular from the centre 
of rotation on its line of action. 

Coa. The moment of a force P alxiut a point 0 ib zero if 
either (i) the force P is zero, 

or (ii) the line OM is zero, in which case 0 lies on the • 

line of action of/*. 

Converadyf If the moment of a force P about 0 is zero, it follows 
that either (i) P is zero, 

or (ii) 0 lies on the line of action of P. 

827. Equilibrium of Three Parallel Forces. 

Exp. 18. — To verify the laws for the equilibrium of three 
paraliel forces. 

Use the inetlirKl of § 218, or mollify it as follows * — 

ApjuirtjJiu. — (i) Obtain a rod of wood, about 1 in. long, 2 cm. 
wide, an<l 1 cm. thick. Graduate tlie bar in centimetres. At intiT’ 



▼als of r» cm. cut notches into the rod. Prepare little loops of string 
to slide along the rod { Fig. 181). 

(ii) Obtain three spring balances. Tie long pieces of 'l&tring to 
the rings at the top of the balances. 



RUFKlllMENTS. 



Adjustments , — Pass the hooks ui two of the balnncej P and Q 
through loops placed at C and 0^ C and 0 being ^iiMir the ends. 
Measure CO carefully, and rne<isure an exactly equal distance XY 
near an edge of the oxperintenting table (Kig. 8). AtX and Y insert 
two strong picture rings firiuly in the table, i'ass the Mtririg.s tjf the 
balances P and Q through the rings at X and Y. 8inoe CD ^ XY, it 
is possible to arrange tlie leiqit,h of the strings and balances so that 
XY and CD are parallel and the angles at C and D are right angles. 
When this is done, fasten the strings to the rings, leaving the 
string at X and Y so that they can be loosened or tightened if 
required. 

l^iss the hook of the third balance R through a third loop at 
E oil the wooden rod. Note the distance DE. In the straight 
line YX measure YV = DE ; in the line VE produced, mark any 
point Z, and insert a third strong picturo ring in the table at 
that point. I'hrougli tins ring pass the string of the balance R 
until it becomes just taut. In this position there is no tension on 
the lialances. 

Procedure, — (i) Pull out the Italanoe R by drawing tJie string 
further through Z. Iiii mediately all three balancoH indicate teriBicm ; 
but the system may become distorted, in which case the reading of 
the balances tells us nothing about partdhl forces. 

(ii) A little a<jjii.stino»t of the strings, probably a tightening at Y, 
will, however, restme the mralhdism. 

We now have three parallel forces i'l equilibrium, viz. the throe 
tensions of the spring balances, which act on the rod at the points 
C, D, E, but proiluce no motion in the nxl. Hence either of these 
three tensions may be regarded as equal and ojiposite to the resul- 
tant of the other two. 

Xleamrernenis . — Note the readings of the 1/alaiices P, Q, R, and 
the distances CD, Ci, DE. 

\\'heu several sets of readings have been obtained in this way, 
test wiiethcr they satisfy the ecjuations 


P + Q = R, and 


11 =.^ 
DE MQ 


R 

CD' 


328. Besnltant of Two Farallol Forces (§^ 210, 212).-— The 
ruler for the resultant of two parallel forces can be verified from 
the preceding ^rperiiuent. 

Thus the resultant of the two like parallel forces P and Q is equal 
and opp.>site to R. It is therefore ^iial to /* + Q. 

Also its line of aotion divides CD internally in the ratio CE : DE, 
which from the second equation is equal to the ratio Q ; P. 

Similarly tlie resultant of the two unlDix parallel forces P and R 
is equal and opposite to Q, It is therefore equal to R - P. 

Also its Itee of aotion divides CE externally in the ratio CD : ED, 
which by the second equation is equal to the ratio R : P. 
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329. leaded Beams (§ 2231). 

c 

The apparatus shown in Fig. 182 (manufactured by Messrs. 
Townsoii & Mercer, Ltd., 34, Camomile Street. London, E.C., wlio 
have kindly supplied the illustration) can be used to illustrate the 
conditions of ei^uilibrium for loaded bi^ams. 



Fig. 182. 

These (Muiditioiis are — 

(1) That the sum of the upward foi'ccs on the beam is ecpial to 
the sum of the downward forces (the upward forces are the forces 
registered by the tw'o oomprcssioii biilances ; the downward forces 
are the w'eight of the beam and the suspended w'eights). 

(2) That the sum of the oh^kwise motuents about any point on 
the i)eam is equal to the sum of tho anticlockwise inoriieiits. 

330. Centre of Gravity. 

Exp. 19. To determine the centre *>f gravity of a body 
pradically. 

This problem has already been oonsulereii ii §§ 297, 298, 

The centre of gravity of a roil can also be determined by placing 
it on a table with a portion projecting over the edge. Increase the 
]irojecting portion till the rod is on the point of falling over. The 
point of the rod now at the e<ige of the table is the centre of gravity. 

The centre of gravity of a sheet of nanllward can be determined 
by the same method. When the oardboanl is on tho point of falling 
over, mark with a (iencil the line on the oardljoard which coincides 
with tho edge of the table. This line contains the centre of gravi by. 
Repeat the expenment with tho cardl:K)ard in a new position : the 
intersection of the two lines is the centre of gravity. 

331. Couples. 

Exp. 20 . — To show that, \f two couples acting on a body 
in the same plane balance, their moments are egual and 
opposite (of. § 227). 
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Work on a bench having a smooth and even snrfq^^e. Apparatus 
required : — 4 clamps, 4 spring balances, 4 nails, string, a piece of 
wood, some peas or marbles. 


Drive 4 nails a, b, c, d (Fig. 
183) into the piece of wood near 
the oornors. Tie string to tt'.e 
nails. Place some peas ur 
marbles on the bench and rest 
the wood on them. The peas 
or marbles give the wood an 
easy* freedom of motion over 
the bench. 

Take the clamps and fasten 
two to each si<lo of the bencii. 
Tie a spring balance to each of 
them. Take the string from 
each nail .and loop it over the 
hook of the nearc.st balance. 
Arrange so that all the four 
balances are in tension, and 
then adjust the clamps and 
lengths of the strings until the 
reading'4 of A and (/•are the 
same and Aa and Cc are parallel. 
It will then be found that the 



Fig. 183. 


readings of B and D are the 
same and that Bb and Dd are paiallel.*^ 

Measure the distances p between Aa and Cc and q between Bb 
and Dd, Show now that 


the reading of ^4 (or (?) x p « the reading of B (or 0) x 
i.e. the moments of the two couples under which the wf)or1 is in 
equilibrium are equal and opposite. Repeat the exjieriment with 
the clamps in different [lositions. r 


332. levers (Cb. XXIL, §§ 282-240). 

ZSzp. 21 . — Make a sim^de lev&r, 

A simple form of lever can be made fron; a half-metre scale 
graduated in millimetres. To prepare it, bore clean circular holes 
about a millimetre or two inillinietres in diameter at every 5 cm. 
division along the scale (Fig. 184), It is convenient to bore tliem 
not along the central line but nearer the upper edge. To make a 
fulcrum, drive a stout sewing iieinlle or n tain smooth wire nail 


* A couple can be balanced by another couple or by a system of 
more than two forces equivalent to a couple, lb cannot bo balanoc.J 
by two forces which do rud form a couple. 

KL. MKCI! --5 
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into the edge of the bench, or a l>oar(l fixed in the wall, or a piece 
of wornl whicli' can be held in a strong clamp. Other apparatus 
required for the experiment includes some weights, say ounce 
weights and fractions of a pound, making up to two pounds, pro- 
vided either with rings or suitable projections for the purpose of 
suspension by strings u. a spring balance reading in ounces up to 
two pounds or mure ; and some cotton or fine string. 


Exp. 22 , — To deduce the principle of the lever when the 
weights are hung on either side of the fulcrum. 

Balance the lever (made as above described) with its central hole 
G (Fig. 184) supported by the needle. If it does not Imlaiice level 
tie a piece of fine wire tightly round the lighter end, adjusting the 
length or position of the wire until it does balance level. 


pirillli 

1 


I l i m T TTT 
to /5 


c 

nTTrnrn 


Till HTT'll Hi IT 
30 iS 



Fig. 184 


Take two weights, P and Q (say P =e 4 ounces, (? =- 3 ounces), 
and suspend them by loops of cotton from points A and B on the 
lever ; one on each side uf C, so that P and Q tend to turn the 
lever in opposite directions. Place P, say, 18 cm. from (?, then 
find exactly where Q must be placed to balance, t.e, to make the 
lever set horizontal ; you will find that Q must be placed at 24 cm. 
from G. 

Observe that 4 x 18 ~ 3 x lM, 

•.e. P X AG ^ Q X BG. 

Tlepeat the experiment -with P and Q at different disUnces from 
G. The following distances may be tried for AG i — 

AC 9 cm., 13J cm., 18 cm., 27 cm., 
and you will find that 

BC » 12 cm., 18 cm., 24 cm., 36 cm. respectively. 

Now repeat the expcMirnent with different u eights, say P « 8oz.. 
and lib., 

P = 6 OZ., Q 9oz., oto. 

In each case you will find that when P and Q balance 
P X AG ^ Q X BC. 

We mav call AC the arm of P, and BG the arm of Q ; our rela- 
tion then oecomes : — 
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The force on one side of the fulcrum multiplied by its arm 
is equal to the force on the other side of the fulcrum multU 
plied by its arm. 

This is the Principle of the Lever, 

N.B. — We have here neglected to take oooount of the weight of 
the scale, because the two sides balance each other. 


Exp. 23. — Without using a balance find the weight of a 
uniform lever. 

Take the half- metre scale of Exp. 21, hang it with the fulcrum 
F at the hole on the 5 cm. mark (Fi^. 185). Hang a weiuht P on 
the short arm, and shift it along tlie lever until the lever balances 





w 


Fig. 185. 


horizontally under the combined action of P and the weight of the 
lever. Suppose P then hangs at A. The weight Vi of the scole 
acts downwards at its middle point Q, Hence, applying the Prin- 
ciple of the Lever, we get 

P y.AF Vi y. fC, 


W' - P X 


df 

>6* 


In the case under consideration FO — 20 cm. Sujipose that 
P = 10 oz. and » 4 cm., then 

10 X 4 = IF X 20. 

Vi ^2 07. 


Repeat the experiment, using the hole at the 10 cm. mark for 
the mlcrum. * You may find that if P = 8 oz., AF 3'7 cm., 
whence 

8 X 3-7 - IF X 15, 

or Vi — = 2 nz approx. 


Repeat the experiment, using in turn the 15 cm. bole, the 20 cm. 
hole, etc., for the fulcrum. 

Verify the result by weighing the half-metre scale on an ordinary 
balance or a spring balance . 
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ZSxp. 24.~*' Make a simple lever of the second system. 

Take the half -metre scale of Exp. 21. We may adopt one of two 
plans : — 

(1) Balance the scale on its middle point, in which case we do 
not take account of the weight of the scale. 

(2) Use for a fulcrum a hole near the end of the scale, in which 
case we have to allow for the weight of the scale. 

Exp. 25 . — Using the lever of Exp. 24 (1), find the law 
of a lever of the second system. 

Take the half-metre scale and hang it with its middle point C on 
the fulcrum (Fig. 186). Slip two t^ops of cotton over one end. Hang 
a convenient weight R, say, on the inner lof)p and ])laf!0 the loop at 
a point A, say, on the lever. To the other loop attach a spring 



Fig. 186. 


balance, pulling upwards, end lift the balance until the balance and 
string ai*6 vertical and the lever horizoiitKl. If the balance doe.-; 
not record an exact number of ounces, shift it along the lever until 
it does. Read tlie balance and its distance from C, viz. DC. Let 
f bo the force exerted by the balance. Show by your observations 
that the momenta about C are equal, i.e. 

RxCA^ExCB. 

Repeat the experiment, using different values of /?, of CA, and 
of BCj and show that all your results lead to tbo same conclusion. 

Exp. 26 . — Thing the lever of Exp. 24 (2), finditewagU 
vnOtovi uting an ordinary ialanee. 

Place the ^ulcruro F at the 5 cm. hole (Fig. 187) and support the 
long end ^ a spring balance which is capable of reading aocuracely 
to a mnrb smaller weight than that of the lover. When the lever 
IB horizontal, take the reading of the balance, E. 
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Then, by the prinoipic proved abo*.<4, we g^‘t 

f K SF = M' X fC =. IV X ao, • 

. ^ E X BF 



Fig. 187. 

Exp. 27 . — To verify the principle of the lever with a 
lever of the third class. 

^Indity eitliur f>f F?y)s. *^r», 2(>, placing the spring balance closer 
to the fulcrum than the weight it bupports. 

333. Inclined Plane (see §§ 1^^7, 188). 

It is us(‘loss to try to obtain a smooth plane, that is to 
say one alouij; wliich a body will slide without resi8tanc?e. 
The best results are obtained by making the plane as even 
as possible and* using a body which is free to roll up or 
down tJie plane. 

Exp. 28 . — Inclined plane with force acting up the plane. 

Obtain two pieces of smooth board, AB^ AC (Fig. 188), about 24 in. 
long and 4 in. w'ide. Hinge them togetlier at the end A. Clamp 
AC to the bench or table. If a small block of w'ood, Z), be inserted 
between the boards, AB may be inclined at any desired angle. We 
thus obtain an inclined plane which is easily adjusted to any slope. 

Obtain a small, fairly heavy, smooth metal cylinder R mounted 
smoothly on a framework provided with a hook T (see Fig. 189), to 
which can be attached a string. 

Test tho cylinder and plane for friction by ]>laoing R on AB and 
slightly tilting AB, If tlie friction is small, as it should he, the 
cylinder will ho^iii to move almost as soon as AB is tilted at all. 
If the plane AB is not very smooth the difficulty may be got over 
by resting a piece of glass on it. 
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Weigh tlie cylinder Jind tlio attached framework and adjust the 
plane to anv cofiv'enicrit slope*. Tie a piece of cotton to I and to 
the spring oalarice, place the cylinder on the plane, and hold the 
spring btihince so that the string lies parallel to the slope ; the 
spring balance will register the force P w'hioh, acting parallel to 
the plane, is necessary to support the weight W of the cylinder and 
framework. 




force reouired to 

keep the body at rest will var^’ between certain limits. To get a 
rlefmile value, find first the least force rj(|uire(] to make the 
cylinder move upwards, then the least force that will uist prevent 
it moving downwards. The mean of these two may be taken as 
the equilibrating force, 

i.e, ^ 

111 order to measure the height, length, and base of the plane, 
place a large set square underneath as siiovm. //(? gives accurately 
the height of the plane for a length ^// and base /IG ; > 1 // and AO 
can easily be measured by a millimetre scale and H 6 can be 
measured once for all. 

Iji this experiment measure AH, HO. Repeat the expert men!} 
many times with different inclinations fur AB, Tabulate the 
results thus 


GH 

AH 

P 

W 

GHjAH 

PIW 






• 


Observation. —It will be found that the corresponding values in 
the fifth and sixth oolumns are equal. 

JDediiCtion. ^Wher the supporting force is parallel totheplan&^<e 
following law holds ; — 

supporting force - ^ _ height o f plane 

wsight \V AH length of plane' 
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Ezp. 29 , — Inclined plane v^ith horizontal fq^rce, 

Kencat the last experiment, keeping the string horizontal. The 
hoard AB must be narrow enough to pass through the triangle in 
the framework of Fig. 189 without touching it. Measure GH, AG 
and tabulate the results thus : — 


GA 

GH 

W 

P 

1 

1 

J 

1 





Obm'vation. 'I'ho value in the fifth oolumn is always equal to 
the cones ponding value in the sixth. 

Dtibtetion, — When the supporting force is horizontal^ 

supporting force _ I* ^ height of plane 

weight fK AG ^ base of plane 

The pressure on the plane in the last two experiments eaii Iks 
found by determining the force, applied at right angles to the 
plane, which is just sufficient to lift ilio roller off the plane. Qhis 
can be done by incaui* of a spimg balance joine«i by string to each 
end of the axle of the roller. 

334. Forces iu a Crane (§ 191, Ex. 1). 

Exp, 30 . — To illKsfrate the forces in the tie and jih of a 
simple crane when loaded. 

Tlie apparatus required is shown in Fig. 190. The upright post K 
is known as the ^lug-pust, TO is the lie- bar, iintl JO is the jib. 



Wlicn the crane is loaded the tie-bar irt put into tension nnd tiie jlh 
in compression. A iiijlU spring balance A is inserted iu the tie and 
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a conipres'lun balance B (like an ordinary kitohun balance) in the 
jib. The tie can be fastened to any of the diilerent eyes tixed to 
the king-post. As tlie oonipression nalanoe is to measure the thrust 
along tlie jib, there must not be a hinge between the jib and tlie 
balance. If the jib is to point in ditfei-cnt directions it and the 
balance in list swing together. 

For any given position and a given weight IT read the balances 
and measure the angles a and /3. Draw the triangle of forces^ (see 
second iigure), using the known values of JF and a and Froni 
tlie triangle, deduce the tension in the tie and the compression in 
the jib and compare the values obtained with those observed at A 
andi}. 



A PPENDTX. 


rUOPKRTlKS OP (’ERTAT.V TRIAKOLPS. 

J{liSUIiTS IN MENSURATION. 

1. The studoiiL wilt) is iinar<iuaiii<t il with Tiijj^oiumiefry will lind 
it necessary to hocoiiu* tUmiliar with tin- rclatioi.s lii^twrcii the sides 
and angles of corlaiii rijrtit-{m.i^:lcd triaijjrlcs which aie constantly 
occurring i]L i*i'ol)lcitis ih J\lo(:}iaiiies. 


2. 'riio units of augrnlar measure are Die stihdi visions of a right 
angle, dcfiin d as follows : - 

1 right aiigh} - UO degrees, dcnotcil hy 90" : 

1 (Ifgrcc or r -- GO minutes, donotud by 60'; 

1 iiiiniilji or 1' = GO seconds, (h'liidcd hy 60 '. 

'riu- <iidy angles wo t'hall liavo lo naijidor aiu IT)’', (io 00 , 
and Incir Tnulhpk’S. 


G. Relation between the sides of a right- 
angled triangle. 

liv Knc. 1. 47, 

BA^ + AC-^ BC\ 
wlnic I BAG == ^)0^ 


C 



I’ig. 1. 


4. The 3, 4, 5 and 5, 12, 13 Triangles, &c. 

'J’hui //'/* iiumhu.s 3, 4, 5, or their niiiltiples («".//., «'•. 8, li»), tn: 
pruportionii (o ihr ni/fe.s <■/ (t vnjlit-timjltd frian(ff(\ fur 0+ IG ^ I’o, t t. 
3- + 4® — 5® These inimbers nhould be remembered. Another auch 
set is 5, 12, i;{, for .V-’ - 25 >. 1 ^ (13 + 12) (13^12) ^ 13‘-1‘A wul 
52-i-l‘2®« 13® 
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o. The Big^t-Angled Isosceles Triaug'le *2). 
TiiEdUKM. — If Ihti unglca of a triani^lo be 4^5'^ 45^ and 90^ iho 
sides are proportional to 1, 1, and iJ2. 

Draw a square ABCD, and draw the diafronal AC. 


Tlien 

LBAC — half a right angle -- 4 T, 

1 BCA = half a right angle ~ -1 -V, 

Z CBA — a right angle =- 90" , 

D 


•. AC-^AB- + BC-. (Euc. 1. 47.) 

y j 

Also 

AB - BC I 

y 


AC- --- 2AB' - 2BC- : 

/ws' soV 


AG = ^^'2.AB -- ^^'l.BC\ 

1 i B 


, BC 1 AB _ 1 . Fh-. li. 

‘ * AC 'V2’ AC ■ Vs' AB ' ' 

AB _ BC _ AC 

1 'i Va 


0. The Semi-Equilateral Triangfle {V'mx. •!)■ 

Tiieouem, — If lilt angli'H of a trian!?!-* b«‘ 30 ', CO'', and 90'\ tla* 
sidi‘8 oppoMto these ani;li,8 are proportional +o 1, /^3, and 2. 

i)ia\v an equilateral triang^le ABC. Join A to Dj the middle point 
of BC. Then the triangles ABDf ACD arc equal in every respei t. 

But the three angles of an Kjuilateral triangle are all equal, and 
aro together two right an*d«*s - 180'“', Iheroforo each — (iO'. 

DBA^iSO^: 

zDABr.?,{\'\ 

Also Z^ADB --- £.ADC -W; 

• AB' — AD'^ \^DBr. (Km-. 1. 4V 

But AB == CB IDB ; 

ADB- = AD‘ DB^ er AO- ^ Wki- \ 

AD s^\\.DB\ 

OB _ 1 _ V 3 Dfi „ 1 . 

AB" 2' AB “ 2 ’ AO' V3’ 
oi- OA _^BA 

1 V3 2* 



7. The .student is recommended to reineinher the figures and 
properties of the i ighl-.inglfc<l i 80 .seehjs triangle and the si mi- 
equilateral triangle, as the solution of almost every altuplc probhan 
in Mechanies involving angles ran bo deduced freun them. In 
drawing the figures from momoiy, it is useful to remember that the 
greater angle is opposite the greater side, and i;ice way*. Thus, in 
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Iho aomi-cqu (lateral triani^le, since 2 or 1, the side 

represented by 2 is opposite the aiigfle 90®, the side rei)resoiite<l by 
v3 is opposite the ang;le 60®, aud so on. 

S. Similar Triangles.— ff two triangles havo the angles of one 
respectively equal to tho angles of the other, then one of tho triangles 
will ho an exact copy of tho other on an enlarged or reduced scab*, 
so that the sides of one triangle will ho proportional to those of the 
other. Such triangles are said to ho similar. (Kuc. YI. 4.) 

Thus, if tl»e triangles A^C, 

DEF (Fig. 4) have 

iiriglc at >1 — angle at 
;nigle at B - angle at £, 
and angle at C — angle at F, 

(Kuc. 1. 32) 
their sides will hf! proportional, 

BO that 

BC CA AB ^ 

EF ~ FD DE’ 

In partitjular, if GH he drawn parallel to ACt tho triangles ABC, 
GBH will ho similar, so that 

BH HG GB 
BC CA AB ■ 

9. Several convert* theorems are also true. If the sides of one 
triangle are proj)ortiunal to those of another, the angitis of owe triangle 
will he equal to those of the other, and the triangles will therefore w* 
similar. (Kuc. YI. i).) 

Again, if AB \ BC "• DE : EF, aud the included angles at B, E are 
equal, ilio triangles wdll be similar. (Euc. VI. G.) 

10. If a line ’AG he drawn hisccting the 
.angle at A of a triangle ABO tFig. 5), the 
segments of the base BC will t j proportional 
to the adjacent sides (Kuc. VJ. 3), so that 

BG _BA 
GO AO 

Tho triangles ABGj ACG are not, however, 
similar. 


A 



Fig. 5. 
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11. Results in Mensuration. 

The follo\vin»f facts iu Solid Geometry and Mensuration are 
assumed. Tlio references pfivcn below arc to the arti(do8 in Bri^^s 
and Kdmondson’s Meusurntiotif whore the rciubT will iind the juo- 
perties in question, fully proved. Proofs of th.uu are also given in 
most elementary treatises on Solid Geometry. The ranaltn alone need 
he reinoml)erc<l : — 

(1) The area of a triangle 

^ [ham j X [aliit ade) , 4«5.} 


(2) The area of a trapezoid {ij‘. a (iiiadrilate»-al with two 
sides i)arallrl) = (/Av height] x (.V vf parallel 


(3) The length of the circumference of a circle of radius t 
.= IT X [iiiitmder) 

-- 2iri* ; 

wIktc the Greek letter w ( "pi”) stands fora certain “ ineommeiisur- 
ablc” nmuber (that is, a number which cannot bo expressed as an 
exact arithmetical fraction), wimsc value lies bclwceii ;i’lil“/J2 and 
3*141093- Tlic following apjiroximate values should be remembered 
and used, unless otherwise sitUed. 


22 

IT = for all rough caiculaliqus; 

TT = 3*1416, more approximatidy. 


(4) The area of the circle 


2 


[radius) X [ctrcHaifi rnur) 


— TT/*', 


(!• aS.) 


(o; The volume of a pyramid 

_ i [height) X (tnea of hj^e 

3 

= (§106.) 

the height h being the porpendioular from tte Vertex on the plane of 
the base, and .4. the area of the .base. 
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(6) The area of the carved enrface of a cylinder, whose 
height is h ami the radius of whose base is r, 

= {height) x (ciretunfemice of base) 

- 2irW«. (§ 115.) 

(7) The volame of the cylinder 

= (height) x (area of basd) 


(8) The area of the curved surface of a rigfht circular 
cone, whose ht'ighl is h and the radius of whose base is i*, 


- ^^(c iron inference of base) x (length of slant side) 


-Tri-V(5‘’+i‘-) J (§117.) 

a slant sid^. being a line «lrawn from tho vertex to a point in the 
circumfon iu’e of tho base. 


(9) The volume of j^he cone 

r= [ml. (f cghndcr of satne base and htighC) 


trr-h. 




(10) The area of the surface of a sphere of radius »• 

4 limes ^ren of drvh of same radtas 

- 4*irA - (§ 126.) 

(11) The volume of the sphere 

i (radius) x (surface) 



(}$ 127, 128.) 
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Examples L (Pages IG, 17.) 

X. (i.) 132. (ii.) 1. (iii.) H 2. (i.) 880. (ii.) 400. (iii.) 2. 
3 . (i.) 3J, (ii.) -}. (iii.) 360. 4 . 100 ft. 5 . 1100 ft. 

6. 12 yds. 7. 6()0 ft. 8* IG si'cs. 9. 1 J miles per hour. 
10 . 2Gg\ 11 . 17j ft. per sec. 

12 . (i.) 6 ft. per sec. (ii.; 94 ft. per sec. 13 . 5 hours. 

14 . loseca. 15 . * 1 ®- 0 -) (”■) 

17. (i.) 1*08. (ii.) 30. “ 18 . 20 niftros. 

19 . 10 metres. 20 . hmq : 


Example-s ir. (Packs 22, 23.) 

1 . (i.) Dimmishod to J- its fornier value, (ii.)^ Increased to 3600 

times its former value. 

2 . (i.) 38400. (ii.) 7m6,\. 3 . -J. 4 . 2 

9 . 5]^ ft. per see. per .sec. 6. 16 secs. 7 . o6 ft. per i 

8 , 6 ft. per sec. per see. 9 . 40 ft. per sec. 

10 . 6 ft. per sec. per sec. 11 - i ft. per sec. per sec. 

12 . 450 ft. 13 . — iV ft, per see. per sec. 

14 . (i.) 36, 35280. (ii.) 129-G, 127008. 15 .. \h 

16 . 33 cm. per see. per see. 17 . o sec s. 


Examination I*aper I. (Page 24.) 

1 . See 13, 24. 2 . See § 27. 3:'440. 4 . 5:11. 

8 > 17-| ft. per sec. 6. Sec § 9. -'-f 7 . IGJ. 

8 « 2 ft. per sec. per sec. 9 . 36*1 nearly, j6. 30 miles an hour. 

m 
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Examples I IT. (Pages 34, 35.) 

1. 2000 ft. 2. 40 miles per hour ; ^ mile. 

3. 4 ft. per see. per see. 4. 84 ft. per sec. 5. 4 sees. 

6. 8 ft. per see. per see. 9^., 320 ft. 8 . 16 ft. 

9. .Vsec., v'2— 1) see., ^ (-/3— './2) seer 10. 10^/10 8ec8. 

11. 1000 ft. per see. 12. 36 tt. per see. per see. 13. 22J ft. 
14. 2,Vnines. - IB. 235 ft. 

16. 22 ft. per see. ; 6*8 ft. per se6. per mic- 

17. 50 cm. per soc., 1.^0 cm. per sec. 18. 3 ft. per see. per sec. 

19. / : F = rs- : K2- ; t: F+ (/:v + n. 20. Tes. 

' 21 . 10 sees. 

Examples IV. (Pages 51— 5.5.) 

1. (i.) 400 ft., ICO ft. per sue. ; 12,250 cm., 4900 cm. per sec. 

(ii.) 57,600 It., 1020 ft. per sec. ; 1,764,000 cm., 58,800 cm. per see. 
(iii.) 61,840,000 ft., 57600 ft per sec.; 1,587,600,000 cm., 

1,761,000 (in. per sec. 

(iv.) *10 ft., 3 2 ft. j^or stc. ; 4*9 cm., 98 cm. per see. 

2. (i.) 160 ft. pt'r si'c. ; 5 sees. (ii.) 210 It. i)cr sec. ; 7j secs, 

(iii.) 4 ft. per sec. ; J sec. (iv.) 1400 cm. per see, ; If secs. 

3. -18 ft., 176 ft., 208 ft, 4. 32 ft. 

5. 144 It. ; 36 it. Lelow toj> of cliff. 6. 100 ft., 1200 ft. per soc. 

7. 156 ft. 8. 1156 ft. 9. 16 ft. p'T see., 4 sees, later. 

11. 64 ft. per see. 12. 6|6ecs. 13. 10 ft. per see. 

14. ‘//h. * 15. 196 It.; 112 ft. per see.; 4 ft. 

16. 32 ft. per sec. 17. 8 sees. 18. 240 ft. per see. 

19. 184ft. 20. 400lt.; lOsecs. 21. ^^ft. 

22. ( 4/3 -f 1) ^ . 23. I i sees. ; 84 ft. from ground. 

24. 1 or 4 secs. 25. i see. 26. 4 sees. 27. 80 4/2 ft. per 
28. 4086 ft. . 29. 68 ft. per see. nearly; 307 ft. nearly. 

30. First stone remains in contact with his hand ; second stons 

B-'tjms to full exactly as it woiiM if the cage were at rest. 

31. -45; M9; --21; -6-2. 32. ll-J^’ 521°; -63i°: -40J°. 

33., .36 miles per hour. 34. 1 IJ mil(*s pci hour, 

35. 16 ft./soc,.,; - 32 ft./sec. 36. 400 yd./miu. ; 800 yd./min. 
37. Acc. =- 32 per sec. per sec. 38. '098 ft. per sec. per see. 
39. 3*2 and *5 ft. per sec. per see. 40. 6, -2,-8 ft. iier. pcc. per sec. 
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^Examination Paper II. (Paob 56.) 

1. See f f 39, 40. 2. See 86, 37. 3. { ft. per sec. per see. 

4 . 75 ft.; 30 ft. per sec. 6 . See 41, 42. 6 , 2i ft. per sec. per sec. 

7. See f f 43, 47. 8. See } 66. 9. 196 ft. ; 48 ft. per sec. 

10, 2 secs, after the second stone was thrown down, 6 ft. 

Examples V., VT. (Pages 67-69.) 

1. (i.) 20 P P.S. units. (ii.) 107520 F.P.S. units. 

(iii.) 28800 F.P.S. units. (iv.) OSlOO (3.O.S. units. 

2. (i.) 32^/10 F P.S. uuits. (ii.) 30 F.P.S. units. 

(iii.) 8960 F.P.S. units. (iv.) 1*4 C.(l S. units. 

3. GO F.P.S. units. 4. 6720 F.P.S. units. 5. Iii poiindals. 

6 . 9*973 secs. 7. 350 pouudals. 8. 6.J 

9. 64 poundals. 10. 10 sees. ; Oft. 11. vl*:n/Q. 

12. 96 poundals. 

13. 14,336,000 poundals ; 1,433,600 F.P.S. utnls. 14. 1 1 Ihs. 

15. 1,971,200 poundals, 410 ft. 19. J ^ w* ft., — (2n — Ijft. 

2 fH 2 fTt 

17. 128 poundals. 18. 3 secs. 

19. ‘ 100 F.P.S. units of inipulso. 

20. 1,500.000 F.P.S. units of impulse. 

21. 1.70(>,00() h.I*,iS. units of iinpulsf. 22. 4*5 cm. 

23. 50000 d\ lies. 24. 6-I-8 metn s. 25. 26. 9800 dynes. 

27. ~r7 dynes. 28. pfHunVd; 5 F.P.S. units. 

29. 25910 -’io dynes. 30. 10 ions wt., 13’ tons v-t. 

Examination P.\i*kii Ilf. (Page 70.) 

1. S'je § 6i. 2. See } 65 ; 3200 F.P S. units. 

3. See § 68. 4. 8 poundals. 

5. (i.) ft. per sec. per sec. ; 9G0 F.P.S. units. 

(ii.) 50 cm. iior see. per sec, ; loOO O.G.S. units. 

6. in) 657061 pounilaLs. (A) 10051 ^ poundals. 

7. 7J- Ihs. weii^ht. 8. 1 poundal. 9. 654 cm. p( • sec. 

10 . 

Et.AMI’LF.s Vir. (P.\ORR 77, 78.) 

'h?. 

1. 2 ft. per sec. 2. 1 0. ft. per, sec. 40 era. per sec. 

4. J ft. per sec. 5- ft. .pw sec. ; 2 ft. 6, 896000 xmnndals. 
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III J>'*r riOO, 3. ;i0 ft. p r si;*. 10. " : 1, 

11. bO ft. jMjr .'jCC. , (jpj)0.«iti* <i) tht rri')Mi>n of the ]nriri‘f piece. 

12. 2.^ ft. per ^t■c. 13. 20 cm. p*'r 

14r. 0 ft. per sn-. 15 . 1 ft. p. r sic. 

Kxamim.j.v, vni. SO-SS.) 

1. (i.) I ft. pi-r sc'c. per sec. : 2lu fi. per sec. ; 7‘iOO ft. 

(ii.) (JIO It per so<*.. per sec. ; oSlOO ft. r-er sec.; Uo’iOOO ft. 

(iir.) -OHl cm. pn* .sm*. jkt sec. ; 58.80 cm. per see. ; 1705-.S cm. 

2. J.i f{. 3. « sees. 4. 320U F T ft. unit 

5. 10 secs : .s.j ft. 6. 10o2 . in. 7 . 5:1, 

8. oz. 9. II : 12 .mi. 10 . -IDO.'/''' metros. 

11. cxfnlly 1 1 cm. p.*r .sec. 

12. 0| lii-i. vv« ii'lit ; ,’j fl. p. r Sec. pi'r .‘•'cv . 

13. (i ) 7 ihs. 1] <*/.. Meiuht 237 Ji»s. «» i*/. \vt li^lit. 14. .jij sec. 

15. 15 iiiN. 10. 2,1 u. per sec. per Sec. 

17. I.m ’^vcijrht. 18. Wn^ht of 12 oz. 

19, 2'.'5 lbs ; 1', ft lbs 'Atielil. 20. 01 1])S. wcijjht. 

21. Go5 ft. 22. Oi-l'-i ft. i>or sec. p(*v sec. 

23. O'J.n) lb'''. 24. 63 VJ^S eni. 


K\.\MlNATro.N i*AlM-.K I V. (i'u.f M#.) 


1 . fti-ev'v' 77. Tb. ^ 
4. Se(’ 5, u I 
7. 3'J.) ib.i. Weiifbt. 
9. 1! Ib-i. weiirlit. 


2. 2 f!. p ‘i* mV. 3. I'l fl. per. see. 

5. e ^ 7‘b G. 3J00 K.r.S. units. 

S. See 0*1, 93. 

10. 1 tons wcifrht. 


llxAMi-i.i s 1I\. {T -.i.HS 9'.' -iiil.; 

1. (i.) 2 ft. i^T fecc. pu’ .'*ec. : 15 J,! : 31^- Ib^. wciglit. 

fii.) 24 ft. per sec. per sec. ; of 3.V o/. ; weifjlit ol 7 oz. 

(iii.) 10 IT. p( r sc<-. per sec. , lOS lbs. wcii»ht : 330 lbs. wj'ijjbt. 
O'v.) 8 It. per sc( . per sec. ; lbs. wci'jht ; 22Jj Ib.s. wi igbt. 

(V.) lO'l ft. p. r se.'. per si i . / 4 lbs. weight ; S lbs. weight. 

(vi.) le.m.pi rscc.pt '1 I'.'OJ gm. \^ eight ; OSOrj-^V g”'- "eight. 

(viL) CHycm.iierJjjc.jtflww.; 31,-*;/., gm. wi iijht; 02 weight, 
(viil.) 109 cm. per sec. per sec. , 4 *4 kii^s;. weight : 8*8 kilog. weight. 
^ K\.. AIECHK. 1- 
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2. (i.) 17 ft.^tTseu. por sec. ; 1*5 ft. jMTsec. per sec. ; 7;1.‘ Ihs. weight, 
^ii.) 28 fL p(5r S('(j. per sec. ; 4 it. per hei;. per sec.; weight of 1 ^ oz. 
(iii.) 24 U. per see. per sec. ; 8 ft. per sec. per sec. : 81 U»s. weight, 
(iv.) 20 ft. per sec. iKirsec. ; 12 ft. per sec. per see. ; Ihs. weight, 
(v.) 21 J ft. pir see per aoc. ; 1 0^ ft. per see. jK-rt-ee, ; 2 Ih.s. weight, 
(vi.) 491 cm. }ier sec. per see. ; 490 eiiu per sec. per sec. ; 

24/) ■■J*; trm. weight. 

(vii.) SU) cm. per see. per see. : 171 (iw. ]»« r mm-, per sec. ; 

Sin. wii-hl. 

(viii.) .")4*j cm. p* r .see. per see. ; 4.‘U‘ em. per see. per sec. ; 
weight of 2-2 Kilog. 

3. oSl ft. 4. \\ Ihs. 5. : Ih. 

6. o ft. per See. : 1.‘. <t. 7. is fl. ; weight of l/>^^ oz. 

8. 8 sees. 10.8 ft. 11. :‘.<i n.-., 

12. S it. per sec. j'er see. ; :> ]toumlaLs. 13. Ih. 

14. 492 ixui- 15. ()'*)! 16. i> pouikImIs ; 22 ft. ])er .''ee. ; Cl J't. 

17. /."i;;,. Ihs, 49Sj^gl}..-, 18. lo ihs., 14 ihs. 

r.XAMlNATION V. (PaC.K KI*.).) 

1. See §5 90, H):h 2. § 9H. 3. '\‘f' ft. p'T stc. per .si *. ; St) It. 

4. IT) Ihs. wt. 5, Sef ioi, ,.ijO use inassea jiTid 7^ oz, 

6. JSoe $ 101. 7. j Ih. V eight ; r»;J i-/. welglit, a I o/,. weight. 

8. S if. j). r hft . jier her,, Ihs. vi^Iit. 9. 1«8 Ih.s. 

10 . orO '/ri } .«“»* 

I'ixAMPLis X. iPaoi..s ll.'* 1 
^1. /i.) 1200 lt.- 2 M>und.jis. (ii.) iL.-juuiinl.d-. 

(iii.; lOOOO ergs. -iv.) lO gi'Himfie-e< Jilimeliei'. 

2. i^i.) 100 ft.-pouj.dah. \^ii.) 2,75 It. -Ih^-. 

(iii.; 8000 frg.s. (iv.^ 1,<M»0,(IOO ergs. 

3. 298§- ft.-i)oiunlalh. 

4 . (i.) 32000 ft.-potimh»l.s. (ii.) 3Ci 

(iii.) 100 grainmc-cer.tiinctres. (iv.) 10 hilograuinjclres. 

6. 187500 It.-lb-. 

6 . (i.) Momenta are oqiifil. 

(ii.) Kinetic energy of J/ ; kinetic energy of in ~ m : .If. 

7 . 12000 ft. -Ihs., 120 ft. per see- 8 . 1010 Ihs. weight, 

9. lS-26 It. per bee. 7. curly; 219*1 F.r.S. units ncarl} ; 2000 ft. 

poiiinhilb. 

10. The shot can do 1C2 times as much work as the gun. 
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11. S<v 60, loO, 114. 12. 4S0 b’.P.S. UTi^tM; 111 

13. (i.) ‘iS,l)2U,0U0 !*rg:8. -ii.) 12.OO.),OU0 orf,-s. (lii.) 0. 

14. Itl ft. 

15. 1^0 (/0 3C4-lft.iuTs.‘c. (f) lOylilO-ISTOft.-tons 

16. 12960 ft.-ijoniidjils. 17. \2ft fL.-pouiulals. 

18. 2000 lbs. weight. ; st'r. 19. 'I’lu* velocity is doubled. 

20. -‘lO miles an hour, 21. I* '2. 22. 1 hour -10 minutes. 

23. 2:lo. 24. lO^'^^^tons. 25. :J0 inil<‘S an hour. 

26. 7oO-7y V Jilts. 

27. *0020 ; *0000116 F.P.S. uiiils of power. 

28. 10,000,000 erg'J. 

KxAMINA'nO.S PaJ'KU vr. (P.VGK lls.) 

1. Sei’ lOo, 109, 122. 2. /*;>ll00 M.-l’.,*.. 3. 2')0 

4. Sec § 11 m. 5. 6. 21. 7. 9(30 ft.-j)i)uiidals. 

8. Weight of 1320 lbs. s' . z. 9. Do ll s. w.-i-i.t. 10. S.;e ^ llu. 

1*\ \MeTi's XI. r;o-i:;2.) 

1. •) ft. )m;i' See. ; loO ft. 2. 220 yds. 

3. Tn a smith -westerly dir^jetion , appan nt 'v el. --- a/ 2 tiiiios actual vel. 

4. Vcitieully downwards; actual veLof lain • A-'iitinu s v« I.<»i'cjU'riage. 

5 . Dircctiiai of steering ma he, s an angle wl (use cosine is j ui)-&treiim 

with a line drawn <lirectly across the btream. 

6 . 10 inile.saii hii^ir from the noilh-wo.st. 

7 . 22 ft. to the side ol the object o] uosilc ii> that tox^arils which 

motion is taking place 

8. 24 v/2 miles an hour due boiitli-wi st. 9. 20 ft. per sc'*. 

10. 9 ft. per see. 11, ij ft. per ace., 

12, About 3(1®; l<‘J:j ft. per see. 13. 13 ft. pi r sec. 

14. (i.) -4 f t. pjer sec. , 0. (ii.) Y’ miles anlionr 

(iii.) (3 \/2 yds. pm- min. ; (3 \''2 yds. j'cr min, 

(iv.) T) nu;^.res per min. ; r> \^3 metns p« r mill. 

(v.) 0 ; 24ft.perscc. (vi.) — fikiloiu.perliour; 6 \'.'jkiloni.» ^rhour. 
(vii.) —4 mil* '« .in hour ; 4 miles an hour. 

(viii.) — 6^/3 ft. per see, ; 6 ft. per soc fi.\. ) -10 cm. pci sec. ; 0, 

15. f) Mile.s an hour. 16. dust over 50 it. per sec. 

17. 13 ft. per sec., making an angle whose tangent is Ywe.'st towards 

tho north. 
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XTl. 112, M;;.) 

1 . 2 ft. jjcr see. per stc.» soulh-tast. 

2. I'IV'6 It. per see., at right aiigles to tho origiinil lUreciioii. 

3. a^ 2 . 7’, bisecting the interior angle of tho b(iuiire at tlio corner : 

un- \^'l units of ini]>ulse. 

4. o2'\''2 ft. per see. ; 32 \/a ft. per sec. ; .’12 \^10 ft. ]>er si-c. 

6. 3.j 0 ft. 7. No change. 8. loOO ft. 9. 2.J sees., JlO-ll. 

10. 150 ft. per seo. 11. .\ppaient ])alh is vcrtieaily downwards. 
12. 500 ft. 13. Ihs. weiglit. 14. 20 ft. 

15. 1 sec. 16. 15025 tt. 18. 100 ^''3 ft. per sec. 

Kxami.n.v'j lox rAci:u Vll. fI*ACJK 114.) 

1, See 5 129. 2. 2 It. per. '•ec.; 30 west of south, 3. 1 lOOyds.permiii. 
4. Straight acres.'*, 10 nuns. 5. 44 ft. 6. See } 13S, 

7. 5 -/3 ft. per min. if from P to Q 5 ft. per min. if from Q to P. 

8. See { 143. 10. 250 ft. ; 120 ft. 

ExAMru'" NUT. (P.ush 149.) 

1. (i.) 26 lbs. (ii.) 29 oz. (iii.) 17 gm. (i'A.) 221 tr»ns. 

2. 30 Jb.s. and zero. 3. 2 ft. iM-r scr. ]»»'i .sic. 

4. 13 lbs. eight. 5. 256 ft. per sec., nearly. 6. 06 ft. 

E.x.vMi’Lhs XIV. (E.IGI " 157-3'^0.^ 

1. • i.) 1 ft : 2 ft. p.ir H-e. (ji.) 0/, ft.; 12,*., i‘l. per ho. 

ia.) ft. ; 1^ ft. }»er sec. 

2. (i.) 12S() ft. ; 256 it. per bec.' ^ii.) 44t> ft.; 89*0 ft. pel see. 

(iii.) 752 ft. : 158 j)i It. i^r mm-. 

3. ,16, 10a^ 2, and 1 ()a.A'j ft. per sec. 4. 21* I miles an hour, nearly. 

5. a^ 30 secs. ; 16V'30 ft. jw-r see. 6. U2.\ ft., 3J secs. 

7. 65-/^- ft., 5^5^ sees. 8.50 ft. 9. 10 a/ 3 ft. per sec.; ^ ^3 see.; /3 sec. 

10, One-eighlh as far uf) the. second plane Uh up the fusl. 

11. 107*66 lbs. weight, 1870 ft. -lbs. 12. 5|^ti>ns. 13. DOOft.-lliN. 

14. 247*68. 15. 23| It. per see. 16. 490*5 cm. per secf.; 2t5'25cm. 

17. (i) cm, (ii.) iVocra. (iii.) »>0 cm. 18. 49050^/3 j-rgs. 
19. 4 90*5 cm. per sec. ])<,TSfC.; 3u\ 20. 3*2 ft. per sec. per src.; 4(' ft. 

21. lOlb.*'. 22.3:2. 23. 4 ft. per bcc. per sec. 24. 4 ft. per sec. 

Examination’ Pai'fk VIII. (1‘aoe 160.) 

1. See J 150. 2. 17 1b?. 3. The forces are in oquilibriiiin. 

4. See § 153. 5. 8 ft. 6. 112 ft. 7. 24 » lbs. 

8. i*aad f^aro equal. 9. See § 154, Cor. 1. 10. \ kilogrammetro. 
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i'jXAMViEs !XV. ''T*Atii5S 170, 177.) 

1. Alioiif n Ml><. \vl. 

2. 'IViisinri of lowo.st --- o 11 *m \vt ; of inuLlU* iKirt -- 8 IKs. wl. ; 

oi' top jiari --- lo 11>-. Avi 

3. 1010.5. aiul Nlhs. 4. 12 11)-. aiiO SlOs. 5, : 121hK. 

0. \,i.) wlicrc /^uliNitirs BC ‘-o tlrjt 'IPB • - IPC. 

(ii.') oPA^ win IV P dl^ ■uu^ BO so tlint 2P6 - PO. 

‘IP As wIum’c CB is jiruduced to P, and oPB - PC. 

(iv.'i '^PAs '.vlnT<* BC i- ]>n)diic»‘d to P, and PB \PC. 

(v.) .~tAP, wli(*ro 56’ is i»niduc<‘d ft) P. and 7P6’ - 2P5. 

(vi.''. y^P, nlu'iv P divides BC so that PB '.iPC- 

8. 10 ll).*^., aeHnu; in tin- /linv.tiou of tlic fourth force. 

9. ICP, wlicrc ^ lit'.'* in AB and AP : BP H* ,* 0. 

10. (i.) 2i)U>s. .ii.) ,-)8 ll)s. (iii.; 100 lb.-. (iv.5 200 l1)s. ^ 

11. 4.) Ills. 12. yolks, and 72ll>s. 13. 4Slb.s. ami 14 lbs. 

14. lyoibs. 15. Ul^lbs , M;1- lbs. 16. in diivdion AD. 

18. DA, whore 0 is Uio middle point .»f BC. 19. '2.AD ptiralUl io AD. 

20. 0.') lbs. wt. 21. Vos. 

V.XAwriacs W I. l.S(J-l{?8.) 

1. d.) olhs., 0. di.) K''2 dw., 4 lbs. 

(iii.) lt» tuns. 10 biu.s. (iv.' Ooz., Gvooz. 

(v ) 0, fi owf. I^vi.) — l(> kilogs., IG v'^y kil(>|j6. 

(vii.) — 2 X '2 ions, 2 v/2 tons. (viii.) — 12 x-'S ^rnL-., 12 *rni.-3 

px.) -ynijafin., 0. 

2 . 10 x.6‘> 11)8. wt., jnukinjjaiJ auirlowiththo vertical ^vho^6taIl#:o#ft \» \ 
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3. '1 fip 30° to tli€J vortical. 4. 10 lbs ; lbs. 

5. (i.) 4 lbs. each, (ii.) ‘Jibs. each. 

6. (i.) 18 oz. (Li.) A '13 tons. (iii ) ^/51bs. 

(iv.) (V.) M.>infrr. (vi.) 1 2 kilogs. 

(\'ii.) 34 lbs. (viii.) \'113 — ."Xl \/3 cwH . (iv.) 11b. 

7. a/19 ; a^13 : a/;. 8. i/220lbs. 

9. 141 lbs. along tho line of action of tLo 12-Ib. force, but in tho 
opposite (lircclioTi, ainl j \^‘,i lbs. pcrpeudii-uhir to it on the 
side Oi»po.«ite to the o-lb. lim e. 

11. 10 a/ 10 lbs. 13. 2v'o81hs. 

14. a/ 3 lbs., act’iig ]‘orpcndiciilnr to llio 2-lb. I'or.'o, bohvoon tho 
2-lb. .‘iinl 3-lb. forces. 15. 9 lbs. and 12 lbs. 

16. 13 lbs. 17. « lbs.. 2“ lbs. 18. 00'\ 20. i;. 21. 

22. The eoinpoiieiiis along tho iiitonial and extenail bisectors are 

Cm/ 0 lbs. and il v'^2 lbs. : lire components along the given 
lines are (i { \'3- 1) lbs. and U ( a' 3 + 1) lbs. 

23. 29*0 lbs. ; 23-10 lbs. 24. .O-ol lbs. ; 3 Co lbs. 

26. 2 \/2 lbs., bisoctji):;' the anurh* CCD. ‘ 

27. A^3lbs , acting pcu.oidiciihiv to the 4 lb fon-o boiwooii tlic 4-11). 

and o lb forces. 28. i \'3 tun. 

Kx.\.MTXATrov I'aclu IX. 1S9 ) 

1. See Ui-3. 2. See 102, 107. 3. See § lOS. 4. See 170. 

5. 2.) lbs. 6. S»*e { 173. 7- 1 lb., fic.ling ]»ar:illcl to CB- 

8. See jNJ 179. ISI. 9. See 183. 10. 23-43 lb>. 


1 . fi ) 9 lbs. ;ii.; 

2. (i.) 72 ft. -lbs. 

3 . fi.) 47) lbs. (ii.< 

4 . li.) 7)8.-) ft. -lbs. (ii.) 

5 . i.) r2A/3oz., IS ()/. 


XVll. Pao'cs lO'i ’iOO,’; 

[ii.) 17^ Ibr.. iii.) 33 hilogs. 

fiji.l ,3960 kik*gr:jrninetres. 
11 J tons. (bi.) 2C irni. 

U)iS0 ft. -tons. .'iii.j 2210 gin -t 'ii. 

(ii.) 12 a/ 2 lbs., 12 lbs. 


b’ii.) 120 \/3 gni , GO a/ 3 gin. 

6 . (i.) 24 v'3 rv,, 18 . '3oz. (ii.) 21 lbs., 12 lbs. (iii.j 240gni.,G0gin. 

7 . (i-) 27 it. -lbs. (ii.) 180 ft. -lbs. (th.) 4.'>00 a/ 3 gin.-cm. 

8 . 64*. lbs., nearly. .A) 56 lbs. 9 . 60°. 11 . 72 lbs. 

13 . 13|; lbs., 3C>j> lbs. 14 . J a'3 kilogs. \\t. 
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15. Uh. wt. cfM'h. 16. 8 \/3 lbs, wl., 8 lbs. wt. 

18. \ ton wt., or 1 ton wt., ac^cording as the siring imikcs an angle 

of (>0"^ with the npwuril or downward drawn vertical. 

19. 20-v/3, or 34-01 lbs. A\t. ; JO lbs. wt. 

20 . 28 ^2 lb.s. wt. ; tension of f tring -M)r > -weiglitof piotiire.accordiug 

as tlie angle between the two ]mrts of the eord ^ t)r > rjO*^. 

21. Tull on cord is diminished by increasing length of cord, and 

in<jreas(‘d by diminisliing it. 

22. 12()'‘. 23. lbs. 

24. 2 H)'< . or 1 \A'i lbs., accjoiiliiig as ihc bare is aj»pli(!d away 

from or towards the piano. 25. y/'l ll»s. : .1 v'^’J lbs. 

26. 0 or lbs., ac"(n-.!ing as ibe forco is exor ed away from or 

towards the plane. 27. 10 v''3 lbs. ; 20 \/3 lbs. 

28. \ and I of a ton. 

Jl\ .\3ii’Lrs X 1 1 1. I ‘ages 208 -2 10.) 

4. 8 11)4 5. 2^‘;) lbs.; 13.', lbs. 6 . 10 v'2 ll.s. ; 10 lb-. 

7. Og ' witli (lio vi'i'lical; -JO Ib-s. 8, 30^ with the ^ertical: Uiii'. 
9. 27 Ihs., 0.V8 lbs. nearly. 

10 . 0 \/3 lbs. tm boltoiu of box, 0 ll>n on lower side. 

11. 20 11..S., I.*, lbs. 12. 0 /2 lbs. 13. 2 k '1 lbs., 2 v^:; lb-. 

14. /O lbs.. 1 11). 16, \ x'O lb.s.. ] ]u 17. 20 Ib-., 32-2 lbs. 

18. Middle point of rod i.s vertically uu Icr the peg ; 7‘2 Jl)s., 0-0 lbs. 

19. 200 11h. ^ / 

% 

JvX.\Ml.V.V110\ rAl’E!: X. tVA(iE -11.^ ^ 

1. See ISS. 2. ;’m‘) lb.s. 3. 12 ll)^. ; iU lbs. 4. Sec : 104. 

5. See § lOa. 6. ■b') lbs. : 00 lb.s. 7. 0 \^'‘2 lbs. ; 12 lbs. 

8. li.Hl).s. 9. iv/y//". 10. u2-4ol])s. 

Exavi'I.E'^ XIX. ir.v«;i:.s 210. 22«'.) 

1. 'i.)20, (ii.) 12, (iii.) 2(388 in ft -Ib.unibs. (iv.) aOiiicm -gm. units. 

2. (i.) la, (ii.) lovA'J, (iii.) 30, (iv.) li>\/2, (v.; 10 in ft. -lb, imits. 

3. M) anents about Icft-baiul cxtrtiuity are e, 24, -21. —00; 

algebraic sum —00. Moments abent 7*igbt-hand extremity 
aio 20, —90, 16, 0; Mini --^—00. Momenta about centn'Ni 
are lo, - Ij.J, —4, -30; miiu —00. 



376 


ANSWERS. 


4. 5 \/3, 10^/3^20^^3 in ft. -in. 5. oACy 2ACi 4>IC. 

6. Towards the side (d* OC on which B lies. 7 ins. 

9 , 2'v/21 ins., v'21 ins. 10 . Ifesidtanl ]>asses through 0 

11. 0, SOa-^S, 40\/3, '10a/ 3, 20'\'^3, 0 in ft. -in. units. 

la. - - AB, -9~JLab, 

V r~ t \ P- -t (t 

13. ?. a/3, 9 a/ 3 in ft.-lh. units. 14. i ill.** IVolu C in BC pr«Mlin t*d. 

15. 37*. >15, 37 *. > 15 , 27*. >15, 27*. >15. 

16. TJjc point of application of ilic i>-lh. 17. AB. 

llxAMM.i-s XX. (J*AGi:3 232-234.) 

1 . (i.) fi Ihs. : 18 ins.,"^ 12 ins. (ii.) 1 lb. ; 6 ft., 2 ft. 

(iii.) 9 toTss ; JO 3'ds., S yds. (iv.) 11 lbs. ; 44 ft., 12 ft. 

(v.) 20 giii>. ; 1 1 ( cm., 3()cia. (vi.) ISO kilogs. ; 2o in., 20 ni. 

2. (i.) 1 lb. ; 90 ins., 00 iii.s, (ii.) 8 oz. ; 12 fl., 4 ft. 

(iii.) G tons; GO yds.. 12 yds. (iv.) 8 lbs. ; 77 fl.. 21 ft. 

(v.) 12 gms.; 210 oin., 00 cm. ly'i.) 20 kiU'gs. ; 22.) m., 180 in. 

3. {i.) 12 4 ft. fioin tlie sniallei’ forr-i'. 

lii.) 4 lbs., at the other <*i:d of the luir. 

4. 2;> lbs. ; 3 ft. 5. 15 ins. from the end on which t)i(‘ boy sits, 
e. resultant acf‘< 71 ft. from ihe larger force, on tho side 

remote from fJjc ."malJer. 

7 . 7 '2 cm. from tlio .smaller foria*. 

8. The pressure ir.crea.scs as the distance botwed ‘ the band and 

the .‘/fjouldi'r diminislies. 

9 . '2\''2/*, acting parallel to CA at a distance ^AC from it on llu- 

same side as D. 

10 . 18 ins. from tho end at W'h’cli the larger weiglit is ]»]aced. 

11. 90 lbs. 12. 2}. cwt., IJewt. 13. llUs., 3l’)S. 14. 10 lbs., OlUs. 

16. (7'®— 17. 1 in. ne.an r the 4-lb. fomi.*^, 18, 2 lbs. 
19. 00 lbs. 20. 48 72 lbs. 21. 2 lbs., 10 ins. fnun 1 lie table. 

.Kx 'iMi I.#' XXL. j Paoks 2 1 2 - 2 f ■! .) 

10 ins. from llu ijoint of applicatbrn of the 2-lb. forei‘ ; 20 lbs, 

2. 8^- ins. from the 7H.»int of sii']n n*iioji of fbe r<4-ih. wa-igbt ; 40 Iba. 

* In Ex.uapli .s 1 mj-l 2 tlie tlistance’nMbo jijsultnal* from the -tiiiiillfr toreo is 

civi a lii’^t. . . 
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3 . 7 ins. fmm the other pTOp. 

4 . 225 lbs. tlownwurdH, 5 lbs. upwards ; 50 lbs. and 170 lbs., both 

dowuM’ards. 

5. The point of attachment ..f the 8 -lb. wcij^ht. 

6. 7 1 ins. from the 3-lb. force. 

7-16 ins. from the end at which the 1-lb. wrigrht is snspendcii. 

8. 0, 380 lbs., 3^ ft. from prop. 9. 68 lbs., 26 lb<. 

10 . («) 3(;- lbs., 51:1 llw. {h) 78| lbs., 12J-lbs. ; -5f lbs., 96 1 lbs. 

11 . 6 ft. from the heavier boy. 12 . 3 ft. from the centre. 

13 . 28 lbs. 

14 . 5 lbs. parallel to the jrivon force t»f 5 lbs., .Mid at a 

distiinco of 2 ft. iroin it. 

16 . The re.sultnnt of a force Paiul a couple of momeut J/is an equal 

and pjirallcl force /’at a distance the right of the 

original force. 

17. (/’+ Q) q’-Qp. (h* 1 (i*+ Q) fj + Qp. 

18 . 12 lbs. parallel to AC^ at a dislancje from it, on the same 

f«hh5 as D, * 

19 . *2 P x }\ivi\ ABC 20 . Pjf~Qtj. 21 . Along ^/). 


hix.vMi.vATio.v J'acku XI. (P.\(;k 216.) 


1. Sen 201, 203. 
3 . Seef 212.. f 
6. »See I 218, \ 

9. See 5 227. 


2. 40, 30, 21 in ft. -lb. units. 
4. ISO ihs., 120 lbs. 5, See § 215. 

7. See ^ 223, 224. 3. See \ 228. 

10. Aloinent ~ twice area of he.xiigon. 


KxAMruis XXll (PAoiiS 200 -262.) 


1 . 4’) ft., iO'. ft. 2. 4lhs. 

4, 8 ft. from the Miiallei* weight. 

6. 14 lbs. ; 1 ft. from the fulofum. 

8 . 1 ion ; 2400 lbs. 

10. (i.) 60 lbs., 26 ins. ; 40 lbs., 71 ins. 

(ii ) 62 lbs., 31 ins. ; 72 lbs., 13J ins. 

11 , 8 lbs. 12 . 6 lbs. 

14- 8’ lbs., 4 lbs. : 1 : 2. 15, -v/3 

17.. 8 lbs., 2 lbs. 18. lidhs.' 


3- 12 lbs., -IS lbs. 
5- 0 in.s., 20 ina. 
7. 6 lbs. 

9 . 9 lbs. 


13. 

: 1. 

19. 


30® with tlie lever.-^^^ 
16. 16:9.^ 
360 ihs. 
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20 . 10 lbs. ; 1047^3 ft. -lbs. 21 . 00 lbs. 

22. 40 ius., 0 ins. 23. 4^ lbs. 24. C tODR. 

25. The sum of tho weigrlits of the iiuiii and the wheel and axle. 


ExAMrLF.3 XXni. (P.uiEs 281-28-5.) 


1. 00 llw. 2. 1.5 lbs. 3. 1 . 16. 4. 31 lbs. 


5.7. 6. I : 15. 7. .5 lbs. 8 . -«.J7r. 

9. liif^ht- ill the first, systoin, lieavy in iIjo third. 10 . 22 lbs. 

11. 16. 12 / 14 /^ 13. OlllUs. 14. 121bs. 

15. 120 lbs. 16. 72 sfoiii'. 17. 0 st«rtc 4 lbs. : 80 ll)s. 

18. 157*. 19. 21.32ft.. 

22 . in llie tliird. system, witli five moveable pulleys or two siuijflc- 

slriuLt systems with ineehiinieul advantages 7 and 0, tlie 
string round tho pulleys «»f one being attaelu'd to the block 
of the other. 

23. 'I.’ho first system, with three movoahlo pulleys, or the single- 

string with <‘ight. strings at tfti* lower block ; 21 ft. 

24. 200 lb.‘<. 25. 7 : 52SO. 26. lbs. 27. 1'j^ lbs. 

28. 2200 ft.-lbs. 29. 5 lbs. 30. l^a 

31. 8top - I'Vtt ■ ./r 

32. 62? lbs. “ 33. 61;1. 35. 210 lbs. 36. 175 ft. 

37. lS0!»*(i l]».s. 38. IIIOtt.U 39. *61 approx. 


40. 676 ft.-lb.'^. 


Pn' 


iboV 


41. ^7 per cent. 


42.^I5-.1 b.p. 


Fa'ami.v.miox Pai-kii XI r 2Sh.; 

1. See 55 237, 230, 210. 216. 2. ^ ft. 1i»wards centre. 

3. -^s ji inovoablo ]»ulloy ^Yith parallel strings. 4. 200 lbs. 

5. Set* ^ 2'i0. 6. 92y- lbs. 7. See ^ 206. 8. Sec § 262. 

9. 3 lbs; 7 . 10. Step - in. 


r.xvni'i.vs XXIV. (pAOE-^i 205, 206.) 

1. (i ) 'J’lje iMlersectmii of tlie medians. 

(ii.) Tlie jioiut D, where ABCD is a parallelograui. 

2, I’he middle point rd the lino through C bisecting AB. 
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3. 1 cwt. 4. 45 lbs. 

5. \AB from CD along- the line bisecting AB, CD. 

6. Tiic middle point of the line joining the centre of the hexagon to 

the corner ox)]H)hile the one at which the unlike force acts. 

8 . 4 lbs. 9. 7 ins. from the centre of the 7-lb. sphere. 

10 . 2J ft. from the 2-lb. wt. 11. 15 lbs. 

12. 3 ft. 3 ins. from the lighter partich*. 

13. 30 ins. from the centre of the 5-lb. sphere. 14. 35 ins. 

15. 4* ins. from the G-oz. particle. 

16, The lino bisecting AB and CD at ^ its length from the midillo 

point of AB. 


Examtiks XXV. Paoes 30S-:U0.) 


1. The (! a. of the bent wire divides tbo line joining the middle 

])oint.s of AB^ BC^yl the ratio of 2 .* 1. 

2. 8 ins. from A along the imnliiiii through A. 

3. I)ividf‘s tlie mf'dijiii tlmnigh the 2-lb. nniss in the ratio of 7 5. 

4. Oiie-lbiixl of the weight of the plate. 

5. "Middle point of AG, where G is the c.o. (>f the triangle. 

6. ins. from AB along the lino bisecting AB and CD. 

7. lib;' ins. from AB., 8^ in.s. from BC. Xo. 

8 . lOC along Of?, where 0 is the conh-e of the hexagon. 

9. distance from the centre to tlie hmi’tli particle 

10. from AB along lh<! line bisoiitmg AB and CD. 

11. 'JB i'l (nil Cialniig the line bisecting CD. % 

12. Middle poinf of GDj wIuto D is the iniddhi point of BC amPf? 

the c.o. of the triangle. 

13. {[AG fi*om A along AG. 14. Tlie point D. 

15 . The point where the common axis crosses the junction of the 

two cylinders. 

16. ..\BD from 0, the centni of the sqiian?, and lying in OD. 

18. 1 1 i’«s. from the end of the licaviest tulie. 

19. ^^AB from 0 along the line through 0, pei’peudicular to CD. 

20. lAB from 0. 21. At from 0. 

22 . AG = ((» + 5 \'3) X shorter side of rectangh?. 

23. G-87G ins. along the along the axis of the cylinde*’ fi*oin tho^ 

centre of the mouth. 24. 2^ ft. 

25. 71 ins. from AB. S J iiis. fnim BC. 26. of the side of the srpiarc. 
27. 30(»0 ft.-lbs, 28. 433.1 2.-:, 000 ft. -lbs. 29. 702,000 ft. -lbs. 
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30. -^r from ceTit|jp of Inrgo circle, fj/* from centro of smaller circle. 

31. from the diagonal (along the line blKectiTig tho diagonal and 

the opposite side, the distance between which is h). 

32. of height of a triangle from the centre of the hexagon along 
the line biKecling the figui*e. 

33. * 1^3 in. from the centre of the plate in ihc line joining it to 

the centre c»f the hole, and in tho direction away from tlie 
centre of tlie hole. 

84. 5 distance from comer to c.o. of opposite face. 

Examination Pa ran XflT. (Paot? 31 1.) 

1. See i } ‘27 1 1 272. 2. 1 OU, 80, 00, and tiO lbs. on A.BtCyD respeoti vely . 

3. See § 291. 4. 80 lbs. 5. See 293. 294. 6. 3f, ins. from A- 
7. See } 289. 8. Sec J 28G. 9. ins. from centre of larger circle. 

10 . 2 in.s. fr(»m the centre of the square in ♦he line bisecting AB^ CD. 

ExAMrLKs XXVI. (Pages 321-323.) 

1. ^ ft. towards the heavier wt. 2. 22 J Ihs. 3. 60 oz. 

4. 2J ft. frinu the 1-lh. wt, 

5. The c.G. of the rod is vertically under the peg, and in the first 

case the rod is horizontal. In both wises, tho sti'ings are 
equally inclined to the vertical. Another position is with 
the rod vertical, 6. See § 298. 

7 . 12 Ills. ; tho middle point i.M the c.o. ' 

8 . 2 oz. ; Vl ins. from the projecting end. ^ 

d. l<;acii man will hear J-. 10. The middle point. 

11. 12 lbs.’ 12. ^i.) See § 288. (ii.) See § 297. 

13. Tho position of (•(piilihrium will not iM? affected. TJie opposite 

point is viTtically below the point of susiiension. 

14. Sec § 302. With its square face on the plane, the l^luck topjiles 

over when the lieight of the inclined plane is -g the base ; 
with the 8-in. edge horizontal, when the inclination is 
and Avilh the *'hoi*t edge horizontal and the 8-in. (?<lgc along 
tlie plane, when the height of the inclined plane is the base. 
19. A v'lO ft. 16. At the centre of the base of the lieoii'Hphiiere. 
17- They wdll stand. 

18. I ins. from flC, 2VZ ins. from CA. ^3 ins. from AB 

19. 2 ft. from the 4-0/ particle. 
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20 . i| iiii). fiom l.'iius. from DA» 

21. fi'om CD along Oie line biBeotlug AB, C0> 

24. 40 lbs., 32 lbs., 24 IbB. 

Examplks XXVTT. (PAfiEa 331, 332.) 

1. See § 315. 2. I5 1bei. 3. 147 gni. 4. 23-04 ok. 

5. 3». 6. 14*4 lbs. 7. 511)8. 10 oz., IS ins., 20 iuH. 

8; lb. 9. Ife loses Wjah lbs. 10. See § 313. 

11. No. 12. 5 : 5‘OnO. 13. 3-1^ ins. from f nlcnim . 

14 5 ins., 13 ins., 20 ins., 61 iiH. 15. IG lbs., 4 lb.s. 

16. 10?, ins. from the fulcTiiin. 

17 G in., 4 in., and 3 from B, i*espeetirely. 

Examt.vation rAPKu XIV. (Paok 333.) 

1. See 207. 205. 3! See § 301 Ex. 2. 3. 15^ 

4. See 30S, 310 5. See J 312. 6. See } 314. 

7. 54 ", oz. • 8. See {{ 317, 318. 9. 18 lbs., 12^/3 lbs 

10. Twice the line joining A to tho middle point of DE* 


MaVTKIi AT TIIK nril.is«rn*v 1RK*4s M v: I ^ MI-l'llMiK. l-N't,l.A\l 
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30. from cpnt^p of Irirge oinjlo, from centre of nmaller circle. 

31. from the diagonal (along the line biRCCting the diagonal and 

the oppoaite Hide^ the distance between which is h). 

32. ^ of height of a triangle from the centre of the hexagon along 

the line bisecting the tigm-e. 

33 . in. fi*om the centre of the plate in the line joining it to 
the centre of the liule, and in the direction away from the 
centre of the hole. 

34. -J distance from comer to c.o. of opposite face. 

ExAriXATfox Paper Xlll. (Paop Hll.) 

1 . See 271,272. 2 . I UO, 80, f>0,anil(>0l'bb. on >4. respectively. 

3. See § 201. 4. 80 lbs. 5. See 293, 291. 6. 3| ins. from A- 

7 . Sec } 289. 8 . See } 28G. 9. 1 I ins. from centre of larger circle. 

10 . 2 ins. from the centre of the square in *Jie line bisecting AB, CD. 

Example.^ XXV^. (Pages 32^-323.) 

1. ^ ft. towards the heavier wt. 2. 22] lbs. 3, AO oz. 

4 . 2? ft. from the 1-lb. wt. 

5. The c.o. of the rod is vertically under the peg, and in the first 

case the rod is horizontal. In both easos, the strings are 
equally inclined lo the vertical. Another ])usitioii is Avith 
tiio md A-ertical. 6. See } 298. 

7 . 12 lbs. ; the middle iKiiut is the c a. ' 

8 . 2 oz. ; l2 ins. from llie projecting end. / 

9. Eiujh man Avill bear }. 10. TTio middle point. 

11. 12 lbs.' ' 12. (i.) See } 288. (ii.) See { 207. 

13. The position of equilibrium Avill not be alfectcd. The ()pp4isito 

point is ve rtically l)eh)AV the point of suspei»sio*i. 

14. See § 302. "With its square face on the plane, the l^lock topple^ 

oc(;r when the height of the inclined plane i.s g the base ; 
A^ith the 8-in. edge lioriz4mtal, Avhen the inclination is to^; 
and with the short edge horizontal and the 8-iii. edge along 
the plane, when the height of the inclined plane is ^ the base, 
w. v« -v/lO ft. 16. At the centre of Iho base of the hcmii^pbtere. 

• 17 . They will stand. 

18. nw from BC, 2 VS ins. fr»»in CA, */ A''3^ins. from AB 

19. 2®,® ft. from iho -l-oz particle. 



ANSWERS. 


;jRl 


20. U iuR. liotn Cb, i.iius. from DA. 

21. \iAB from CD alonj^ the line bisect iiifj; AB, CD-* 
24. 40 lbs., 32 lbs., 24 lbs. 


Examplbs XXVIT. 


rPAOEs 331. 332.) 

3. 147 gm 4. 23'04 ok. 


1. See §315. 2. In lbs. 

5. 3«. H#/. 6. 14*4 lbs. *1. r>lbs. lOoz., IS ins., 20 ins. 

8: -?*: lb. 9. He loses (//-A)^ Wjah lbs. 10, See § 313. 

11. No. 12. r> ; .VOOO. 13. 34^ ins. from fulcniiu. 


14 5 ins. , 1 3 ins. . 20 in.s. , 6 1 in.s. 

16. 105- ins. fnnn the fulcrum. 

17 G ill., 4 in., and 3 from B. respectively. 


15. IG lbs., 4 lbs. 


blxAMixATioN Paper XTV. 'Page 333.) 

* \ 

1. Soo §§ 297, 20o. 2. See § 301 Ex. 2. 3. \y. 

4. See §§ 3()S, 310. 5. Set* § 312. 6. See § 314. 

7. 31 oz. ‘ 8. Soo §§ 317, 318. 9. 18 lbs., i2\/3 lbs 

10. Twice Uk.' lino joining A to the middle point of DE. 


at THH 11T:AI,I.\<.I0V I’RKS* . fuM’lt.S, v - , VMi i'iltCK. K.VCI.ANI. 







